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Abstract: Topology is playing a key role in almost every field of
applied sciences and several branches of mathematics. This is very
useful concept especially in information system, particle physics,
quantum physics, high energy physics etc. In 2002 Csaszar* introduced
and studied the concept of generalized topology and generalized
continuity. In 2011 Nithyanantha Jothi S and Thangavelu P? have
introduced the concept of binary topology between two sets and studied
different properties. In this paper we introduce and studied u-binary
topological spaces and investigate its basic properties

Keywords: Binary topological spaces, p-binary topological spaces,
uB-closure (uBI), uB-interior (uBI).

1. Introduction

In 2012 the authors® have introduced the concept of binary closure,
binary interior and binary continuity and binary separation axioms. Further
in 2014, they have introduced and studied generalized binary closed sets and
generalized binary open sets that are analogous to the generalized closed
sets and generalized open sets in point set topology. They* have further
shown that binary closed sets in binary topological space are generalized
binary closed but the converse is not necessarily true and obtained necessary
and sufficient conditions for generalized binary closed sets to be binary
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closed. In this chapter we introduce x—binary topological spaces and
u—binary continuous maps and studied different properties of these maps.

In section 2, we study basic definitions and properties of binary topological
spaces. In section 3 we introduce the concept of x—binary topological

spaces and studied various characterizations. Throughout the chapter o(X)
and (X ) denote the power sets of X and Y respectively.

2 . Preliminaries

Definition 2.1. Let X and Y are any two non-empty sets. A binary
topology from X to Y is a binary structure M cp(X)xg@(X) that satisfies

the following axioms:
(i) (¢4.¢) and (X,Y)eM.
(i) (A.NA,,B,NB,)eM, whenever (A,,B,)eM and (A,,B,)eM.
(iii) If{(Aa,Ba); aeA} is a family of members of M , then

(UaeAAa'UaeA BQ)EM

Definition 2.2. If M is a binary topology from X to Y, then the triplet
(X,Y,M)is called a binary topological space and the members of M are
called the binary open subsets of the binary topological space (X,Y, M).

The elements of XY are called the binary points of binary topological
space (X,Y,M).If Y=X,then M is called binary topology on X in which

case we write (X, M) for binary topological space.

Definition 2.3. Let (X,Y, M) be a binary topological space and let
(x, y)eX xY . The binary open set (A, B) is called a binary neighborhood
of (x, y) if xeA and ye B.

Example 2.1. 1={(¢, ¢),(X,Y)}is called the indiscrete binary topology
from X to Y and (X,Y, 1) is called the indiscrete binary topological space.

Example 2.2. Let D=g(X)xg(Y). The binary topological space (X, Y, D)
is called the discrete binary topological space.
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Remark 2.1. As o(X xY)=p(X)xg@(Y), the concept of binary topology

from X to Y and the concept of topology on X xY are independent. It is
noteworthy to see that the product topology of topologies of X and Y is
independent from the binary topology from X to Y as seen from the
following Example 2.3.

Example 2.3. Suppose (X,z)and (Y,oc)are topological spaces. Let
p={AxB:AerandBec}. Then p is the product topology for XxY .
However this cannot be the binary topology from X to Y as (¢, ¢) does
not belong to p. p is a binary topology if we identify (¢, ¢) with the
empty set ¢ .

Now let X ={a, b, c} and Y ={1, 2, 3}. Clearly M ={(¢. 4).({a}. ).
(X,Y)}is a binary topology from X to Y. Since ({a},#) cannot be

identified with {a} or ¢, M is not a product topology on X xY . As the

examples shows, the sets X and Y may have many binary topologies. By
regarding each binary topology from X to Y as a subset of o(X)xg(Y),

the binary topologies from X to Y are partially ordered by set inclusion.

Proposition 2.1. Let {¢,: <} be any family of binary topologies
from X to Y. Then N4, isalso a binary topology from X to Y.

Remark 2.2. Let {¢a ; aeQ} be any family of binary topologies from X to
Y . Then U,_, 4, need not be a binary topology as shown in Example 2.3.

