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Abstract: In this paper, we establish some fixed point results for
conditional interpolative contractive mappings using R-admissible maps
and other relational metrical concepts. Our findings enhance existing
interpolative contractions found in the literature. We provide examples
to illustrate our main results, especially in cases where previous research
outcomes are not applicable.
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1. Introduction

The core of metric fixed-point theory is all about finding new ways to
prove fixed-point theorems. These theorems ensure the existence of fixed
points when certain conditions are met. The Banach Contraction Principle
serves as the foundational concept in metric fixed-point theory, ensuring the
existence of a unique fixed point for any contraction map defined on a
complete metric space. It is noteworthy that mappings following the Banach
Contraction Principle inherently exhibit continuity. Consequently, a natural
question arises, can discontinuous maps in a complete metric space, satisfying
analogous contractive conditions, still admit a fixed point?

Kannan! provided a resounding affirmative answer, pioneering a novel
type of contraction. This marked a significant departure from the classical
Banach contraction principle, opening doors to exploring the existence of
fixed points for a wider class of maps, (see Ciri¢? -Reich® and Rus*, Hardy
and Rogers®). Subsequently, Karapinar® refined this concept by introducing
the generalized Kannan-type contraction through an interpolative approach.
Aself-mapT : X — X issaid to be an interpolative Kannan-type contraction
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for a metric space (X, d), if there are constants A € [0,1) and o € (0, 1), such
that

(1.1) d(Tx,Ty) < Ald(x, Tx)]* - [d(y, Ty)]*® forall x,y € X\F(T),

where F(T) = {x € X suchthatTx = x}, and established that such
interpolative Kannan-type contractions possess a fixed point within a
complete metric space.

In a recent development, Karapinar et al.”® introduced the notion of
interpolative Reich-Rus—Ciri¢ and Hardy—Rogers type contractions, further
enriching the theoretical landscape through the lens of interpolation. These
advancements not only broadened the scope of applicable contraction
principles but also unveiled new avenues for exploring the existence of fixed
points in various metric spaces, such as b-metric spaces, rectangular b-metric
spaces, orthogonal metric spaces, and many others.

In a recent significant advancement, Alam and Imdad® have established a
relational-theoretic version of the Banach contraction principle and have
expanded its range of applicability. Our principal objective in this work is to
illustrate certain relational theoretic interpolative fixed-point outcomes by
introducing a novel generalized concept of R-admissibility. This is
accomplished by leveraging the locally T-transitivity property of binary
relations along with some other relational metrical concepts.

2. Preliminaries

Before presenting our main results, it is important to introduce formal
notations that will be used throughout this paper. A relational set is
represented by the pair (X, R), where X is a non-empty set, and R is a binary
relation on X. In the context of a metric space, denoted as (X, d), we refer to
(X,d, R) as arelational metric space (RMS, for short). Under this framework,
F(T) denotes the set of fixed points of the self-mapping T, and X(T,R)
represents the subset of X consisting of elements x for which (x,Tx) € R,
and we set Xz = {(x,y) € Rsuchthatx,y € F(T)}. These formalized
notations ensure precision and consistency throughout our subsequent
analyses and discussions.

Definition 2.1.° In the context of a relational set (X, R).

(i) Any two elements x,y € X are considered R-comparative if (x,y) €
R or (y,x) € R. This relationship is symbolically represented as
[x,v] € R.

(if) A sequence {x,} c X satisfies the condition (x;, x;4+1) € R forall k €
Ny, is referred to as an R-preserving sequence.
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(iii) R is designated as T-closed when it satisfies the condition that if (x, y)
belongs to R, then (T'x, Ty) also belongs to R, forany x,y € X.

(iv) R is referred to as d-self-closed under the condition that whenever
there exists a R-preserving sequence {x;} such that {x,} converges to
x w.rt d, we can always find a subsequence {x,_} of {x;} such that

[xx,,, x] belongs to R for all n € Np.

Definition 2.2.2° (X, d, R) is considered R-complete if every sequence in X,
which is both R-preserving and Cauchy, converges.

Definition 2.3.1° A self-map T defined on X is termed R-continuous at x €
X, if any R-preserving sequence {x;} converges to x w.r.t. d, implies Tx;,
converges to Tx w.r.t. d. Furthermore, if T exhibits this behavior at every
point in X, it is simply categorized as R-continuous.

