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1. Introduction

Let (x, y) = (X', y') be a local coordinate system of the total space of the
tangent bundle TM of a three dimensional differentiable manifold M.

Let us consider a Finsler space (M, L) which is equipped with the
fundamental function L(X, y). Let g; be the fundamental tensor and Cjjx be
the Cartan’s C-tensor of the Finsler space (M, L) and the matrix (g”) be the
inverse of the matrix (gij). Then

212 312
gij zlai—Lj, Cijk :E% and g”gjk :61
2 oy'oy 4 oy'oy oy

If in a Finsler space there exists a local coordinate system (x', y') in which
the fundamental tensor gjj can be written as a function of the variable y'
alone, we call the space, a locally Minkowski space and such a coordinate
system (X', y') a rectilinear coordinate system. If a Finsler space (M, L) is
conformal to a locally Minkowski space (M, L), then (M, L) is called a
conformally flat Finsler space.
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2. Scalar Components and Conformal Changes in Moor’s Frame

A. Moor introduced a special orthonormal frame field (I', m', n') in

the three dimensional Finsler space. The first vector of the frame is the
normalized supporting element I the second is the normalized torsion
vector m' = C'/C, and third n' is the unit vector orthogonal to them. Here

= ¢'C,,9"and C* = g,C'C’.

In a Moor’s frame an arbitrary tensor field can be represented by scalar
components along the unit vector I', m' and n'. For instance, let T' be a

tensor of type (1, 2), then the scalar components T, , , are defined by

Tosr = TiCu€hel)., o By=1,23.

and the tensor Tjik may be expressed as

i
Ti= T s, €080 op,y=123.
where e}, =I', e}, =m', ely =n'. e,y =gjiel. @ = 1, 2, 3, and
gijeix)eé) =8qp %P =1, 2, 3. Therefore g, = LI;+ mm,+ nn,.

The C-tensor C;, satisfies
Cl'=Cyl=Cyl =0,
So the expression of C;;, in three dimensional Finsler space is written as’

2.1) LCijkzHmim.mk—;l(mim.nk+min.mk+ nim.mk)
+1(mnn, + nmin, + ninym, )+ Iningn,

where H, |, J are called main scalarsz, such that H + | =LC.

Now the h-covariant and v-covariant differentiations of the former fields
with respect to Cartan’s connection CI are given by?.
(2.2) ;=0 m;=nh, n

g = by, oy =-mh;,
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(2.3) L|i|j =mm; +nn;, Lmi|j =—Im; +nyv,,

Lni‘j =—linj —mjvj; respectively, where h; and v; are components of

vectors called the h-connection vector and v-connection vector respectively.

Let us consider a Finsler space (M, L) which is conformal to a
Minkowski space (M, L), i.e. L(x, y) =e°® L(y).

In this paper we shall use the symbol ‘-~ on the top of the quantities to
denote the quantities of the conformally flat Finsler space (M, L).

We use the following notations
F=1/2 F=0C/2 0=—, 0 =—.
So, we get®

(2.4) F = ¢F, 0i :ezagij’ g=eg, g"=e?7g",
m

m=-e°n,C,; =e*Cy, C,=C\,H=H,

i i ij
Now, we are concerned with the conformal change of Christoffel’s symbols
1
Yik = 9 Vi :E(akgij +aigjk _ajgik) .
From (2.4) we can easily obtain the following

(2.5) }7jik:7/;k+§}o-k+§lio-j_gjko-i! (Gizg’ O-i:gijaj)'

Therefore, the conformal change of 2G' =y}, y'y* =y, is given by
(2.6) 2G' = 2G' + 20, y*y' —c'L2.
If we write o, =a,l, + o,m, +o;n, in three dimensional Finsler space (M,L),

then
(2.7) 2G' = 2G' + L’ (o)l —o,m' —q;n'),
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Differentiating equation (2.7) with respect to y' and using equations (2.1),

(2.3) and the fact that G| = Zyij , we get
(2.8) C_-)ji = G} + Lli(O'llj +0,M; +05N;) — Lm' (o)l —o,m; + o))
- Lni((73|j +o;m; —ogn;).
where we have written
(28) c4=c1+0coH—c3l, oy=0,)—g;land o, =0, +0,l +0,J.
On the other hand, the connection coefficients F}k of Cartan’s connection