Example 2.4. Let X ={a,b,c}and Y ={1, 2,3, 4}. Then M, ={(¢,9),

({8 {8).({ab}. 12}).(x.Y)} and M, ={(4.). ({ab},{L3}).(x.Y)}are two

binary topologies from X to Y . Clearly 1Y Mz js not binary topology
from X to Y.

Definition 2.4. Let(X, Y, M) be a binary topological space and AcX ,
B<Y . Then (A, B) is binary closed in (X, Y, M) if (X\AY\B)eM.

3. u—Binary Topological Space (uBTS)

Definition 3.1. Let X and Y are any two non-empty sets. A generalize-
d binary topology (#BT) from X to Y is a binary structure
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ucp(X)xp(Y) that satisfies the following axioms:
(i) (4 ¢)and (X, X)eu
(i) If {(La, Ma):aeA} is a family of members of 4, then
(UaeA La' UaeA Ma' )E/J

If x4 is wuBT from X to Y, then the triplet (X,Y, ) is called
generalized binary topological space (#BTS) and the members of . are

called the x—binary open subsets (#BOS) of uBTS(X,Y, u). The elements
of X xY are called the x—binary points (xBP) of uBTS(X,Y, u).

Example 3.1 Let X ={1, 2} and Y ={a, b, c}. Then = {(4,4).({1}.{a.c}),
({2},{a,b}),(X,Y)} is BT satisfying the conditions mentioned above.

Definition 3.2. Let X and Y be any two non-empty sets and (L, M),
(N, P) belongs to (X )xgp(Y), then (L, M)=(N, P) if LN and McP.

Proposition 3.1. Let {(//A:AEA} be any family of xBT'S from X to
Y . Then, N,. v, isalso 4BT from X to Y.

Proof: Let v, is uBT from X to Y. Then (¢4, ¢) and (X, X)ey, for
all AeA. This implies (4, ¢)eN, v, and (X, X)eN,,w,. Let
Naca¥,=v and (Lﬂ, Mﬁ)el//, Vv B, where Q is arbitrary index. Then
(Lﬁ, Mﬁ)el//A,VAeA. Since w, is wBT from X to Y. It follows
(Upealyp:U oo My )ew,, VaeA . This implies that(U .o Lz, U po M, )e
Naca Wa - Hence N, w, IS uBT from X to Y.

Remark 3.1. Let {l//A : AeA} be any family of 4BT ’s from X to Y. Then
U,cr 7, Need not be BT as shown in Example 3.2.

Example 3.2. Let X ={a, b, ¢} and Y ={1,2,3}. Then u, ={(4.4).(X.Y)
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({a} (131).((x). 12)) and s ={{(6.0). (. {2.2}).({b.c}.{3}). (X.Y) fare

two ¢BT ’s from X to Y. Clearly g, U, isnot xBT from X to Y.

Definition 3.3. Let (X,Y,x) be uBTS and LcX, McY. Then
(L, M)is x—binary closed set (#BCS) in (X, Y, u) if (X\L,Y\M)epu.

Proposition 3.2. Let (X, Y, u) be xBTS. Then
(i) (X,Y)and (¢, #) are uBCS's.

(i) If {(L,. M, ): @en}is a family of £BCS's, then (M,csL,Nycs M, )i

4BCS .

Definition 3.4. Let (X,Y,x) be uBTS and (L, M)c(X,Y). Let
(LM), =N{L, (L, M, )} is wBCS and (L M)c(L,,M,) and Let
(LMY, =N{M,:(L, M, )} is wBCS and (L,M)c
((L,M)i,((L,M)i*)j is 4BCS and (L,M)g((L,M)i ,((L,M)i*)). The

ordered pair ((L,M)f,((L,M)i*)j is called uB-closure (uBC) of

L, M ) Then

al

(LLM) and is denoted CI,(L,M) in the wBT(X,Y,u) Wwhere
(L, M)c(X,Y).