Definition 2.4 Consider a self-mapping T defined on X. If for every R-
preserving sequence {x,} < T(X), with arange denoted as E = {x,;:n € N},
R|g is transitive, then T is designated as locally T-transitive.

Definition 2.5.12 Let T be a self-map on X, and a: X x X — R* be a function,
then T is said to be a-admissible if, a(x,y) =1 = a(Tx,Ty) =1, forall
x,y € X.

Definition 2.6. Let T be a self-map defined on a non-empty set X, endowed
with a binary relation R. Then T is said to be R-admissible if there exits a
function a: X X X - [0, o), such that

() alx,y) =1, forall (x,y) € R,

(ii) Ris T closed.
Remark 2.7. From the above two definitions, we can observe that if T is a-
admissible, it also holds that T is R-admissible when considering R =
{(x,y) € X%:a(x,y) = 1}. However, it should be noted that the converse is
not necessarily true, as illustrated in the following example.
Example 2.8. Let X = {0,1,2,3}, : X X X - R* by

2,  (xy)€e{(01),(1,2),(23)}

anyy =] ¥ @0 WD 2D @)

, otherwise.
x+5

and T: X - X isdefinedby T0=0,T1=2,T2=1,and T3 = 3.
In this example, it is evident that «(2,3) > 1, but a(T2,T3) = a(1,3) & 1,
indicating that T is not a-admissible. Now, let's consider the binary relation
R defined as

R = {(0,1),(0,2),(1,2), (2,1, (1,1),(2,2)}.
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It is straightforward to observe that R is T-closed, and for all x,y € X with
(x,y) € R, a(x,y) = 1. Therefore, T is R-admissible.
Concerning the functions s and ¢: [0, ) — [0, c0), we lay out the following
conditions:

(@) y is continuous and Y(x) = 0 ifand only if x = 0,

(b) W is non-decreasing,

(c) ¢ isl.s.c. with ¢(0) = 0,

(d) ¢(x) > d(x), forall x > 0.

3. Main Results

This section initiates with the introduction of our novel concept of

R, p)-interpolative Kannan type contraction, R (s, ¢)-interpolative Ciric-
Reich-Rus type contraction, and R({s, p)-interpolative Hardy-Rogers type
contraction, respectively.
Definition 3.1. Let (X,d,R) be an RMS. A mapping T: X - X is
characterized as an R({, ¢p)-interpolative Kannan type contraction if there
exist functions s, ¢: [0, 0) — [0, ), function r: X X X — [0,+) and a
parameter a € (0,1), such that

(3.1) Y(r(x,y)d(Tx, Ty)) < d(d(x, Tx)* - d(y, Ty)'™9),

forall (x,y) € Xx.

Definition 3.2. Let (X,d,R) be an RMS. A mapping T: X - X is
characterized as an R(, d)-interpolative Ciric-Reich-Rus type contraction if
there exist functions s, ¢: [0, ) — [0, ), functionr: X X X — [0, +0) and
parameters o, B € [0,1) with a + B < 1, such that

(32) W(r(x»dTxTy)) < ¢(d(xy)*d(x, Tx)P - d(y, Ty)"*F),
forall (x,y) € Xz.

Definition 3.3. Let (X,d,R) be an RMS. A mapping T: X - X is
characterized as an R(;, ¢)-interpolative Hardy-Rogers type contraction if
there exist functions s, ¢: [0, ) — [0, ), functionr: X X X — [0, +0) and
parameters o, B,y € [0,1) with a + B+ y < 1, such that

(33) $(rxyATTY) < ¢ (A )G TP - G, Ty

(d(x,Ty)+d(y,Tx))1_a_ﬁ_y
2 )

for all (x,y) € Xg.
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From the aforementioned definitions, it is evident that every interpolative
Kannan contraction implies R (s, ¢)-interpolative Kannan type contraction,
every Interpolative Ciric-Reich-Rus type contraction implies R, ¢)-
interpolative Ciric-Reich-Rus type contraction and every interpolative Hardy-
Rogers type contraction implies R({, d)-interpolative Hardy-Rogers type
contraction. This can be achieved by considering R as the universal relation
and taking some specific values of the control functions {r and ¢. However,
the converse is not necessarily true, as demonstrated in the following
example.

