ISSN 0974 - 9373

Vol. 23 No.1(2019)  Journal of International Academy of Physical Sciences  pp. 41-59

On a Quarter-Symmetric Metric Connection in an (g)-
Kenmotsu Manifold

Giteshwari Pandey, Babloo Kumhar and R. N. Singh

Department of Mathematical Sciences
A. P. S. University, Rewa (M.P.) 486003, India
Email: math.giteshwari@gmail.com,maths.babloo@gmail.com,rnsinghmp@rediffmail.com

(Received January 02, 2019)

Abstract: The object of the present paper is to study a quarter-
symmetric metric connection in an (g)-Kenmotsu manifold. We study

some curvature properties of an (g)-Kenmotsu manifold with respect to
the quarter-symmetric metric connection.

Keywords: quarter-symmetric metric connection, (g)-Kenmotsu
manifold, locally ¢-symmetric, ¢-recurrent.
2010 AMS Classification Number: 53C15, 52C25.

1. Introduction

A semi-symmetric linear connection on a differentiable manifold was
first introduced by Friedmann and Schouten® in 1924. Hayden? introduced
and studied a semi-symmetric metric connection on a Riemannian manifold.
Duggal and Sharma® studied a semi-symmetric metric connection on a semi-
Riemannian manifold. The quarter-symmetric connection generalizes the
semi-symmetric connection. The semi-symmetric metric connection is
important in the geometry of Riemannian manifolds having also physical
application; for instance, the displacement on the earth surface following a
fixed point is metric and semi-symmetric®. In 1975, Golab® introduced and
studied quarter symmetric connection in a differentiable manifold. A linear

connection v on an n-dimensional Riemannian manifold (lvl " g) is said to
be a quarter-symmetric connection® if its torsion tensor T defined by

T(X,Y)=ViY-VyX-[X,Y]
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is of the form
(1.1) T(X,Y)=n(Y)gX —n(X)gY .

where 7 is 1-form and ¢ is a tensor of type (1, 1). In addition, a quarter-
symmetric linear connection v satisfies the condition®

(12 (Vy0)(v.2)=0,

for all X,y,zeT™M", where T™M" is the Lie-algebra of vector fields of the

manifold M" and g be the Riemannian metric, then Vv is said to be quarter-
symmetric metric connection. In particular, if gX =X and ¢y =Y, then the

quarter symmetric connection reduces to a semi-symmetric connection®.

After Golab®, Rastogi’ continued the symmetric study of quarter-
symmetric metric connection. In 1980, Mishra and Pandey® studied quarter-
symmetric metric connection in a Riemannian, Kaehlerian and Sasakian
manifold. In 1982, Yano and Imai° studied quarter-symmetric metric
connection in Hermitian and Kaehlerian manifolds, Quarter-symmetric
connection are also studied by Biswas and De™, Singh', De and Mondal®,
De and De*, Singh and Pandey® and many other.

On the other hand, the study of manifolds with indefinite metrics is of
interest from the standpoint of physics and relativity. Manifolds with
indefinite metrics have been studied by several authors. In 1993, Bejancu
and Duggal* introduced the concept of (¢)-Sasakian manifolds and Xupeng

and Xiaoli* established that these manifolds are real hyper-surfaces of
indefinite Kaehlerian manifolds. De and Sarkar* introduced (&)-Kenmotsu

manifolds and studied various properties of (¢)-Kenmotsu manifold. A
semi-symmetric metric connection in an (s)-Kenmotsu manifold whose

projective curvature tensor satisfies certain curvature conditions have been
studied by Singh, Pandey, Pandey and Tiwari*’, Motivated by these studies,
in this paper, we study some curvature properties of an (¢)-Kenmotsu
manifold with respect to quarter-symmetric metric connection. The present
paper is organized as follows:

After preliminaries in section 3, we find the expression for curvature
tensor (resp. Ricci tensor) with respect to quarter-symmetric metric
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connection and established relations between curvature tensor (resp. Ricci
tensor) with respect to quarter-symmetric connection and curvature tensor
(resp. Ricci tensor) with respect to Levi-Civita connection in an (e)-

