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Abstract: This paper concerns the problem of slow viscous flow through
a swarm of porous spherical particles. As boundary conditions, continuity
of velocity, continuity of normal stress and stress-jump condition at the
porous and fluid interface are employed. On the hypothetical cell surface,
uniform velocity and Happel boundary conditions are used. The drag
force experienced by each porous spherical particle in a cell is evaluated.
The earlier results reported for the drag force experienced by a solid
sphere in a cell by Happel', and Qin and Kaloni® for a porous sphere in
unbounded medium have been then deduced. Representative results are
presented in graphical form by using mathematica software and
discussed. The effect of stress jump coefficient £ is observed in all the

cases.
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1. Introduction

Many process and phenomena in science, engineering and technology
involve the motion of flow fluids past and through porous media. Flows
through porous media occur commonly on geophysical and biochemical
environment and also have engineering applications, like sedimentation,
fluidization, petroleum industry, lubricant problems, etc.

Happel' proposed a cell model in which both particle and outer envelope
are spherical. The cell model technique involves the concept that random
assemblage of particles can be divided into a number of identical cells, one
particle enveloped by each cell. Furthermore, the volume of fluid cell is so
chosen that the solid volume fraction in the cell equals the solid volume
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fraction of the assemblage. Thus, the entire disturbances due to each particle
are confined within the cell of fluid with which it is associated. Happel
assumes that the inner surface is stationary and that fluid passes through a
cell enveloping it. The following boundary conditions are imposed: (i) no-
slip and impenetrability at the inner surface. (ii) zero tangential stress and
uniform velocity conditions at the outer envelope.

When a Newtonian fluid flows between impermeable surfaces, the usual
boundary condition is the no-slip condition on the boundary but when it
flows over a permeable surface the no slip condition is no longer true. On
that surface there will be a migration of fluids tangential to the boundary
within the permeable surfaces i.e. there will be a net tangential drag due to

the transfer of forward momentum across the permeable interface. Recently,
Ochoa-Tapia and Whitaker™ studied the momentum transfer at the
boundary between a porous medium and a homogeneous fluid theoretically
and experimentally. They suggested a boundary condition at the interface of
a fluid and porous surface which is commonly known as stress-jump
condition which can be expressed in the form

0]
2 1 1
(1 7;1(t ) _Tn(t) = 'Bﬂ/k Vt( ),

where vt(l) being the tangential velocity in porous region, Tn(P and T,gtz) are

shear stresses in clear fluid and porous regions, respectively and k being
the permeability of the porous region and g being the jump coefficient.

A Cartesian-tensor solution of the Brinkman equation is investigated by
Qin and Kaloni’ and they also evaluated the drag force on the porous sphere
in unbounded medium. The problem of Stokes flow with slip and Kuwabara
boundary conditions was studied by Datta and Deo”. The problem of flow
past a porous sphere at small Reynolds number was discussed by Srivastava
and Srivastava® and they also studies the effects of jump coefficient on the
drag force. Bhattacharyya and Raja-Sekhar’ have considered the problem of
Stokes flow inside a porous spherical shell and solve it by applying the
stress-jump condition at the porous interface. The stress jump coefficient at
a fluid-porous dividing surface was also evaluated by Valdes-Parada et al.®.
The motivations of these papers lead us to discuss the slow viscous flow
through a swarm of porous spherical particles.

In this paper the solution of the problem of slow viscous flow through a
swarm of porous spherical particles is investigated. As boundary conditions,
continuity of velocity, continuity of normal stress and stress-jump condition
at the porous and fluid interface are employed. On the hypothetical cell
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surface, uniform velocity and Happel boundary conditions are used. The
drag force experienced by each porous spherical particle in a cell is
evaluated. The earlier results reported for the drag force experienced by a
solid sphere in a cell by Happel', and Qin and Kaloni? for a porous sphere in
unbounded medium have been then deduced. Representative results are
presented in graphical form by using mathematica software and discussed.
The effect of stress jump coefficient g is observed in all the cases.