Example 3.4. Let X = [0,1], and define the mapping T: X — X by
2

t
—, if t<=
_J2
Tx = 1 t >-4
X if X
£t
additionally, consider the function yi(t) = i 5 and ¢(t) = —
=, f t > -
2

In this example, it is observed for the pair x = 1—0 andy = % there exists no

pair of parameters a € (0,1) and A € [0,1] for which condition (2) holds,
indicating that T is not an interpolative Kannan-type contraction.
Next, we verify that T satisfies condition (3). Consider the binary relation R

defined as R = {(x,) € X?:min{x,y} > 3}.

It is evident from the definition of R that (x,y) € Ronlyifx,y € E 1].
We proceed to show that condition (1) holds for all x,y € E 1].

Leta = 1, then

Case |: Suppose x,y € [ ] then

U(d(Tx,Ty)) = ;yl

Sg(le—xZI 12y —y*D

1 1y 2
2 |2x—x2 2
5 2

)

= ¢p(d(x, Tx)* - d(y, Ty)' ™).

IA

) |2y—y2
2
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14 4
Casell: x € [E'E] andy € [5,1],

1
W(d(Tx,Ty)) = 55 (> = 1)

2 — 2. _
SZO(IZX x“| -2y —1])

1 1 2
2 |2x—x2 E' |2y—1 2z
5 2 2
d(d(x, Tx)* - d(y, Ty)'™).

The case when x,y € E 1] is trivial, while the case when x € E 1] andy €

IA

E%] is identical to Case Il. Hence T satisfies (3.1) for all x,y € X5.

We now proceed to introduce our results concerning the existence of fixed
points for a self-mapping T satisfying conditions (3.1), (3.2), and (3.3).

Theorem 3.5. Let T be a R, ¢) —interpolative Kannan type
contraction defined on a RMS (X, d, R) where R is locally T-transitive, and
there exist functions i and ¢ satisfying conditions (a), (b), (c),(d) and
further assume:

(cl) T is R admissible,

(c2) (X,d) is R-complete,

(c3) either T is R-continuous or R is d-self-closed,

(c4) X(T,R) is non-empty.

Then, there exists at least one fixed point of T in X.

Proof: Under the assumption (c4), suppose that x, be a chosen element
of X(T, R). Define the sequence x,, of Picard iterates with the initial point x,,
i.e. x, = T"x, for all n € Ny. As (xo,Tx,) € R and T is R-admissible, it
follows that (T™x,, T™"'x,) € R. Consequently, (x,,x,.+1) €R for all
n € Ny, and this vyields that the sequence {x,} is R-preserving and
(%, Xn+1) = 1. On applying contractive condition (3.1), we arrive at

w(d(xn' xn+1)) = Lp(r(xn—lfxn)d(’rxn—l’Txn))
< G(d(n-1, %) - A, Xn41)' %)
< Y(d(xn-1, %)% - d(Xn, X))
which implies that d (x,,, x,,41)* < d(%,,_1, x5)*.

This leads us to the conclusion that d (x,,, x,,+1) < d(x,_1, x,) and as a result
{d(xn, xn+1)} forms a decreasing sequence. Therefore, there exists z > 0
such that x,, - z as n — oo, thus



Existence Theorems for Relational Theoretic (‘\¥,®)-Interpolative Contractions 25

W(2) < liminf W (d(xn, Xps1))
< limsup Y (r(e_1, x,)d(Txy_1, TX,))
<limsup b (d(xp_1, %)% - d(xp, Xps1)1™%)
< ¢(2)

using condition (b), we have y(x) > ¢(x) forall x > 0, thus z = 0, and
therefore lim d(x,, x,+1) = 0.
n—-o0o

Now, to establish that {x,} is a Cauchy sequence, we make a counter
assumption. Suppose it is not, then there exists a positive real number e > 0
along with sub-sequences {xy } and {xp,} of {x,}, with n; >my >k,
such that

(3.4) d(xmy, xn, ) =, forall k € N.

