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Abstract: In this paper, while studying some transformations, we have
defined several new connection parameters and studied their properties
in an almost complex space as well as Kahler space. We have further
defined and studied some curvature properties based on several curvature
tensors and identities satisfied by them.
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1. Introduction

Let (M", g) be an even dimensional space of class C™*?, with coordinate
neighbourhoods (U,2"), (h,i,j,.. = 1,2,..n) and let gji and F!' be
respectively the components of the Hermitian metric tensor and an almost
complex structure tensor of M™, such that

izh _ _ch
(1.1) FIFh = =5

and

1.2) FiFfges = gji

If F;; = F{gq;, we can observe that F;; = —F;; and F{Fy,; = gjn. Let Kyji,
K;; and K be respectively the curvature tensor, Ricci tensor and curvature
scalar of M™, we have':

(1.3) Hy; = (1/2)KyjinF™,
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(1.4) Hpj = Khsts' Ky = —HksP}'s
and _
(1.5) K = —Hy;F*

Let V be a linear connection in a Riemannian manifold M™ of dimension
n (= 2), then the quarter-symmetric connection is defined and expressed
locally by Golab? as follows:

(1.6) I} = {hji} + T'p; — Tyip"

where {h;;} are Christoffel symbols, Tj; is a symmetric tensor and p; is a 1-

form such that p" = g"p;.

Various properties of quarter-symmetric connections have been studied
by several authors including Rastogi®#, Mishra and Pandey® and Yano and
Imai®. Yano and Imai gave the definition of most general form of quarter-
symmetric connection as follows:

(1.7) iy ={h:} + U'pi — VI = U™,
where Uj; and Vj; are respectively symmetric and skew-symmetric parts of
an arbitrary tensor Tj;, U = U;, g™, V* = Ve g™

The connection F}’- given by equation (1.7) is such that the torsion tensor

l

is given by T/ p; — T* p; and curvature tensor R}};; is expressible as

(1.8) Ry = Kii-SiiiolUipji + prUji- piVie U + "V Uy + VW,
+p; ViV = VippiUi + UjcVipip" +URVEp;pe — pip VI Ujil,

where  pj; =V p; — U pe pi + (1/2)Uj; pe 0501 = Die g™ and - Gjp

means interchange of j and k and subtraction.

2. Connection Parameter 11“}1,-.

Definition 2.1. A transformation which transforms Christoffel symbols to a
h

connection T'j; given by equation (2.1)
shall be called F-transformation.

If 17, represents covariant derivative based on connection 1Fj’§, we can
easily establish for a tensor T}

(2.2) T = T — pm(T] B = TF))
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which leads to
(2.3) Wgji =0, WnFl = VuF!
From equation (2.3), we can observe that

Theorem 2.1. The covariant derivative 'V, based on coefficients of
connection 'T7} is a metric connection as well as it satisfies *77, Fr =w, FM

Let 'Ry;; be the curvature tensor based on "I,
from equation (1.8), for U; = 0 and V) = F/,
(2.4) "Ry = Kiii = S0 [FViep; + 0V Fl1,

which leads to

(2.5) "Rji = Kji — F'(Vap; — Vipn) — pjVaF* + paViF

and

(2.6) 'R =K —2FMV,p; — 2p;V,F"

Hence:

Theorem 2.2. If 'Ry;;, *R;; and "R are respectively the curvature tensor,
Ricci tensor and curvature scalar based on connection 11“]-’1- defined by
equation (2.1), they are expressed by equations (2.4), (2.5) and (2.6).

From equation (2.4), we can establish following curvature identity
(2.78) ['Rji + pi(ViF¢ — VieE*) + ! (Viepj — Vipi)] +cyel. (i), k) = 0
while from equation (2.5) we can obtain
@2.7b)  Sapl*Rii + F'(Vap; — Vipn) + 0V Fl — puV;F'] = 0.

then we can easily obtain

Multiplying equation (2.5) by F{ and using equation (1.4), we can obtain on
simplification

(2.8a) 'Hy = Hj, — (Vkp; — Vipw) — FE(pjVaF — puViF,

and

(2.8b) Sio*Hjk — Hj + 2Viep; + Fi(p;VhFl — ppV;F)] = 0

where we have used *R;; F{ = *Hj;,. Hence:

Theorem 2.3. If the tensor *Hj, = 'R;; Fj and Hj, = K;; F{, they are
related by equation (2.8a) and satisfy equation (2.8b).

