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Abstract: The present paper deals with the differential geometry of C-
conformal Finsler spaces. It has been shown that the nature of certain
kinds of vector fields cannot be inherited to a C-conformal space from its
parent space. Also, it has been proved that the nature of these vector
fields on the parent space cannot be retained by the corresponding C-
conformal vector field on the C-conformal Finsler space. Results of
Bagewadi et al. have been revised in the light of above investigations.
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1. Introduction

M. S. Knebelman' initiated the conformal theory of Finsler spaces in
1929. Several authors including P. N. Pandeyz’3 discussed groups of
conformal transformations in conformally related Finsler spaces. M.
Hashiguchi4 introduced a special type of conformal change called C-
conformal change. This conformal change is non-homothetic together with a
specific condition called C-condition. C. Shibata and H. Azuma® obtained
certain tensors which are invariant under a C- conformal change. K.
Takanoﬁ, P. N. Pandey 7,89, 10, 1L 12,13 0 others studied contra, concurrent,
special concircular, recurrent, concircular and torse-forming vector fields in
Riemannian, non- Riemannian and Finsler spaces. M. Matsumoto and K.
Eguchi'® discussed concurrent vector fields in a Finsler space. M.
Kitayama'® studied a Finsler space admitting a parallel vector field.

S. K. Narasimhamurthy and C. S. Bagewadi'® considered a C- conformal
change between two Finslers paces F" and F"over the same Manifold and
obtained a Lemma which states “if X' is a parallel vector field on Finsler
space F", the vector field X' (=e°*“X')is parallel on F" if and only if
8 0,X"—0, X’=0." Using this result they obtained nine theorems in

which F"and F" have been taken of special types. In the present paper, we
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show that if the vector field X' is parallel on F", X (=e " X") cannot be

parallel on the C-conformal space F". In view of this result, none of the
nine theorems proved by Narasimhamurthy and Bagewadi'® is true. In fact,
not only in case of parallel vector field but also in case of concurrent and
recurrent vector fields we get similar results. This paper also includes the
results which confirm that a C-conformal transformation changes the nature

of a vector field, i.e. a parallel vector field on F" cannot be parallel in C-
conformal Finsler space F", a concurrent vector field on F" can not be
concurrent on F" and a recurrent vector field on F" cannot be recurrent on
F".
2. Preliminaries

Let F"=(M",L)be an n-dimensional Finsler space equipped with the
fundamental function L(x,y)satisfying the requsite conditions'’. The
normalized supporting element, the metric tensor, the angular metric tensor

]

and Cartan tensor are defined by [ =0,L, g,,zéaiajﬁ, hi:LaiaiLand

C

i =%3 «&; respectively. Throughout the paper, we use the symbols 0 . and
0, for %yi and 9 O respectively.The inverse of the metric tensor and the
generalized Christoffel symbols are given by

8:8" =0 ¥y =%{3,-g_,-k +0,8; =98 )s Vi =8" Vn-
The Cartan connection in F"is given as CI'=(F ]’k , G; , C;k ), where

i 1 i A
ij :Egp{b‘jgpk +5kgpj_§pgjk 1, 5/':8./'_(;7811'
jrk

; . i i 1 i i i ir
GA,-=3A,-G, G :5 jknyk’ C,=8"C,

The h- and v-covariant derivatives of a contravariant vector X'(x,y) with
respect to the Cartan connection are respectively given by

(2.1) X[=0,X'~(9,X)G] +F;X",
and
(2.2) X'l =0,X'+C.X".

The Cartan connection coefficients F ,’k and the Berwald connection

coefficients G', (=9, G") are related by
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(2.3) Gy —Fj =P,

J

where P, ZC;klhyh.
3. C-conformal Finsler space

Let F"(M",L) and F"(M",L) be two Finsler spaces over the same

manifold M" . A transformation F" — F"is said to be a conformal change if
L(x, y)=e°“L(x,y). The scalar o(x)depends upon the positional
coordinates only. M. Hashiguchi4 called such transformation as C-conformal
transformation if

(3.1 C_j.ko*" =0, o’ #0,

where o’/=g’c, and o0,=0,0. This transformation is in fact, non

homothetic. Throughout this paper, the geometric objects associated with
F"will be barred. If the Finsler space F" is obtained from F"by a C-
conformal transformation, we have the following 45,

a) l_l:e"li, l'=e°l,

b) b, =€*h,

ij?

=20 i

(3.2) ) g;=eg;, 8 =g,
d) Elﬁik =e""Cy, (7;,( =Cj.
e) P, =P, +0,C',
f) Fy=Fj ~g,0'+6,0,+5,0,-0,C;;.