2. Mathematical formulations of the problem

Let us consider the creeping flow of a slow viscous fluid flow through a
swarm of porous spherical particles. The governing equations written for
two regions are as follows:

For the region (1), outside the porous sphere we assume the Stokes equation
[Happel and Brenner’] as

) W2V =vpM - givyD =0

For the region (2), inside the porous sphere we apply the Brinkman’s
equation [Zlatanovski'’] as

3) ,uevzv(z) —%V(Z) = grad p(z) . divv® =0,
Here, p, is the effective viscosity for the Brinkman flow which is taken to

be different from u the coefficient of viscosity of clear fluid and k being

the permeability of the porous medium. Also, v and p(i) ,i=1,2 are the

velocity vector and pressure at any point in the clear fluid and porous
medium, respectively.

Using the following non-dimensional variables
@ D —u2g®, O HUs0 O _yg® g =12,
a

in the equations (2) and (3) and eliminating the pressures and dropping the
tildes, we obtain the resulting equations in spherical polar coordinates

(r,0,0) as
5) B2 €2 ()=,
6) B2 (B2 -a?) P =0,

where the dimensionless operator
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2 0 (-¢ &
) 2 2’
or r o¢
(7) azzaz/;/z, }/zzue/u, o’ =a’/k and ¢ =cosf.

Furthermore, the non-vanishing velocity components (vﬁ" ),vg),O), shear and
normal stresses respectively are given by
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Also, the pressures may be obtained in both regions by integrating the
following relations respectively:
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3. Statement and Solution of the problem

In the mathematical model, we assume that all the porous spherical
particles are randomly and homogeneously distributed in the viscous fluid.
The porous medium is assumed to be homogeneous and isotropic. Let us
now consider that porous spherical particles are stationary and steady
axisymmetric flow has been established around it by uniform velocity U
directed in the positive z-axis (see figure-1).

In the case of axisymmetric incompressible creeping flow the regular
solution of the stokes equation outside the porous sphere can be expressed
as



Stokes flow past a swarm of porous spherical particles with stress jump condition 53
(1) iyl 2 4
13 v (h()—[Al;JrBlr +Cr+Dir]Gy(g),

where  G,(¢)=2(1-¢%).

The regular solution of the Brinkman equation inside the porous sphere in
which origin lies may be taken as

14y D00 =[4r? + Dy (@nGy(),

where y,(ar)=acosh(ar)-— sinh(ar) .

4. Matching conditions

At the interface of the porous surface and fluid »* = a, we assume that
the velocity components and normal stress are continuous and jump
condition in the shearing stress is employed. Therefore, the following
matching condition at the interface is used.

On the interface of porous sphere (r" =a):

The continuity of velocity components across the porous sphere and
normal stress implies that we may take

1 2 1 2

(15) v,,():v,g); ve()zvé)
(16) 0O =10.¢) o r=l.
Applying the stress jump condition on the porous and fluid interface as
suggested by Ochoa-Tapia and Whittaker™*

2) g ) _ B, _
17) 7., 1 )P, on r=1,

ré ré \/; o

where £ being the jump coefficient at the interface and the sign of # may
be either positive or negative. In particular, if f=0 then we get the
continuity of shearing stress.

On the cell surface (#* =b):

The continuity of normal component of velocity provides
(18) v,(,z):Ucosé’ on r=/(=b/a.

The vanishing of shear stress i.e., Happel condition implies that we take
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y® 20 (-¢?) %y
6,,2 r or 7”2 64’2

(19) =0 on r=/.