CT are given by*

G -C, G

jkr i ikr~j "

Fic = 95rFic =73 — GG —C
Therefore from (2.1), (2.5) and (2.8), we get
(29) F, =F, +I'{ol]l +o,(1, m + m]l) +c73(|jnk+ njlk)—a4mjmk
+oi (myn + nm, ) —ognin3-m{ol I, —o, (I,m, + ml,)
—oy(Iin + njl )= (o, +oH +0,3) (mjn, + nm,)
(o, —o,H-0,d) mm, + (o,—0c,l + 30,d + 20¢1) nin}
—n'[o;) | +oy (I;m + ml, )—o, (I;n + njl, )
~(o, -0, +0,d) (mn + nm,) + {o;-20, +0,J
+o;(H -21)} mm, — (o, + 051 —o,Jd) nn, .

Now, we shall deal with the h-covariant derivative S,; of a conformally
invariant scalar field S with respect to the conformally changed Cartan

connection C T: S, :8i8—5r8 Eir, S is positively homogeneous of
degree zero in y'. Then from (2.8), we have

$,,=0,S-0,S{G| +LI"(o}), +o,m, +o3n,) —Lm'(c,

—o,M; +U5nj) — Lnr(63|j +o5Mm;j —GGI’lj),

which gives immediately
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(2.10) S,;= S+ S, (gl —a,m; +oyn;) +S;5 (o3l + osM; —T¢n;).
Since S, = S;, L+ S;,m + S;;f, from (2.2) and (2.10) we have the

relations

(2.11) S;,=S;1'=¢7(S,,+S;,0,+S;,0,),

For the conformal change of the adopted components h,, of h-connection
vector h;, from (2.2) and (2.4), we have m;;j = e°(m; oj + mjy; ), which in
view of (2.8) and (2.9) leads to

(212) h = h+ (ov,+oV,) | (o, —oV, +0,+ Ho, + Jo,
—Jo,—loy) m;j+ (V05 —V,0,+ 2o+ Isg—Is, +5,) n;.

Thus the adopted components h, o= 1, 2, 3 of h; in (M, L) are given by

(2.13) h, = e (h,+0,V, +0o,V,),
h,=e“{h,—(o,v,-0\V;+0,+ Ho,+ Jo,—Jo, —lo,)},

h,=e7(h,+ v,o,-V,0,+ 2Jo,+ lo,—lo,+0,).

3. Conformally flat Landsberg space

Berwald spaces are characterized by Cy,, = Oand Landsberg spaces are
characterized by C;;,, = O where the index ‘0’ denotes the transvection by
the supporting element y'. If a Finsler space is a Berwald space, it is a
Landsberg space.

it is shown>®” that Landsberg space becomes a Berwald space in many
cases. We have discussed the same case with some condition in three
dimensional Finsler space.

Definition (3.1)*: A Finsler space F" is called conformally flat if F" is
conformal to a locally Minkowaski space.
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Theorem (3.1)*: A Finsler space F* with non zero C is a Berwald space
if and only if the h-connection vector h; vanishes and all the main scalars
are h-covariant constant.

Theorem (3.2)*: A Finsler space F* with non zero C is a Landsberg
space if and only if the h-connection vector h; is orthogonal to the
supporting element y', that is h; = 0 and the main scalars H,; = 1,; = J,; = 0.

If the three dimensional Finsler space F° = (M, L) is conformal to a
Finsler space (M, L), the main scalars H, I and J of (M, L) coincide with
the main scalars H, I and J of (M, L). In particular we must notice that the
main scalars H, 1, J and h-connection vector h; in our case are functions of
the variable y' alone.

Firstly, we suppose that the Finsler space (M, L) be a Landsberg space.
Then from Theorem (3.2) it follows that

(3.1) H,=0 1,=0 J,=0and h=0.