The Finsler space F" is called a C-conformal Finsler space.

4. Parallel Vector Field under a C-conformal Change

Let the Finsler space F" admits a parallel vector field X'(x/)
characterized by15

4.1 X, =9, X' =G0, X'+ X'F}, =9, X'+ X' F}, =0,
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(4.2) X'| =9, X' +X'C}, = X'C}, =0.

If this vector field is also parallel in the C-conformal Finsler space F", we
have

(4.3) X; =0, X' +X'F;, =0
and
(4.4) X'1,=X'C,=0.

Substituting the value of Fj’k from (3.2f) in (4.3), we get

(45) oX'+X'{F,-g,0 +d0,+50,-0,C;,}=0,

J

which in view of (4.1) and (4.2), gives
(46) -X'g,0'+X'c,+50,X' =0.
Contracting 1 and k, we get

47  o0,X' =0,

and therefore (4.6) gives

(4.8) X0 =X'o,.

Transvecting by ¢* and using (4.7), we find o"o, X' =0, which implies
oo, =0for X'=#0.Since the metric of our space is positive definite,
c*o, =0implies o, =0. This shows that the transformation is homothetic,
which is not true. Thus we have:
Theorem 4.1. A parallel vector field X'(x’) in a Finsler space
F" cannot be parallel in a C-conformal Finsler space F".
Narasimhamurthy and Bagewadi'® defined a vector field X'on the C-
conformal Finsler space F" by
(4.9) X' =e"WX,

and called it C-conformal vector field. They established therein the
following:

Lemma 4.2. Let F"be C-conformal space of F". If X' is a parallel
vector field on F", then C-conformal vector field X on F" is parallel if
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(4.10) 50,X"-0.X' =0.
Using this lemma they proved nine theorems in the paperlﬁ. But we

show that the condition 5;0',,)? " —Gj)? "=0 implies o,=0or X "=0. The

proof is as follows:
Contracting i and j in (4.10), we get (n—1)c, X" =0, which implies

O'hXh =0for n#1. Using O'h "=0 in (4.10) we find o, X' =0. This
implies X'=0 for o, #0. X'=0 implies X'= 0, a contradiction.
Therefore the above lemma may be modified as:

Theorem 4.3. Let F" be C-conformal Finsler space of F". If X' is a
parallel vector field on F", then C-conformal vector field X' on F" cannot
be parallel.

In view of Theorem 4.3, all the nine theorems proved by
Narasimhamurthy and Bagewadi16 collapse.

5. Concurrent Vector Field under a C-conformal Change

Let the Finsler space F" admits a concurrent vector field
X'(x?) characterized by**
G.D X, =0, X'~ G0, X'+X'F, =9,X'+ X'F} =K&/, K =Constant
and
52 X' e J, X' +X-’C;k = X-"CA’I'.,( =0.

If this vector field is also concurrent in the C-conformal Finsler space F",
we have

(5.3) X; =0, X'+X'F, =Kd],
and
(5.4) X'1,=X'C, =0.

Substituting the value of F l:k from (3.2f) in (5.3), we get

Jj i \_psl
(5.5) akX +X {Fk gkd +5 o +§k0'] O'OCjk}—K§,
which, in  view of (5.1) and (5.2), reduces to

_xJ Iyl L 5. XJ =(K - K)S!
(5.6) X gjkO' + X 0'k+§k0']X =(K K)&k.
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Contracting 1 and k, we get

(5.7) oj X/=K-K,
and therefore (5.6) gives
(5.8) X o' = X! oy.

From this, we conclude that X i =¢O'i for some ¢. Therefore from (5.1),
we have (¢)0'i Nk = Ké']i,which implies O-Ilk =1, ol + p5i ,
¢

K . .
where n, = —iand p= E Therefore ¢ is concircular. Thus we

¢

conclude:

Theorem 5.1. A concurrent vector field X i (xj ) in a Finsler space

F™ cannot be concurrent in a C-conformal Finsler space F" unless the
vector field &' is concircular.
Let the C-conformal Finsler space F' admits the concurrent C-

conformal vector field X i then

(5.9) X%k =K 5;;, K = constant,
i.e.
vi,.vJ] rl _ sl
ak X"+X ij = K5k.
Using (3.2 f) and (4.9) in the above equation, we get
—0(x) i —0(X) vJjipl _ i i i
ak(e XH)+e X {ij ]kcr+§c7 +5k j chk}
_ sl
—K5k,

or
—0(x) i Jpi N _ —0(x) j i j i

e (akX +X ij) e (X gkO' 5 X )—K5k,

which in view of (5.1) reduces to

(5.10) (Ke "™ -K)§ —e " (X, 0'—6,0,X7)=0.