Kenmotsu manifold. Section 4 deals with quasi-projectively flat (¢)-

Kenmotsu manifold with respect to quarter-symmetry metric connection.
Section 5 is devoted to study ¢-protectively flat (&)-Kenmotsu manifold

with respect to a quarter-symmetric connection. In the last section, we study
(¢)-Kenmotsu manifold with respect to a quarter-symmetric connection

satisfying P.S=0.
2. (¢)-Kenmotsu Manifold

An n-dimensional smooth manifold (M”,g) is called an (¢)-almost
contact metric manifold if ***

(2.1) $7X ==X +7(X)¢&,

(2.2) 7(¢)=1,

(2.3) 9(&¢é)=¢,

(2.4) n(X)=eg(X,&),

(2.5) 9(#X.9Y)=g(X.Y)=en(X)n(Y),

where ¢ is 1 or -1 according as ¢ is space-like or time-like and rank ¢ is
n-1.

It is important to mention that in the above definition £ is never a light-
like vector field. If

(2.6) dn(X.Y)=g(X.gY),

for every X,yeTM", then we say that M" is an (¢)-contact metric
manifold®’. Also,

(2.7) $=0, nop=0
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If an (&)-contact metric manifold satisfies

(2.8) (Vxo)(Y)=—9g(X,#Y)E—en(Y)pX,

where v denotes the Riemannian connection of g, then M" Is called an
(¢) -Kenmotsu manifold*.

An (£)-almost contact metric manifold is an (£)-Kenmotsu manifold™ if
and only if

(2.9) Vxé=e(X-n(X)¢).

In an (&) -Kenmotsu manifold, the following relations hold*

(2.10) (Vxn)(Y)=g(X.Y)=en(X)n(Y),

(211) R(X,Y)E=n(X)Y -7(Y)X ,

(212)  REX)Y =n(Y)X-sg(X.Y)¢,

(2.13) R(X.Y)¢Z = gR(X.Y)Z+£{g(Y.Z)4X ~g(X.Z) ¥

+g(x.4Z)Y —-g(Y.4Z)X}.

(2.14) n(R(X,y)Z)=¢[a(X.Z)n(Y)-a(Y.Z)n(X)],
(2.15) $(X,&)=—(n-1)n(X),
(2.16) S(#X.#Y)=S(X.Y)+&(n-1)n(X)n(Y).

Definition 2.1. An (¢)-Kenmotsu manifold M" is said to be 7-Einstein
if its Ricci tensor S is of the form*’

(2.17)s(X,Y)=ag(X,Y)+bn(X)n(Y),
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where a and b are scalar functions of £. De and Sarkar'® have given an
example of (£)-Kenmotsu manifold

Example: We consider the three dimensional manifold M* ={(X,v,z)eR®

Z =0}, where (X,y,z) are the standard co-ordinates in R®. The vector fields

e1:2§, e, =z§, es :—z% are linearly independent at each point of

the manifold. Let g be the Riemannian metric defined by

g(el’eii): g(ezves)=g(el,ez)=0
and
g(el,el)=g(ez,ez)=g(e3,eg)=8,
where &=+1. Let 5 be the 1-form defined by
n(2)=29(Z.e;) forany z ™",
Let ¢ bethe (1, 1) tensor field defined by
¢(el) = ez’¢(ez) = ell¢(63) =0.
Then using the linearity property of ¢ and g, we have

n(es)=1 ¢°Z =-Z+n(Z)es,

9(#Z,M)=9(Z,W)-n(Z)n(W)forany Z,weTM".

Let v be the Levi-Civita connection with respect to metric g. Then we
have

|:el,eZ:| = 0,|:el,83:| = gel,[ez,e:)’:| = 582 .
The Riemannian connection v of the metric g is given by

29(VxY,Z)=Xg(Y,Z)+Yg(Z,X)-2Zg(X,Y)-g(X,[Y.Z])
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—g(Y.[X.2])+g(Z.[X.Y]) ,
which is known as Koszul's formula, then Koszul's formula yields
Veez=¢€,V, e3=¢6, V. e3=0,
Ve, =0V, e,=—ce3 V, e, =0,
Ve =—¢e3V, e =0V,e =0.
These result shows that the manifold satisfies
Vyé=s(X-n(X)¢&),

for £=e;. Hence the manifold under consideration is an (&)-Kenmotsu
manifold of dimension three.