The scalar _I-_I,l can be written in terms of Moor’a frame as
H,1=|__|,k|_k= a_l_l_G;aH I_k=(§i:aH e—o‘lk
X oy'

=—Le?{l" (o], + o,m, +0o,n,)—Mm"(o,l, —o,m, +0o,n,)

—n" (o3l + oM, —on )} I"H |

=-Le?(gH| I"-0,H| m" —o,H |, n").

r

Therefore,

(3.2) H,= (o,H;,+o,H;;)e .
Similarly, we have

(33) l,= (o,;, +0,l;5)e™,

(34) J,= (0,3, +0,;,)e .
Therefore, from (3.1), (3.2), (3.3), (3.4) and (2.12), we get

35 o,H;,+o,H;;= 0, o,l;,+o,l;,= 0,
0,J;,+0,J;;= 0and h +o,v,+ov, = 0.
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Now, we prove that o, and o, never vanish simultaneously, for non
homothetic transformation.

If possible suppose that o, = 0, o, = 0, then o, =o,l, +o,m +0o;n,
gives o, = o;l.. Differentiating this with respect to yj, we get

0= (6j61)|i +Glaj|i: (5j61)|i —l—Glli‘j,

L _ o -
which in view of (1.3) gives 0= (5jo9)I; +T1(mimj +ninj) o

(3.6) %(mimj+ninj)=—(5j61)|i-

Since L. H. S. of equation (3.6) is symmetric in i and j therefore
(Gio)lj = (@jo)li-

Contracting this equation by V, we get (5;c1) = (8jo1)l;. Since o1 is
positively homogeneous of degree zero in y', therefore (5jc;1)|j =0,
which implies djoc1 =0.

Thus equation (3.6) shows that o, = 0. Hence o, = 0 which shows that o is
constant, i.e. the transformation is homothetic.

Hence we conclude that, for non homothetic transformation o, and o3 do
not vanish simultaneously. So we consider here three cases of non
homothetic transformation.

Case (i): Let o, #0and o, # 0. In this case, from (3.5), we have

(3.7) %Ji_z_J?___ﬂ and  h,=-o,V,-0,v,.
'3

2 _
|;3 J;3 G2
Conversely if (3.7) holds then from (2.13), (3.2), (3.3) and (3.4), we get

(3.1). So (M, L) is a Landsberg space. Hence we have the following:

Theorem (3.3): A three dimensional Landsberg space is o-conformally
flat if and only if (3.7) holds.
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Case (ii): Let o, =0and o, # 0. In this case, from (3.5), we have
(3.8) H;;=0,1,,=0J;;,=0and h+o,v,= 0.

Conversely if (3.8) holds for ¢, = 0 and o, # 0, then from (2.13), (3.2),

(3.3) and (3.4) we get (3.1). So (M, L) is a Landsberg space. Therefore it
follows that

Theorem (3.4): If o is orthogonal to m', then a three dimensional
Landsberg space is o-conformally flat if and only if H;3 =0, 1;3=0, J;3=0
and h, =-o,v,.

Case (iii): Let o,#0and o, = 0. In this case, from (3.5), we have
(3.9 H;,=0,1I,=0J,=0and h,+o,v,= 0.

Conversely if (3.9) holds for o,# 0 and o, = 0, then from (2.13), (3.2),
(3.3) and (3.4) we get (3.1). So (M, L) is a Landsberg space. Therefore it
follows that

Theorem (3.5): If o is orthogonal to n', then a three dimensional
Landsberg space is o-conformally flat if and only if
H,=01,=0,J,= 0and h,=—0,v,.

4. Conformally flat Berwald space

We consider the case when the Finsler space (M, L) be a Berwald
space. We shall rewrite H, = @H <r oH |. Since H, I, J and
ox K k oy" |
connection vector h; are only functions of the variable (y"), this equation is
equivalent to

T —r OH
HJ_k = - Glr( y .
Therefore, from (2.8), we get
4.1) H. =-{I' (o) + o,m, +o3n,) —m' (0,1, —o,m, +0yn,)

-n'(ayl, +o,m, —on | .

Since Hl=L*(H; .+ H;,m + H;n)and H; =0,

r r
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we have
4.2) H, = H;, (o) —o,m +o.n) + Hi, (o)l +o,m —a;n,).
Similarly, we get

(4.3 I_lk = 1;, (o,l, —o,m +o.n,) + I;; (ol +om, —on,),
(4.4) J, =3, ) —om+o.n) + Ji; (o) +o.m —o,n,).