Contracting 1 and k, we get

(5.1)  n(Ke ™™ -K)+(n-1e "X 0’ =0.
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Equations (5.10) and (5.11) give
(5.12) ne’"X,0' - "X, 078, =0.

Transvecting by o , we obtain X jo" =0for n#1land o' #0;and therefore

(5.12) gives X,0' =0. This implies X, = 0, which is not possible. Thus, we
have:

Theorem 5.2. Let F" be C-conformal space of F". If X'is a concurrent
vector field on F", then C-conformal vector field X' cannot be concurrent

on F".
6. Recurrent Vector Field under a C-conformal Change

Let the Finsler space F" admits a recurrent vector field X'(x’)
characterized by

(6.1) X/ =9,X'-G}0,X'+X'F; =0, X'+X'F; =y X'.
If X' is also recurrent in the C-conformal Finsler space F", we have
(6.2) X; =9, X' +X'F, =X
Substituting the value of 171’,( from (3.2f), we get
(6.3) 0. X'+ X'{F, —g,0' +5.0,+560,-0,C;,}=HX".
which in view of (6.1), reduces to
(6.4) -X'g,0'+X'0, +0,0, X' —0,X'C}, =(H, —p)X".
Transvecting by X,y", we get
X X', -, -0,)y" =0,
which implies either X, X' =0 or (&, — u,—0,)y" =0. Since our metric is

positive definite, X, X =0 implies X' = 0, which is not true. Therefore we
must have

(6.5) (&~ ,~0,)y" =0.



392 P. N. Pandey, M. K. Gupta and Abhay Singh
Differentiating partially with respect to y’, we get
(6.6) (F; 1 =~0)+ 7, ~9,41,)y" =O0.
Differentiating (6.1) and (6.2) partially with respect to y’, we obtain
X'0,F) = X'0 4, X'0,F, =X'0.[,,
which after transvection by y* gives
(6.7) X'P,=X'y0.u, X'P=X'y0.q,.
From (3.2e) and (6.7) we get
(6.8) 0, X'Cl, = X'y (0,1, -0 1)
Transvecting by y.(= g, y") and using y,.Cii = 0,we get
v X'y 0,1, ~9,44,)=0,
which implies y* (9,72, —9,4,)=0 for y,X'=0 implies X'=0which is not

true. Using y* (9,71, —9,4,)=0 in (6.6), we get /i, — ;=0 .In view of
this, the equation (6.4) and (6.8) yield

(6.9) -X,0'+6,0,X'=0.

Contracting the indicesi and k, we geto X 7=0 for n#l. Using
0'ij =0in (6.9), we get either X,=0or o' =0, which means
X* =0 or o' =0.But both are not true. Therefore our supposition that the

vector field X'is recurrent in F"is not correct. Hence we have:
Theorem 6.1. A recurrent vector field X' (x’)in a Flnsler space F"

cannot be recurrent in a C-conformal Finsler space F".
Let the C-conformal Finsler space F" admits the recurrent C-conformal
vector field X', then

(6.10) X, =0 X +X'F,=uX".
Using (3.2f) and (4.9) in the above equation, we get
0, (XY +e VX! (F) —g,0 +5.0,+6,0,-0,C,)=He X",

or
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00X -0 X' -u X' +X'F, -X.0'+X'0, +6,0,X' -0,X'C}, =0,
which in view of (6.1) reduces to
(6.11) (,uk—ﬁk)Xi =XkO'i—ﬁlfO'jX‘i+O'0XjC;k.

Transvecting by X, and y*, we get

(4, ~ )y X' X, =0.
This implies at least one of the following
(6.12) a) X'X, =0, by (4, 1)y =0.

Since the metric of the Finsler space considered is positive definite, (6.12a)
implies X' = 0, which is not true. Therefore (6.12b) holds. Differentiating

(6.12b) partially with respect to y’, we get
(6.13) {ajﬂk _ajﬁk}yk +(u; — 1;)=0.

Differentiating (6.1) partially with respect to y’, we obtain,
X'0,F, =X'0,u,.

Transvecting by y* gives
X'y ,Fj =Xy u,,
or
X'{0,GI—F,}=X"y"0,u,,
ie. .
(6.14) X'P =Xy u,.
Similarly differentiating (6.10) partially with respect to y’ and then
transvecting by y*, we get
X'Py=X'y"0,q,.
which in view of (3.2e) and (4.9) gives
(6.15) X'(Pi+0,C)=X'y0 [,
From (6.14) and (6.15), we find
(6.16) X'y 0,4, —0,11)=—0,X"C!, .
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Transvecting by y, and using yl.Cj., =0, we have
(v, X)y" 0,44, =0 ,7,) =0.
This gives at least one of the following:
y,X'=0 or y*,u,—9,1,)=0.
Differentiating y,X'=0 partially with respect to y", we get g, X' =0, which
implies X'=0. Therefore y. X'=0is not possible. Hence

(6.17) Y (0,4, —0,11,) =0.
In view of this, the equation (6.16) gives
(6.18) Cj.,X’=O.