3. Curvature Tensor of an (¢)-Kenmotsu Manifold with respect to
Quarter-Symmetric Metric Connection

Let v be the linear connection and v be the Riemannian connection of
an almost contact metric manifold such that

(3.1) VY =VyY+H(X)Y),

where H is a tensor field of type (1, 1). For v to be quarter-symmetric
metric connection in M", we have®.

1

(3.2) H(x,Y)=E[T"(X,Y)+T"'(x,v)+f'(v,x)]
and
(3.3) g(T'(X.Y),2)=9(T"(z.X).Y).

In view of equations (1.1) and (3.3), we have
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(3.4) T'(X,Y)=n(X)gY —g(¢X,Y)<.
Now using equations (1.1) and (3.4) in equation (3.2), we get
(3.5 H(X,Y)=n(Y)pX -g(¢X,Y)<.

Hence in view of equations (3.1) and (3.5) a quarter-symmetric connection
vonan (g)-Kenmotsu manifold is given by

(3.6) VY =V Y+3(Y)gX —g(gX.Y)E.
Thus the above equation is the relation between quarter-symmetric

metric connection and the Levi-Civita connection. Further, a quarter-
symmetric connection is called a quarter-symmetric metric connection® if

(3.7) (Vxg)(v.2)=0.

The curvature tensor R of M" with respect to quarter-symmetric metric
connection Vv is given by

(3.8) F~{(X,Y)Z:6X§XZ—@Y§XZ—§[X‘Y]Z.

In view of equation (3.6) above equation reduces to

(3.9) R(X,Y)Z=R(X.Y)Z+(Vxn)(Z)Y ~(V x1)(2)9X |
+Ha(x,2)(V1€)-9(#.2)( x£)]
1(2)+(Vx8) (V)= (Vy8)(X)]
Lol(vx9)0).2)-0((v48)(x) Z) ¢.

where

(3.10) R(X,Y)Z =V, VyZ-V,V,Z-V,

x,Y]Z
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is the Riemannian curvature tensor of connection v . By virtue of equations
(2.8), (2.9) and (2.10) equation (3.9) takes the form

(3.11) R(X,Y)Z =R(X,Y)Z+[g(X,Z)p¥ —g(¥,Z)¢X |
+£[ 9(#X,Z)Y —g(4Y.Z) X |.

Which is the relation between curvature tensors of connections v and V.
From equation (3.11), we have

(3.12) R(X,Y,Z,U)=R(X,Y,Z,U)
+a(X.2)g(¢v.U)-0(Y.2)g(¢X.U)]

+e[g(#X.2)g(Y.U)-g(#Y.2)g(X.U)]
where

R(X,Y,Z,U)=g(R(X,Y)Z,U)
and
R(X,Y,Z,U)=g(R(X.,Y)Z,U).

Putting X =U =e; in above equation and taking summation over i, 1<i<n,
we get

(3.13) S(Y,2)=S(Y,Z)+(1-n&)g(gY,2),

where S and s are the Ricci tensors of the connections Vv and Vv
respectively.
Contracting equation (3.13), we obtain

(3.14) Por,

where ¢ and r are the scalar curvatures of the connections v and v
respectively.

Writing two more equations by the cyclic permutations of X, Y and Z from
equation (3.11), we get
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(3.15) R(Y,Z)X =R(Y,Z)X +[g(Y,X)gZ -g(Z,X)gY |
+£[ 9(4Y, X)Z-9g(4Z,X)Y |

and

(3.16) R(Z,X)Y =R(Z,X)Y +[9(Z,Y)¢X —g(X.Y)4Z |

+£[ 9(4Z,Y)X —g(X.Y)Z].

Adding equations (3.11), (3.15) and (3.16) and using Bianchi's first identity,
we get

(3.17) R(X.Y)Z+R(Y,Z)X +R(Z,X)Y
=—2e[g(¢X,Y)Z+9(#Y.Z)X +9(4Z,X)Y |

Thus we can state as follows:

Theorem 3.1. An (¢)-Kenmotsu manifoldMm" with quarter-symmetric
metric connection satisfies the equation (3.17).

