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Abstract: In the present paper we have given an extension of the
Generalized Hurwitz-Lerch Zeta Function ¢g,,s5(z,s,p). Using the
Generalized Wright Function W&'_‘E (z) we have obtained two integral

representations, a summation formula and a differential formula for the
newly introduced function. All results are given in the form of theorems.
we have also discussed the corollaries of one of our main theorems. To
strengthen our main results, we have also considered some important
special cases.
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1. Introduction

A class of Mathematical Functions that arise in the solution of various
classical problems of mathematical physics are termed as Special Functions,
for example, some Special Functions arise in solving the equation of heat flow
or wave propagation in cylindrical co-ordinates, and in many other such
physical problems.

Special functions have also applications in number theory, for example,
the Hypergeometric functions are useful in constructing conformal mapping
of polygonal regions whose sides are circular areas.

In the recent past, some applications have also seen in quantum mechanics
and in the angular momentum theory for example Gegenbauer polynomials
are used in the developments of four -dimensional spherical harmonics.

A number of researchers like H.M. Srivastava!, Mridula Garg & Shyam
kalla® have given generalizations and extensions of some well-known Special
Functions and Polynomials.
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In this sequence, Nadeem and Usman® have studied the analytical
properties of the Hurwitz-Lerch Zeta Function in 2020 as:
Bgr (y+m ,6-Y) z"

(11) (1)(X,Y;5 (Za Sv p7 q, r) = 21(310:0 B (Y,5—Y) (n+p)s

q>0,r>0;a,vy€eC;s,z€C;p, 6+ 0,-1,-2,... when|z| <1;R(s+ 6 —
a ) > 0 when |z|=1.

Also, in the year 2020 Kalib and Moshen* have given the extended
Gamma and Beta Functions in terms of Generalized Wright Function and
have obtained various properties as:

(1.2) v PO @) = [P wl (-t -2 dt,

where Re(z2)>0,0,B8,v,6 €C,a>-1,6 #0,-1,-2, ..., p=0.
(,B;v.9) — (liy—1 1w

L3) By, 2) = [T - 9P whp(- ) dt,

where Re(y) > 0,Re(z) > 0; o,B,v,6 €ECc;a > —1,8 #0,-1,-2,.. .;p= 0.
Motivated by the above recent works, in this present paper, we have defined
an extension of the generalized Hurwitz-Lerch Zeta function in terms of the
generalized Wright function.

Mridula Garg & Shyam kalla? in the year 2008, have introduced and defined
the generalized Hurwitz — Lerch Zeta function as:

—voo (@Wn®hn z"
(14) q)a,y;ﬁ (Z’ S, p) - Zn=0 (8)n n!  (n+p)s

(,yE€C;5,2,€C);p, 6 #{0,-1,-2,.. .} when|z| <1 and R(s+6 —a) >
0 when |z| =

This function given in equation (1.4) in the extension to the general Hurwitz-
Lerch Zeta function defined by Srivastava & Choi®:

(15) b5 = Lo

(pe C\Zy;seC); p#{0,-1,-2,.. .} when |z| < 1 and R(s) > 1 when |z| =
contains, as its special cases, not only the Riemann Zeta function, Hurwitz
Zeta function and Lerch Zeta function:

1

(1.6) ¢ = Znzigy (RE)>1)

17 7(sa)= 2:;;0@ =d(z,51),(RGS)>1a#0-1-2, ...)
and
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= e2mish(e2™8 5 1); £ € R;R(s) > 1; a #0,-1,-2,..

(18) 1)) = By

But, also other functions such as the polylogarithmic function Lig(z) defined
as®:
(1.9 Lis(2) = Z;‘l°=1% zd(z,51), (s € Cwhen|z| <1; R (s)>1when

[z =1)
And the generalized Zeta function®:

nmE
(1.10) & as) = T2 0(n+a)s = ¢ (e™5s1), (EER;R(5)>1; a+
0,-1,-2, ..)
which was first studied by Lipschitz and Lerch in connection with Dirchlet’s
famous theorem on primes in arithmetic progressions.
In this paper, we have given the extension of the generalized Hurwitz-Lerch
Zeta function defined in equation (1.4) above in terms of generalized Wright
function® in the following manner:

[(an+B)

(1.11) Days (28, P) =Wg (@) Eio(n o

(,B,Y,6€C;s,2z€C; 8 +#0)(-1,-2,-3, ... zeC)andp,6 #{0,-1,-2,. . .}
when |z| < 1, with a=-1; R (s+6 —a)>0when|z| =

We have investigated Integral Representations, Summation formula and
Differential formula for our extended generalized Hurwitz-Lerch Zeta
function.

2. Preliminaries

The Generalized Wright Function WO‘{_'S(Z) defined by Moustafa EI- Shahed
and Ahemd Salems®:

n

Y,8 _ Vo (Y)n z!
(2.1) WO(,B (z) = Xn=o (8)n MN(an+B) n!