Now we shall consider some special cases

Case I. If p; is a gradient vector, equations (2.4), (2.5) and (2.6) respectively
give
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(2.99) "Riji = K — Siiio [ Vi,
(2.9b) 'Rj; = Kj; — p; Vi F* + puViF!
(2.9¢) 'R=K —2p;V,FM.
Hence

Corollary 1. If p; is a gradient vector, equations (2.4), (2.5) and (2.6)
respectively reduce to equations (2.9a), (2.9b) and (2.9c).

From equation (2.9) a, we can obtain the following curvature identity
(2.108) 'Ry — pi(VieF* — V)] + cyel. (k,j, i) = 0.
From equation (2.9) b, we can obtain
(2100)  'Rj;; — 'Rj; = piVpF — p;VpFl* + pp (V' — VE)
which leads to

(2.10c)  Sgiw[*Hjx — Hy — (VhFih)(FjiPk) — (VFMFip)] =0
From equation (2.10) a and (2.10) b and (2.10) c, we can establish

Theorem 2.4. If p; is a gradient vector the curvature tensor 1RL‘ji, Ricci
tensor *R;; and tensor *Hj,, satisfy equations (2.10a), (2.10b) and (2.10c).

Further from these equations, we can establish
Theorem 2.5. If p; is a gradient vector
i) the tensor *R;; will be symmetric in j and i if and only if

PiVhFl + paViFl = p;VnF* + ppV,F,
ii) the tensor *H;, will be symmetric in j and k if and only if
Siio [Hjk + (VhFih)(F}iPk) + (‘7jFih)(Fliph)] = 0.

Case 1. If the given space is a Kahler space, tensor F/* satisfies V, F/* = 0,
therefore equations (2.4), (2.5) and (2.6) will satisfy

(2.11a) "Ricji = Kitji = Sijio [F Viepj],
(2.11b) 'Rj; = Kj; — F*(Vap; — Vjpn)
(2.11c) 'R = K — 2FM (V,p))

From equations (2.11a,b), we can obtain
(2128)  ['Rpt;; + F(Vip; — Vipi)] + cycl. (i,j, k) = 0
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(212b)  'Rj; = 'Rj; = [F(Vup; — Vipn) — F'(Vapj — Vipn)]
and

(212¢) S [*Hik — Hix — (Vkp; — Vipi)] = 0.

Hence:

Corollary 2. In case of a Kahler space Yano® and Rastogi®, the curvature
tensor and Ricci tensor based on equation (2.1) satisfy equations (2.12a),
(2.12b) and (2.12c) respectively.

From equations (2.12) b and (2.12) c, we can establish
Theorem 2.6. In case of a Kahler space i) the tensor 'R;; shall be
symmetric in i and j if and only if q(,,j){th(Vhpi — Vipn)} = 0, ii) the tensor
*Hjj, will be symmetric in i and j if and only if we have
S oi2Vkp; + Hy} = 0.

Case I1I. If pi is a gradient vector as well as given space is a Kahler space,
equations (2.3), (2.4) and (2.5) respectively reduce to

(2.13) "Riji = Kii 'Rji = Kj;and 'R = K.

Hence:

Corollary 3. If pi is a gradient vector as well as the given space is a
Kahler space, equations (2.3), (2.4) and (2.5) give equation (2.13).

h

3. Curvature Tensors *Ry;;

In case of a Kahler space from equations (2.11a) and (2.11b) by
eliminating V. p; — V;py, we can obtain and define curvature tensor *R,’}ﬁ as
follows:

(31) *R;{lji = 1RI’(lji + Tl_lFih Ft:r 1RI€]'T = K]?]l + Tl_lFih Ft:rKlgj‘r"
which leads to

(3.2) *Rj; = 'Rj + n *F/' F{ "R}, = Kj; + ™ F FT K,
and

(3.3) *R='R+n"'FY F[ 'R};, = K+ n 'FM F] Ky,
Hence:

Theorem 3.1. In a Kahler space, the F-transformation given by equation
(2.1) is such that, the curvature tensor, Ricci tensor and curvature scalar
*R,ﬁ‘ji, *R;; and *R defined by equations (3.1), (3.2) and (3.3) respectively are
F- invariant entities.
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From equations (3.2) and (3.3), we can obtain on simplification by virtue
of equations (1.3), (1.4) and (1.5) and *K = —*H,;F*J
(34) *Hjpm=n+2).n""Hip, *K = (n+2).n7'K

Hence:

Theorem 3.2. In a Kahler space, The F-transformation given by equation
(2.1) is such that the Ricci tensor and curvature scalar satisfying equations
(3.2) and (3.3), also satisfy equation (3.4).