Proposition 3.3. Let (A, B)<(X,Y) Then (A B) is #BCS in (X,Y, u)
iff (A, B)=Cl, (A, B).
Proof: Suppose (L, M) is uBCS in (X,Y, ). Then by the definition,

the order pair ((LM);((LM)i)j is wuB-closure of (L, M)
and(L, M)c ((L M) ((L M) )) Since (L,M) is xBCS containing

U

(L, ie ( )i)jg(LM) Therefore  we  get

(L M)= ((L M) (LM) ))
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Conversely, suppose (L,M):((L M) ((L M)i)) Let (X,Y,u) be

uBTS and (L,M)<(X,Y). Then (L, M), =N{L,:(L,, M, )} is uBCS and

a a

(LM)(L,,M,) and (LM): =N{M,:(L,,M,)} is wBCS and
(

(L. M)g(L,.M,). Therefore ((L M)il( L M. )) is  uBCS and
(L, M);((L, M); ((L M)i )) Therefore CI,(L, M) is xBCS and hence

(L, M) is uBCS.
Proposition 3.4. Suppose (L, M)c(N,P)c(X,Y) and (X,Y, u) is
uBTS . Then

(D) C1 (4, 6)=(¢ ), CL(X.Y)=(X.Y)
(i) (L, M)<Cl, (L, M)

(iii) (L, M), <(N, P),

(iv) (L M), (N, P)’

(v) Cl,(L, M)<Cl, (N, P)

(v) c1,(Cl, (L, M))=Cl, (L M)

Proof: The properties (i) and (ii) follows easily.
Now (L, M), =NfL,:(L,. M,)} is 4BCS and (L, M)c(L,,M,), which
implies (L, M), <n{L,:(L,, M, )} is #BCS and (N, P)c(L,, M,)
=(N, P)i. This proves (iii). Proof of (iv) is analogous and (v) and (Vi)
follows from Proposition 3.2.

Definition 3.5. Let (X,Y,u) be wBTS and
(LM), =UfL,:(L,.M,)} is #BOS and (L, M

) (X,Y) Let
M) and Let

(L.
«)<(

(LM) =UM, (L, M,)} is «BOS and (L, M) (L,M). Then
L M)

c
((L,M)f,(L,M)iO) is 4BOS and ((LM ) (L,M). The
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ordered pair ((L, M)f (L, M)io) is called wB - interior (uBl) of (L, M)
and is denoted by 1,(L, M).

Proposition 3.6. Let (L,M)c(X,Y). Then (L,M) is xBOS in
(X, Y, u) iff (L, M)=1,(L, M).
Proof: Suppose (L, M) is uBOS in (X,Y, x). Then by the definition
. 10 20 .
of wuBI, the order pair ((L,M)ﬂ,(L,M)H) is wBl of (L,M) and
(L, M)g((L, M)f: (L, M)io). Since (L, M) is 4BOS containing (L, M),
and (L, l\/l)iO i.e. ((L M)i,(L, M)io)g(L, M). Therefore we get

(L, M):((L, M) (L, M)/Zj) .
Conversely Suppose (L,M)z((L,M)i,(L,M)iO). Let (X,Y,u) be
#BTS and (L,M)=(X,Y). Then (L, M), =UfL,:(L,, M,)} is uBOS
and (L, M,)c(LM) and (L M), =U[M,:(L, M,)| is 4BOS and
(L,.M,)=(L M) . Therefore ((L,M)i,(L,M)iO) is  4BOS and
((L,M)i,(L,M)io)g(L,M). Therefore 1,(L,M) is xBOS and hence
(L, M) is uBOS.

Proposition 3.7. Suppose (L, M)c(N,P)c(X,Y) and (X,Y, u) is
uBTS . Then
(@) 1,(4.4)=(¢.¢), 1.(X.Y)=(X,Y)
(ii) (L. M), <(N, P)!
(iii) (L M)2 (N, P),
@iv) 1,(L,M)cl, (N, P)
v) I#(I#(L' M))zly(l" M)

Proof: Quite easy
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4. Conclusion

In this paper we introduce and studied x—binary topological spaces,
uB—closure (uBl) and wB-interior (uBl) and investigate several
properties
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