(,B,Y,6€C;s,2z,eCa>—-1,6+0)(-1-2,-3, ... zeC) and |z| <1,
with a=-1

The Eulerian Integral is given as’

(2.2)

1 —
(m+p)s r(s) fo
(min R(s) , R(p) >0, n € No)
The Binomial Series:

(2.3) (a+b)" = XR_o(}) a" *b*

ts-1 —(n+p)t dt
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n!

where (E) = m

The Integral representation of the Pochhammar Symbol (a),, is defined as:
(24) (a)n = r(a) f yOH'n 1e y dy

where Pochhammer Symbol are defined for (n € C):

1 (n=0;a=0)
{a(a+1)(a+2) — — —fa+(m—1)} (ne N;ae Q)
N={123 ... } and Zo ={0,-1,-2, ...}

(a)n [(a+n) _

[a

and
(a)n+k = (a)n (a + n)k

where C is the set of complex numbers, N is the set of natural numbers, R is
the set of real numbers and Z is the set of integer numbers.

3. Main Results

Integral Representation

Theorem 3.1: The following integral representation for ¢ .5 (z, s, p)
holds:
(B.1) s (2.8, P) =5 fy 71 ™ Wig() Sizo(edn [(on +B)(e™)" dt

where R(s) > 0,R (p) > O provided |z] <1 ;R(S) > 1, provided z =1.
Proof: Using (2.2) on right-hand side of (1.4) we get:

(0)n(¥)n 1 1 - t
(l)ayS(Z S, p) Zn 0 (8)nn! z" l—()f t () dt)

Interchanging the order of integration and summation on the right-hand of
side in above eq" we get:

(Ol)n(Y)n n ,—(n+p)t
q)ayS(Z S, p) I'(s) f Zn 0 (8)nn! z € de
or
(O()n(Y)n —nt
q)ayﬁ(z S, p) F(s)f t571e7Pt Zn 0 (8)nn! z" de
or
(o )n(Y)n —t\n.n
q)ayS(Z S, p)_ F(s)f t5~1e7Pt Zn 0 (8)pn! (e ) z" dt

Multiplying & Dividing by [ (an + B) on right-hand side in above equation,
we get:
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(@Wn(n F@+B) , _t\non
Pacyss (2,5, P) = r(s)f B e P N o nt ranep) © ) 2

or
(a)n(¥)n —t\n
d)OLYS(Z S p) I—(S) f ts 1e pt ZI‘I 0 (8)n F(an+B) rl| [_(an+ B)(e ) dt

or
Duyis (2,5, P) = 0= [ 7L ePE WY () Zio(@hn [ (an + B)(e ™" dt

which is the desired result, which we wanted to prove.

Corollary 1 Wheny = § ineq" no. (3.1) we get:
a2, P) =5 Jy 571 Wep(2) Zio(@n [(an +B)(e™™ dt,

where R (s) >0, R (p) > 0 provided |z] <1 ; R (s) > 1, provided z =1
and W, (2) is given in the book®.

Theorem 3.2: The following integral representation for ¢g..s5(z, S, p)

holds true:
o r
(32) bays @8 P) =g Jy v e W@ i (flinpgf) d
R(s) > 0, R(p) > 0 provided |z| <1;R(s) > 1, provided z =1.
Proof: Using (2.4) for (a), on right-hand side of (1.4) we get:

(Y)n z" oa+n—-1 -y
q)aVS(Z s, p)= Zn 0 (8)n (n+p)sn! F(Oc) f y e dy

Multiplying & Dividing by [ (an + B) on right- hand side in above equation
we get:

(Vn A Man+B) 1 an—1 -y
(l)(xyS(Z S, p) Zn 0 (8)n (n+p)sn! [(an+B) [(a) f y e dy

Interchanging the order of integration and summation on the right-hand of
side in above eq" we get'
_ Wn 2" [(an+p)
q)ayﬁ(z S, p) (0() f ya+n e yZn 0 (8)n (n+p)sn! [(an+p)

or
(Y)n " [(an+B)
Poyis (2,8, p) = r(a) f yr eV YR o, r(an+3) o (n4p)s

or

_ 1 _ 8 [(an+B)
q)a,y;S (21 Sl p) - F((X) fo ya+n 1 y WVB( ) ZI‘I 0 (n+p)s d

Hence theorem 3.2 i.e, result (3.2) is established.
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Corollary 2: When y = 6 in (3.2) we get:

_ 1 ® _at+n-1 -y o [(an+h)
(l)a(Z, S, p) T fO y e Wa,B(Z) Zn:O (n+p)S d

R (s) > 0, R(p) > 0 provided |z| < 1;R(s) > 1, provided z =1 and W, z(2)
is given in the book®.