Now interchanging X and Y in equation (3.12), we get

(3.18) R(Y,X,Z,U)=R(Y,X,Z,U)
+[9(¥.2)g(#x.U)-g(X.Z)g(¢v.V)]
+e[ 9(#¥.2)9(X,U)-9(¢X.Z)g(Y.U)]

Adding equations (3.12) and (3.18) with the fact that R(X,Y,Z,U)
+R(Y,X,Z,U)=0, we get

(3.19) R(X,Y,Z,U)+R(Y,X,Z,U)=0
Again interchanging z and U in equation (3.12), we get
(3.20) R(X,Y,U,Z)=R(X,Y,U,Z)

+g(X.U)g(¢.2)-g(Y.U)g(¢X.Z)]
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+e[g(px.U)g(Y.2)-g(4Y.U)g(X.2)] ,

Adding equations (3.12) and (3.20) with the fact that R(X,Y,Z,U)
+R(X,Y,U,Z)=0, we get

(3.21) R(X.Y.ZU)+ R(X.Y.U,Z)
=(1-2) 9(X.U)a(g¥.2)+9(X.Z)g(#¥.V)]
-La(Y.U)g(¢x.2)+g(Y.2)g(¢X.U)].

Again interchanging pair of slots in equation (3.12), we get

(3.22) R(Z,U, X,Y)=R(Z,U, X, )

+[9(z.X)g().Y)-g(U.X)g(4Z.Y)]
+e[9(42.X)g(U.Y)-g (0. X)g(Z.Y)] .

Now, subtracting equation (3.22) in equation (3.12) with the fact that
R(X,Y,Z,U)-R(Z,U, X,Y)=0, we get

(3.23) R(Z,U, X,Y)-R(Z,U, X,Y)
—29(¢Y.U)g(X,Z2)+9(¢Z.Y)g(U,X)
-g(#X.U)g(Y.Z)+&[29(¢#X,Z)g(Y,U)
—g(¢Y,z)g(x,u)+g(¢u,x)g(z,v)].

Thus in view of equations (2.19), (2,21) and (2,23), we can state as follows:

Theorem 3.2. The curvature tensor of type (0,4) of a quarter-
symmetric metric connection in an (&) -Kenmotsu manifold is

(i) Skew-symmetric in first two slots,
(if) Not skew-symmetric in last two slots,
(iii) Not symmetric in pair of slots.
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Now consider R(X,Y)z =0, which in view of equation (3.11) gives

(3.24) R(X,Y)Z=g(X, ¢Z)gY —g(Y, Z)pX
+e[ 9(X, 9Z)Y -g(Y, 2)X].

Taking the inner product of above equation with &, we get

(3.25) nR(X,Y)Z =£[g(X, 6Z)n(Y)-9(Y, ¢Z)n(X)],
which by virtue of equation (2.13) gives
(326)  n(R(X,Y)Z)=n(R(X.Y)s2),
which gives
R(X, Y)Z =R(X,Y)Z

Thus, we can state as follow:

Theorem 3.3. If the curvature tensor of a quarter-symmetric metric
connection vanishes, then R(X,Y)Z =R(X,Y)¢Z .

4. Quasi-Projectively Flat (¢)-Kenmotsu Manifold with Respect to
Quarter-Symmetric Metric Connection

The projective curvature tensor P with respect to quarter-symmetric
metric connection is defined by?®.

(4.1) I5(X,Y)Z=I§(X,Y)Z—$[S~(Y,Z)X—S~(X,Z)YJ.

Definition 4.1. An (¢)-Kenmotsu manifolds M" is said to be quasi-
projectively flat with respect to quarter-symmetric metric connection®, if

(4.2) g(P(4X,Y)Z, gw)=0,
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where P is the projective curvature tensor with respect to quarter-
symmetric metric connection v .

In view of equation (4.1), we have
(4.3) g(P(X, Y)Z, W)=g(R(X, Y)Z, W)

_;[g(y,z)g(x,w)—é(x,z)g(v,w)].

(n-1)

Replacing X by ¢x and w by ¢gw in above equation, we get

(44)  g(P(gX, Y)Z, gW)=9g(R(¢X, Y)Z, ¢W)

(n_l)[é(Y' Z)g(#X, gW)- S(4X,2Z)g(Y, ¢W)J

Now w assuming that m" is quasi-projectively flat with respect to quarter-
symmetric metric connection. Then by virtue of equations (4.2) and (4.4),
we have

.
(n-1)
-S(¢X,Z)g(Y, W)].