Selecting n; as the smallest integer exceeding m, such that (3.4) holds, we
deduce that

(3.5) d(%my Xny-1) < €
Using triangular inequality and (3.4), (3.5) we obtain that
€= d(xmk’xnk) = d(xmk’xnk_l) + d(xnk—l'xnk)
< e+ d(xn-1,%n,).
On taking the limit k — +oco and utilizing the fact that HT d(Xp, Xpe1) =
n—->+oo
0, we obtain
(3.6) kl_i)rfwd(xmk'xnk) =€
By using triangular inequality, we obtain that
|d(xmk+1’xnk+1) - d(xmk'nk )l = d(xmk’xmk+1) + d(xnk’xnk+1)'

letting limit k — 400 in the above inequality and employing (3.6), we obtain
the following

A, G, ) = i, Ao X ) = €
Since {x,} is R-preserving and {x,} < T(X), by the locally T-transitivity of
R, we have (x,,,, xp, ) € R. Thus, we can deduce

Y (d(xmk+1’ xnk+1)) sV (T(ka, xnk)d(Txmk' Txnk))

= q) (d(xmk’xmkﬂ)a ) d(xnk’xnkﬂ)l_a)'
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which implies,{/(e) < ¢(0), leading to the conclusion that e =0, a
contradiction. Hence, {x,} is indeed a Cauchy sequence. Since (X, d) is R-
complete metric space, there exits z € X such that

lim x,, = z.
n—->oo

Now if T is R-continuous, we have x,,,; = Tx, — Tz. By the uniqueness of
the limit, we conclude that Tz = z, i.e. z is a fixed point of T.

On the other hand, if R is d-self-closed. we again utilize the fact that {x,,} is
R-preserving and {x,,} = z. This implies the existence of a sub-sequence
{xn,} Of {xn} With [x,,,z] € R, Vk € Ny. If (x,,2) € R, then on applying
condition (3.1), we have

@7 W (d(Txn,T2)) < ¥ (r(n,, 2)d(T,, T2))

< ¢(d(xnk,xnk+1)a -d(z,Tz)t™*),
taking the limit k — oo, in (3.7), we obtain y(d(z Tz)) = 0. This is only
possible if d(z,Tz) = 0 which implies z = Tz. i.e. z is a fixed point of T.
Similarly, if (z, x,, ) € R, then by utilizing the symmetry of d, we once again
obtain the same conclusion.

Theorem 3.6. Let T be a R(y, ¢)-Interpolative Ciric-Reich-Rus type
contraction defined on a RMS (X,d,R) where R is locally T-transitive.
Suppose that conditions (c1) - (c4) hold, and there exist functions ¥ and ¢
satisfying conditions (a), (b), (c), and (d). Then there exists at least one fixed
point of T in X.

Proof: By following the steps outlined in Theorem 3.5, we can obtain an
R- R-preserving sequence {x,} i.e. (x,, x,41) € R for all n € Ng. Applying
contractive condition (3.2), we have

W(dCo 201)) < W Con 1) AT 1, T,))
= d)(d(xn_l,xn)“d(xn_l,xn)ﬁ - d(xyp, xn+1)1—a—[3)
< Y(dOn-1, %0)*d(n_1, %) - d (o, X 41)*~47F),

which implies that,
d (X Xy 41) P < d(tp_1, %) %P

thus, we get d(x,, Xn41) < d(xp_1,x,) and consequently {x,} is a
decreasing sequence, so there exits z > 0 such that x,, - z asn — oo, thus

Y(2) < liminf Y (d(xn, Xn41))
< limsup Y (r(xn_1, x,)d(Txn_1, Txy))
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< lim sup ¢ (dCn-1, %) dCtn-g, %0)® - d e, x042)*~7F)

< ¢(2).
Form condition (d) we have y(x) > ¢(x), for all x > 0 thus z =0, and
therefore lim d(x,, x,+1) = 0.

n—->oo
Now to prove that {x,} is a Cauchy sequence. Suppose not then there exits
€ > 0 and sub-sequences {x,, } and {x,,, } of {x,} such that k < m; <mn,
such that we have

Tlll_ILlo d(xmk’x”k) = rlll_r)r(}o d(xmk+1'xnk+1) =€

As {x,} is R-preserving and {x,,} < T(X), by locally T-transitivity of R, we
have (%, xn, ) € R. Hence

v (d(xmk+1' xnk+1)) =y (r(xmk' xnk)d(Txmk' Txnk))
§

<o (d(xmk'xnk)a ’ d(xmk’xmk+1) ’