Summation Formula
Theorem 3.3: The following summation formula for ¢ .5 (z, s, p) holds:

(3.3) Doy (@5, P =220 2 { bays (s +1,p)}
where R (s) > 0, R (p) > 0 provided |z] <1 R (s) > 1, provided z =1 and
(Itl <Ipl; s #1)

Proof: Applying (1.11) on the left-hand side of (3.3), we get:

.8 [(an+B)
(botyﬁ(z S, pt) 3(2) Zn 0( )n (n+p—t)s

or
[(an+B) _t s
(n+p)s (1 n+p)

Bayis (25, pt) = WYp(2) Bio(@)n
Using (2.3) in the above equation, we get:
— 0o (S)r (V)n z" [(an+p)
bayis @5 P0=  Tio D {Bro(@n G s o et U
o (S)r (Yn L r
boy;s (28, P-) = Xz ! {Zn o(@n (8)y 0! (n+p)s+r}t
Using (1.4) on the right-hand side of the above equation, we get:

cl)a,y;'d (Z’ S, p't) = 21?():0 (S_)r { ¢a,y;6 (Zr s+, p)} th )

r!

which proves theorem 3.3 i.e result (3.3).

Differential Formula
Theorem 3.4: The following differential formula for ¢ .5 (z, s, p) holds:

(34) = {duys @ s PF= TWIELLT (@) T o(@ni

where R(s) > 0, R(p) > 0 provided |z]| <1 R(s) > 1, provided z =1 and
(Itl <1pl; s #1).
Proof: Differentiation with respect to z on both sides of (1.4), we get:

d —voo N (@nhn zh 1
E{q)a,y;ﬁ (21 S, p)} - ano &)y 1! (n+p)s

{a(m+1)+B}
(n+1+p)s

or

n-1

d _vo _(@n¥n z
a{(ba,y;fi (21 S, p)} - Zn=0 (8)n (n—1)! (n+p)s
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Multiplying & Dividing by T (an + ) on right-hand side in above equation,
we get:
z" 1 [(an+B) 1

d —voo (@Wn¥)n
E{cl)oc,y;ﬁ (2.5, P)} = 2o ®n  @-1! [(an+p) (n+p)s
Replacing n by (n+1) on right — hand side in above eq" we get:

da _vo (@On+1 Wn+r 2" [{an+1)+p} 1
dz {Payis (2.5, P)} = Zinmo (&)n+1 n! [{a(m+1)+B} (n+1+p)S

{Using (a)n+1 =ala+ 1),}

or

4 - Y yoo (r+Dn z"  (On+1

dz {(1)0"""5 (2,5, P)} = 8 Zin=o (6+1)p M{an+a+p} n! (n+1+p)s Ha(n+1)+p
or

d _ Yyyv+1,8+1 o [{a(n+1)+B}
a{(ba,y;s (Zl Sl p)} WO( OH'B ( ) ano(a)n+1 (n+1+p)s

{Using eq" no. (2.1)}
Hence theorem 3.4 is proved.
Corollary 3: Wheny = § in (3.4), we get:

E{cl)aSS(Z S, p)} aa+B(Z)ZH O(OL)H‘H

where R(s) > 0, R(p) > 0 provided |z| <1, R(s) > 1, provided z =1 and
(tf < pl; s # 1) and W, g(z) is given in the book®.

[{a(n+1)+B}
(n+1+p)S

4. Special Cases

Case 1: If we put y = &8 in (1.11), we obtain:
T(an+B)

Pasis (2.5, P) = Wop (2) Eizo(n —rpo s
(,B,6€C;s,2z€C,6#0)(-1,-2,-3,... z € C)and p,6§ #{0,-1,-2,.. .}
when |z] < 1, with « = -1; R (s+6 —a) >0 when |z| =1 and w”(z)
or W,,(2) is given in the book®.

Case 2: If we put 6 = ain (1.11), we obtain:
[ (an+PB)

(l)aya(z S, p) g(Z) Zn 0( )n (n+p)s

(,B,YEC;s,z€C)(-1,-2,-3,...,zeC)and p #{ 0,-1,-2,. . .} when |z| < 1,
with a = -1; R(s—a ) > 0 when |z| =

Case 3: If we put y =6 = 1in(1.11), we obtain:
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[(an+pB)
(n+p)s

bo1;1 (2 8,p) = Wolté (z) Zn=o(n

(0, BEC;s,z,€C)(-1,-2,-3,...2 € C)and p#{0,-1,-2,. . .} when |z| < 1,
with a=-1; R (s—a)>0when [z| =1 and W, g(z) is given in the book® .

Case 4: If we put § =a = 1in (1.11), we obtain:

or

_ y,l [o'%) ’—(1'1+B)
(bl,y;l (z,s,p) = Wl,B (2) Zn=o(1)n (n+p)s

n! [ (n+p)
(n+p)s

iy (25,P) = Wp (D) T3

B,y €C;s,2€C)(-1,-2,-3, ...z € C)andp#{0,-1,-2,.. .} when |z| < 1,
with a=-1; R (s—a) >0 when |z| =1.

5. Conclusions

We have introduced the extension on the Generalized Hurwitz-Lerch Zeta

Function using Generalized Wright Function and thereafter we have obtained
t Integral Representation, for this function ¢g,s (z, s, p). and then some of
the special cases of our main results are also considered which given rise to
some other new interesting results.
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