Now, we discuss all the three cases which are discussed in previous section.

Case (i). Let o, #0and o, #0.

If the three dimensional Landsberg space (M, L) is conformally flat,
then from equations (4.2), (4.3), (4.4), (2.12) and (3.7), we get

(4.5) T__ILk = (ozH;;—o,H;;) m + (oH;,—o,H:;) ng,

I_Lk = (ogliz—a,l;,) m + (ogl;, —ogl55) Ny,

ij = (05di3—0,d5,) M+ (055, —0sd35) Ny,

and h;={h,—(o,\v,—oV; +o3,+ Hoy + Jo, —Jo, + log)im,
+ {hy+ (oW, +ovs + 20.) +o¢l —o,l +0o,)n;.
From Theorem (3.1) it follows that the space (M, L) is a Berwald space if
H,=1,=J,=0and h=0.
Therefore from (4.5) it follows that (M, L) is a Berwald space, if
(4.6) oH;;—o,H;,= 0, o.H;,-o,H;;= 0, o.l;;—o,l;,= 0,
ogl;,—o4l;;= 0, oJd;;,-0,3;,=0, oJ;,—0,J;;=0.
h,—(o\v,-o\V,+0,+ Ho,+ Jo,—-Jo,+ lo,)= 0
and h,+ (oyv, +oV; + 20, +o,l -0, +0,) = 0.

Con\_/ersely if (4.6) holds, then B from (4.5) we
get H,=1,=J,=0 and h = 0. Hence (M, L) isa Berwald space.
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Theorem (4.1): A three dimensional conformally flat Landsberg space
is a Berwald space if and only if the equations (4.6) are satisfied.

Case (ii): Let o, = 0 and o, # 0. In this case if a three dimensional

Lansberg space is o- conformally flat then from Theorem (3.4) we get H;3 =
0,1;3=0, J;3=0and h;=- o3Vs. Therefore from (4.6) and (2.8)’, a three
dimensional - conformally flat Landsberg space is a Berwald space if

(47)(a)  H;,=0, 1;,=10, J;,=0,
(4.7)(b) h, =0V, +o,(1- v, + vl —HI +2J%+ 1J),
(4'7)(0) h, :O-1V3+O-3(|Vz +JV3)-

Since H, 1, J are positively homogeneous of degree zero in y', therefore
H;; =0, I;; =0, J;1 = 0. Hence main scalars H, I, J are functions of position
only.

Conversely, if H, I, J are functions of position only and (4.7)(b) and
4.7)c) hold for o, = 0 and o3 # 0, then from (4.5 we
get H,=1,=J,=0 and h = 0. Hence (M, L) is a Berwald space.
Therefore we get

Theorem (4.2): If o; is orthogonal to m' then a three dimensional o-
conformally flat Landsberg space is a Berwald space if and only main
scalars are functions of position only and (4.7)(b) and (4.7)(c) are satisfied.

Case (iii): Let o, = 0 and o, = 0. In this case if a three dimensional

Lansberg space is o- conformally flat then from Theorem (3.5) we get
H;,=0,1;,=0,J;,= 0and h, =—o,v,. Therefore from (4.6) and (2.8)’, a
three dimensional o- conformally flat Landsberg space is a Berwald space if

(4.8)(a) Hi,= 0, 1;,=0, J;;= 0,
(4.8)(b) h, = o,v, + o, (Hv, — Jv,),
(4.8)(c) h,=oV,—o,(V,— IV, + 2J%+ 17 =HI + 1)

Hence H, 1, J are functions of positions only along with (4.8)(a) and (4.8)(b).

Conversely, if H, I, J are functions of position only and (4.8)(b) and
(4.8)(c) hold for o, = 0 and o, = 0, then from (4.5) we
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get H,=1,=J,=0 and h = 0. Hence (M, L) is a Berwald space.
Therefore we get

Theorem (4.3): If o is orthogonal to n' then a three dimensional o
conformally flat Landsberg space is a Berwald space if and only main
scalars are functions of position only and (4.8)(b) and (4.8)(c) are satisfied.
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