5. Determination of arbitrary constants

Applying these above boundary conditions given by equations (15)-(19),
we obtain

(20) A2 +D2y2(0()=A1+Bl+C1+D1,
21) 24y +{a* ¥ (@)~ y(@)}Dy =—4 + 2B + | +4D),
2 2 2
(22) yola” 4y +2{a"y(a) =3y, ()} Dy ] =—[64; +3Cy + 6Dy ],

yH(a? +6)yy (@)~ 202y (@)} Dy —6(4 + D))

(23)

= ﬂG{—Al +2Bl +C1 +4D1},
(24) A+ B2 +C2 Dy =—13,
(25) A +Dyt° =0,

Solving these above equations (20)-(25), we find the following values of the
unknown constants

4 :l[£60'[—y1 (@) 262 (<28+0)+ a2 B(6+02))

(26) A
(@) 6720+ + p18—12)2 +02)}]},
B = Hf[yz(a){3{18+802 +ot + Bo(6+0%)+6y*(2-2B80 +0))
o +0°{-54-952 + 26 — 67> (-9+ 485 —2062) + o (27 +202)} }

—3(@)[26%{6-60+30> + (> (940 +25%)}

+a? B3{Bo(2+02)+2(3+ 02 )+ L2 {—6(3+02) + ﬂa(9+2a2)}]ﬂ,
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G =ﬂ—za[ Y2 (@) {307 (=6 + 6y +02)+2(9+ 6y° + %)}

+ B1-36-24y% + 2062 + 17 (36 =367 +357)}}

(28)
—3(@)[-22+30°)2B - 0)5* +a? {~6(-1+°)o
+ﬂ{2(—6+0'2)+3€5(4+0'2)}}]]}
Dy :l[—éa[—yl(a){20'2(—2ﬁ+0')+a2ﬁ’(6+ o)
(29) A

1y (@) (6720 + 0% + p18 1252 +02)}]},

Ay =l[3f[y2(a){f5(—18+18y2 +Bo+02)+2(9+6y% +2B0+202)}
(30)
(@) 22+30%)6 + a2 (64 40 + 15 (~6+ ﬂa))}]}

(1) D,= ! 60 [(4+0°)B+(~1+17)o],

A
where
A=y (@B {B(12-12)" +07) + o(-6+677 +07))
+20{B(-18—12% + %)+ (9 + 6y +02)}
~30{18+80” +0* + Bo(6+07) + 677 (2 =20 + 7))
(32) +10(54490% ~20% + 6,2 (-9 + 40 ~207) - fo(27+257)}]

+y(@)30{262 (2-280 + %)+ (6+280 + 207 + o)}
—20{26%(-2B+0) +a’ (3o + f(-6+02)}}
—3P0{26% (2B +0)+a’ {20+ f(4+02)}}

+09026%(9-4B0 +20%) + a*{~6(3+ %) + Bo(9+ 2052 )1 ],
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yi(a)=sinha and y,(a)=acosha—-sinha.

6. Evaluation of the drag force

The drag force experienced by a porous sphere in a cell can be evaluated
by using the simple elegant formula [Happel and Brenner’] as
E2W(l)
ZUZ

T
(33) FzﬂuUasti( Vrdéo.
or

0

Here since @ =rsinf and Ezl//(l):[—%C1+10r2D1]G2(§), inserting
r

these above values in (33) and integrating, we find that
(34)
F=4rpuaUC

=4z uaU o]y, (@) (o307 (—6+ 6y +07) +2(9+6y” + 7))
+ B1=36-24y" +20° + 17 (36 - 367> +35°)}

3 (@)[22+30)2B-0)c* +a {~6(=1+0 ) o+ B{2(~6+02)+30° (4+02)} } 1/ A,

where A is given by equation (32). Also, the drag coefficient Cp can be

defined as
(35) Cp = il — _16G
(1/2)pU*rma Re
2aU J7 . .
where Re = and v =< being the Reynolds number and kinematic

4 P
viscosity of fluid, respectively.
The following special cases can be deduced:

I. Porous sphere with jump condition in unbounded medium (¢ — ) :

In this case, the value of drag force F experienced by a porous sphere
comes out as