(4.5) g(R(¢X, Y)Z, pW)=- [S(Y, 2)g(sX, gW)

Using equations (3.11) and (3.17) in above equation, we get

(4.6) 9(R(¢X, Y)Z, gW)= - g(#X, Z) g(gY, sW)- g(Y, Z)g(X, sW)

(nl_l)[S(Y, Z)g (X, $W)= S(¢X.Z)g(Y, gW)]

J{l‘_g)[g(x, Y)g(Y, ¢W)- n(X)n(Z)g(Y, ¢W)

+9(gY, Z)g (X, sW)].
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Let {e, e,...... e.1. &} be a local orthonormal basis of vector fields in M".

Then {¢e,, ¢e,.,...... ¢e, 1, &} 1s also a local orthonormal basis of m". Putting
X =W =eg; In equation (4.6) and taking summation over i, 1<i<n-1, we get

n-1 n—.

4.7) Y o(R(sei. Y)Z gei)= —Z)[g(qﬁei, Z)g (oY, ge;)+ (Y, 2) g(ges.ge )|

1
i=1 i=1

[g(ei, Z)o(Y, gei)-n(ei)n(2)a(Y. e )+a (4, Z)(g(¢ei,¢ei)]

[S(Y, Z)g(¢ei, ¢ei)—S(¢ei, Z)g(Y, ¢ei)]

Also

n-1

(4.8) Zg(R(gﬁei,Y)Z,qﬁei):S(Y,Z)+g(Y,Z),

i=1

n-1

(4.9) > s(gei, 2)g(per Y)=5(Y, 2),

i=1

@10) 3 a(enz)o(v. se)--. afen 2)a(ev. ) --a(e¥. 2),
(4.11) g(qﬁei, ¢ei):n—1,

(4.12) Zﬂ(ei)ﬂ(Z)Q(Y. pei)=-n(#)n(2),

(4.13) >, 9(gei Y)o(gei 2)=a(Y. 2).

Hence by virtue of equations (4.8), (4.9), (4.10), (4.11), (4.12) and (4.13)
equation (4.7) takes the form
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(4.14) (Y, Z)=-[(n-2)s+1]g(gv, 2),

which leads to the following theorem-:
Theorem 4.1. A quasi-projectively flat (g)-Kenmotsu manifold with
respect to a quarter- symmetric metric connection satisfies equation (4.14).

5. ¢-Projectively Flat (&) -Kenmotsu Manifold With Respect to a
Quarter-Symmetric Metric Connection

Definition 5.1. An n-dimensional (¢)-Kenmotsu manifold with respect

to a quarter- symmetric metric connection is said to be ¢ -projectively flat
if17

(5.1) ¢2(|5(¢x,¢v)¢z)=o,

where P is the projective curvature tensor of (&)-Kenmotsu manifold with
respect to quarter- symmetric metric connection.

Let M" be ¢-projectively flat (£)-Kenmotsu manifold with respect to
quarter- symmetric  metric  connection. It is easy to see
that¢2(|5(¢x, ¢Y)¢Z)=0 hold if and only if

(5.2) g(P(¢X, #Y )z, oW )=0,

forany X,Y,Z,WeTM".
Putting Y =¢Y and z =¢z in equation (4.4), we obtain

(5.3) g(P(#X, #Y)gZ, pW)=g(R(¢X, #Y)4Z gW)

1

(n-1)

In view of equation (5.2), above equation takes the form

[S(#Y, #2)9(4X, gW)— S(4X,4Z)g(4Y, gW)]
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1

(5.4) 9(R(#X, 992, 9W)= =5

[§(¢Y, #Z)g(4X, pW)

- S(¢X.2)g(gY, oW)],
which on using equation (3.11) and (3.13) takes the form
(5.5) 9(R(#X, #Y)pZ, MV ) =g (8X, $Z)g(Y. MV )-g(4Y. #Z)g(X, MV)

+e[ (X, 42)g(Y, W)=0(Y, 42) (X, )]

1

(n-1)
~(1-n2){9 (Y, 42)g(4X, M )+9(X, 6Z)g(gY, W )} |

+

[S(#Y. 6Z)9(X, MV ) =S (X, 4Z)g(4Y, W)