1-a-f
d(xnk’xnk+1) )
which implies, y(e) < (0), consequently we get e = 0, a contradiction.
Which implies that {x,} is a Cauchy sequence. Since (X, d) is R-complete
metric space, there exits z € X such that
lim x, = z.

n—oo

Now if T is R-continuous. Then we have x,,; = Tx,, = Tz. By uniqueness
of the limit, we have Tz = z i.e. z is a fixed point of T. On the other hand, if
R is d-self closed, applying the same method as in Theorem 3.1 leads us to
conclude that z is a fixed point of T.

Theorem 3.7. Let T be a Ry, ¢)-Interpolative Hardy-Rogers type
contraction defined on a RMS (X,d,R) where R is locally T-transitive.
Suppose that conditions (c1) - (c4) hold, and there exist functions ¥ and ¢
satisfying conditions (a), (b), (c), and (d). Then there exists at least one fixed
point of T in X.

Proof: By following the steps outlined in Theorem 3.5, we can obtain an
R- R-preserving sequence {x,} i.e. (x,, X,4+1) € R for all n € Ng. Applying
contractive condition (3.3), we have

w(d(xn' xn+1)) < q’(r(xn—lr xn)d(Txn—lf Txn))
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< d) (d (xn—li xn)ad(xn—lfxn)B : d(xnr xn+1)y ’

(d(xn—l,xn)+d(xn,xn+1))1-“-8—\/)
2

< lIj(d(xn—lfxn)ocd(xn—l' xn)B ’ d(xnl xn+1)1_a_8)-
Suppose if d(x,—1, X)) < d(xp, Xp41) then we get,

d(xnl xn+1)(x+B < d(xn' xn+1)a+6’
a contradiction. Therefore d(x,, xp41) < d(x,_1,%,), and consequently
{x,} is a decreasing sequence, so there exits z > 0 such that x,, » zasn =
o0, thus

U(z) <liminfy (d(xn, Xn+1))
<limsup\y (r(xn_l, Xp)d(Txp_1, Txn))
<limsupo (d(xn—l'xn)a ’ d(xn—l'xn)B ’ d(xn' xn+1)y ’

(d(xn_1,Txn)+d(xn,Txn_1))1_°‘_B—Y)
2

< ¢(2).
Using condition (d) we have, {(x) > ¢p(x) for all x > 0 thus z = 0, and
therefore lim d(x,, x,+1) = 0.

n—-oo

Now to prove that {x,} is a Cauchy sequence. Suppose not then there exits
€ > 0 and sub-sequences {x,, } and {xp,, } of {x,} such that k < m; <n,
such that we have

Tlll—{lc}o d (. Xy ) = ,P_IEO A (Xmpyy Xngyy) = €
As {x,} is R-preserving and {x,} c T(X), by locally T-transitivity of R, we
have (%, xn, ) € R. Hence

lll (d(xmk+1’ xnk+1)) = ll) (T(ka, Xnk)d(Tka, Txnk))
= ¢ d(xmk’xnk)a ' d(xmk’xmkﬂ)B ' d(xnk’xnkﬂ)y ’

2

which implies, y(e) < (0), consequently we get e = 0, a contradiction.
Which implies that {x,,} is a Cauchy sequence. Since (X, d) is R-complete
metric space, there exits z € X such that

lim x, = z.
n—->oo

Now if T is R-continuous. Then we have x,,,; = Tx, — Tz. By uniqueness
of the limit, we have Tz = z i.e. z is a fixed point of T. On the other hand, if
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R is d-self closed, applying the same method as in Theorem 3.1 leads us to
conclude that z is a fixed point of T.

4. Conclusion

In conclusion, this research establishes fixed point results for relational
theoretic interpolative contractions. The introduced contraction condition
allows more flexibility by focusing on compliance among related elements
instead of the entire space. Our findings encompass various binary relations
that have been traditionally utilized in well-established metrical fixed-point
theorems, demonstrating their broad applicability. Overall, this work extends
the existing literature, opening new possibilities for studying interpolative
contractions and their applications in mathematics and related fields.
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