(36) F=127 paUay[a*2ay(-1+y*)+ B4+ (-4 +a>)y?)y (@)

B2+ (-12+a%)y?) +ap(=6+ (6 + )y N (@)]/ Ay
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where
A =a’[2&° 87 + aBy(9-8y%) +18(-1+7?)
(37) +a® (-6y> +4yHIn(@)-[22° By +2a*y*
+54(=1+72)+3a?y 2 (=3+41%) = 3aBy(-9+8y%) |y ()

I1. Porous sphere in a cell without jump (4 =0):

In this case, the value of drag force F' experienced by a porous sphere
for the case of y =1 comes out as

gy podmualall-10a%y @)+ 130 +a* 2+30%))y, @)
A2 i

where

9) Ay =222 {(5-60+1%)a® =150y, () + {a* (200 =307 +30-2)

+3(@2 (10 +140-10) +300)} yy (@)].

I1I1. Porous sphere in an unbounded medium without jump (5 =0):

In this case, the value of drag force F' experienced by a porous sphere
of radius a turns out as

3
(40) F:67r,uaU[1+ﬁ,1+2—2] L A=) y(a).
(04

A well- known result was reported earlier by Qin and Kaloni* for the
drag force experienced by a porous sphere in an unbounded fluid.

IV. A solid sphere in a cell:
In this case, the value of drag force from the equation (38) by taking
limit as @ — o0, comes

(41) F=6ruUall+227°1-32"7 +32°° - 2217,

where A =(a/ b)3 =¢3 being the solid volume fraction. This result for the
drag force agrees with the earlier result reported by Happell.

V. A solid sphere in unbounded medium:

In this case, the value of drag force F experienced by the solid sphere
comes out as
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(42) F=6rualU.
A well-known result for the drag reported earlier by Stokes for flow past a
solid sphere in an unbounded medium.

Vg v

Hypothetical surface
Porous fluid interface

Clear fluid

Porous sphere

N O

Approaching Fluid

Fig.-1: The physical situation and the description of coordinate system for the model

7. Conclusions

The variation of the drag coefficient C,, against permeability parameter

o for the porous sphere for various values of stress jump coefficient
£ =-0.5,0, 0.5 has been shown in figures-2, 3 and 4 for different cell sizes

¢ and viscosity ratios y. These figures show that the drag coefficient C,

increases with increase of o, i.e. with decrease of permeability but it
decreases with increase of jump coefficient £ . Here, it may be mentioned
that the values of jump coefficient S varies in the range —1 to 1 as
experimentally found [Ochoa-Tapia and Whitaker™*].
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Fig. -2: Plot of drag coefficient Cp, of a porous sphere in a cell versus
permeability parameter o for various values of £ when cell size
(=1 and y=1.
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Figure -3: Plot of drag coefficient Cp, of a porous sphere in a cell versus

permeability parameter o for various values of f when cellsize /=2 and y=2.
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Figure-4: Plot of drag coefficient Cj, of a porous sphere in a cell versus
permeability parameter o for various values of f when cell size
(=15 andy=5.

FortFemm['¥ = 0, {kalic, #}]

Figure-5: Stream lines of flow pattern for a porous sphere in a cell when
c=2,y=.125and a=1.

£=0.5



Stokes flow past a swarm of porous spherical particles with stress jump condition

FortFonm[F = 0, {Talic, 8}] -

-2+

Figure-6: Stream lines of flow pattern for a porous sphere in a cell when

o=8,7y=.125 and a=1.
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Figure-7: Stream lines of flow pattern for a porous sphere in a cell when

c=2,y=.343 and a=1
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The case when £ =0, corresponds to the continuity of the stresses. The
effect of stress jump coefficient S is observed in all the cases. The stream

lines of flow patterns for a porous sphere in a cell without jump are also
plotted for various parameters as shown in Figures 4, 5 and 6. Here, the
numerical results and figures for the given input parameter values, have
been evaluated by using Mathematica 5.2 software.
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