Let {e, e....... e.1.¢} be a local orthonormal basis of vector fields in mM".
We use the flat that {ge,ge,,...... pe, 4, £His also orthonormal basis. Putting
X =W =e; in above equation and taking summation over i, 1<i<n-1, we
get

LN

n—. n-1

(5.6) g(R(gei, oY )9z, gei) = D[ a(gei )9 (Y. pe;)

i i=1

Il
[uN

n-1

~9(¢Y. 92)g(er, gei)|+2) [ a(en 92) (oY, de;)

i=1

n-1

[S(9Y. 92)g(de;. ge;)

I:l

-9(Y. 92)9(sei ¢ ﬂ
~S(ger 92) g (Y, ge;)-(1-n2){g (Y, 92)g(se;, ge;)

+9(er, 42)a (oY pe)} .
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which by virtue of equations (4.8), (4.9), (4.10), (4.11), (4.12) and (4.13)
takes the form

(5.7) S(¢Y,92)=(4n-n’-5+2nz)g(Y, ¢Z)-g(4Y, 42) |
which in view of equations (2.5) and (2.16) takes the form
(5.8) S(Y,Z)=(4n—n’-5+2n)g(Y, $2)-g(Y, Z)+(2-ne)n(Y)n(2).

Thus, we arise at

Theorem 5.1: ¢-Projectively flat (£)-Kenmotsu manifold with quarter-
symmetric metric connection satisfies equation (5.8).

6. (¢)-Kenmotsu Manifold with Respect to a Quarter-Symmetric
Metric Connection Satisfying P.S=0

Consider (¢)-Kenmotsu manifold with respect to a quarter-symmetric
metric connection satisfying

(6.1) (P(X,Y)S)(z,u)=0,

where S is the Ricci tensor with respect to a quarter-symmetric metric
connection. Then, we have

(6.2) S(P(X,Y)Z,U)+S(Z,P(X,Y)U)=0.
Putting X =¢& in above equation, we get
(6.3) S(P(¢,Y)Z,U)+S(2,P(£Y)U)=0

In view of equation (4.1), we have

(6.4) P(&Y)Z=R(¢, Y)Z—(nl_l)[s?(v, 2)e-S(& 2)Y].
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By virtue of equations (3.11) and (3.13), we have

(6.5) R(EY)Z=R(&Y)Z+g(& Z2)gY —eg(gY, 2)¢&
and
(6.6) S(&,2)=5(¢ 2).

Using equations (6.5) and (6.6) in equation (6.4), we obtain

(6.7) B(&Y)Z=20(Z)Y +n(2)4Y —eg(Y, z)g_(ﬁjg(w, z)¢
1 -
—(n_l)S(Y, )¢ .
Using equation (6.7) in equation (6.3), we get
(6.8) 2[n(Z)S(Y,U)+n(U)S(Z,Y)]+[n(Z)S(#Y,U)+n(U)S(Z, #Y)]

—e[9(Y,2)S(£,U)+g(Y,U)S(z, g)]—[%j[g(w, Z)S(&,U)

+g(gY,U)S(z, 5)]-(%)[5(\(, z)$(£,U)+8(Y,U)$(Z, ¢)],

which on using equation (3.13) takes the form

(6.9) 3[S(Y, Z)n(U)+S(Y,U)n(Z)]+[S(4Y. U)n(2)+S(Z, ¢ )n(V)]
+[2(1-ne)+(1-£) |g(4Y, U)n(Z)+[ 2(1-ne)+(1-¢) |
xg(¢2,U)n(U)+[(1-ne)+(n-2)z]g (¥, Z)n(V)
[@-ne)~(n-1)]o(¥. U)n(2) +(1-ne)(1-)n(¥ ) (2)n(U) =0,

Putting U =¢& in above equation and using equations (2.2) and (2.15), we
have
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3

6.10)  s(v, Z)+(1_TSJ9(Y, Z)+(Mjn(Y)n(Z)

2¢(n-1)

:%S(¢Z,Y)— 9(42.Y).

Thus from the above discussions, we can state the following

Theorem (6.1): An (&)-Kenmotsu manifold M" with quarter-symmetric

metric connection satisfies £ -> = 0, is an 7- Einstein manifold iff S(¢Z, Y)
=24n-1)9(4ZY).
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