Using (6.17) in (6.13), we have

(6.19) = U,.

Using (6.18) and (6.19) in (6.11), we find

(6.20) o'X, =0,X'6,.

Contracting the indices i and k, we get 0,X' =0 for n#1 and therefore

(6.20) gives o0, X" =0. This gives either X'=0 or o, =0. Both of these
are not true. Therefore our hypothesis is wrong. This leads to

Theorem 6.2. Let F" be C-conformal space of F".If X'is a recurrent
vector field on F", then C-conformal vector field X'cannot be recurrent on

F".
7. Normalized Semi-parallel Vector Field under a C-conformal Change

The semi-parallel vector field in Riemannian manifold has been studied
by G. M. Fulton'®. In Finsler spaces, a semi-parallel vector field v'(x’)is
characterized by19

v, =40, +&viv,) and vl =0.
If v denotes the length of the vector V', then the normalized semi-parallel
vector X'=Vv'/v is given by
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(7.1) X, =K(5, -X'X,) and X'l =0.

Pandey and Diwedi*” proved that K is a function of position only. Using
(2.1) and (2.2), we get

(7.2) 0. X' +F, X =K(6, —-X'X,),
and
(7.3) C. X" =0.

If X'is also normalized semi-parallel in the C-conformal Finsler space F",
we have

(7.4) X, =0, X' +X'F; =K(5, - X'X,),
and
(71.5) X'l,=X'C), =0.

Substituting the value of I*_“,’k from (3.2f) in (7.4), we get

0, X'+ X'{Fj —g,0'+ 8,0, +5,0,-0,C;; }=K(5, - X'X,).

which in view of (7.2) and (7.3) , reduces to
(7.6) -X'g,0'+X'0, +8,0,X' =(K-K)(5, —X'X)).
Contracting i and k , we get
(7.7) o.X’ :(I?—K)(l—%),
for X' is a normalized vector, i.e. X'X; = IX'I> = 1. Therefore (7.6) gives
-X,0'+X'0, +35 (K- K)(l—l) =(K-K)(0 - X'X,).
ie. "
(K-K)(X'X, —%5;’)— X, 0'+X'o, =0.
Transvecting by X; , we get
(K -K)(X, —%Xk)— X, 0'X, +0, =0.

In view of (7.7), the above equation gives oy = 0. This shows that the
transformation is homothetic, which is not true. Thus we have:

Theorem 7.1. A normalized semi-parallel vector field X' (X' ) in a
Finsler space F" cannot be normalized semi-parallel in a C-conformal

Finsler space F".
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Let the C-conformal Finsler space F" admits the normalized semi-
parallel C-conformal vector field X' then

(7.8) X! =0,X +X'F, =K(5'-X'X,).

Using (3.2f) and (4.9) in the above equation, we get

9, (e VX ) +e WX (Fl g 0 +8i0, +8,0,-0,C) = K(5 —e X' X,),
or

e X +X'F)-e V(X0 -80,X))=K(5, - VX'X)),

which in view of (7.2) reduces to

e VK5 -X'X,)—e " (X, 0 -0, X)) =K (5 —eVX'X)),

or

(71.9) S K-K)+e " {-KX'X, - X,0' +5,0, X'} +e7"VKX'X, =0

Contracting i and k, we get

(7.10)  ne YK -K)+e " {-K+(n-Do,X'}+e* K =0.

Equations (7.9) and (7.10) give

8| e {K—(n=1o,X '} —e K | +ne " {-KX'X, - X, 0" + 5,0, X’ ]
+ne"VKX'X, =0.

Transvecting by ”“X*X; , we get

K —(n—l)O'ij A ) ¢ —nX,0' + nGij +ne WK =0,

ie.

(7.11) o, X' =¢"YK-K.

Putting this in (7.10), we get

ne VK -K)+e " {-K+(n-1) (¢ "VK -K)} +e VK =0,

ie.

(7.12) nkK(e*™ -1)=0.

Since nK #0, (7.12) implies o = 0, which is not possible. This leads to:
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Theorem 7.2. Let F" be C-conformal space of F". If X' is a normalized
semi-parallel vector field on F", then C-conformal vector field X' can not
be normalized semi-parallel on F" .
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