4. Curvature Tensor **Ry;;

Multiplying equation (2.1) by F}, we get on simplification
(4.2) pj = n " [{hye} — THIF
which leads to
(42) *Th= "I} —nt T} B F' = {h;} — n e JEFF]

Hence:

Theorem 4.1. If F-transformation of a Christoffel symbol is given by
equation (2.1), the connection *11“]-’; defined by equation (4.2) is an invariant
connection.

If *1R,’§ji be the curvature tensor based on coefficient of connection *11“}2
defined by equation (4.2), on simplification we can obtain

(43) *'Rp;; = K — Sijion M [F EF(0k{rie}) + {1 }(0k B
+EH1 3O F) + B FE {hyea e
+ B {aH{ne} — nT B B 81 sl
= "Riji — Siipon HF! BF(0k T ) + FM T, (0kEH)
+ETT (0 FM) + BF FE T, T
+ B T e — nTHEF B 871 T ' ).

Hence:

Theorem 4.2. The curvature tensor *1R,’§ﬁbased on coefficient of
connection *1I“j"l- and given by equation (4.2), is invariant under the F-
transformation.

From equation (4.3) using **Ry;; = "*R;;, we get on simplification
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(4.4)  "*Rj; = Ky — n"'[F]! BEF(0n {15} — 0p{rne}) + F ({153 (9n )
—{mn} (O ED)) + B ({1} (0nF*) — {rne}(0,F)
+ E! FA({hna{rie} — (hja}mned) + EF Er({ai Hrned
—{an}r} — n B B ({5csi) — (ho{sa))]
which when multiplied by g/* leads by virtue of **R;; g’/* = ™R to
(4.5) YR = K —n [FY(E On{nje} — 0j{mne} + (153 (0nF)
—{mne}O;ED) + g7 (BE({1e }(OnFlt) — {rne} (0;F))
+EF FA({hnaHrie} — (hjaHrme)) + EF Er({aiHrned
—{an}{me) — T {nesind — {edsud))]
Hence:
Theorem 4.3. The Ricci tensor '*R; and curvature scalar '*R

represented by equations (4.4) and (4.5) respectively are invariant under F-
transformation.

In case of Kahler manifolds, equations (4.3), (4.4) and (4.5) can be
expressed as

(4.6) Ry =K — Suon ! EF(0c{re}) + EF Ff{hia} i)
+E R {0} — n T B BSOS e s,
= "Ry — S ion HF B (0, 'T) + FF FP 'Tiy T
+EF R} f e —n ' B Y 8 The 7,1,
(47) Ry = Kj; — n[F] ¥ 0n{ric} — 0j{rne}) + EF FA({hnaH{rie}
—{hjaHrne) + B F({aji Hrne} — {aniHmeD)
- E R (s} — (s d)]
and
(4.8) ™R =K —n ' [F" (F(0n{re} — 0;{rne}) + EF Ff ({hna}{75e}
—{hio}rne)) + EF FrM{aji e — {anid{reD)
—n B B (s — (s )]
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From equation (4.7), we get by virtue of equations (1.3) and (1.4)
(4.9)  "Hjp = Hjy + 7 E O {1je} — 0j{rme} + (i }H1je}
—{hymHrned) + EF El En[({aHrme)
" ({aniH{re} — (ani} (3]

Hence:
Theorem 4.4. The tensors 1*Hjm and Hj,, in a Kahler manifold are
related by equation (4.9).

5. Connection Parameter ZF]’-‘i

Definition 5.1. A transformation which transforms Christoffel symbols to a
connection Zl“jhi given by equation (5.1)

(5.1) T = {hi} + F qi — Fii an,

shall be called *F-transformation.
If 27,, represents covariant derivative based on connection 2I'%, we can

jir
easily establish for a tensor Tjh
(5.2) 2V Tpe = Vi Tpe + Tpc (Bt @y — Eny %) — T4 (F7 qp

- mbqr) - Tl?r(Frrl dc — ch qr)
which leads to

(533) vagji = O,

and

(5.3b) 2V F' = Uy F + F[ (% gy — Fnyr 4™) — F(E} 4 = Frui @7)
Hence:

Theorem 5.1. From equations (5.3a), we can observe that 2V, based on
the coefficient of connection 21“]’-? is a metric connection as well as it satisfies
equation (5.3Db).

Let ?Ry;; be the curvature tensor based on *I'};, then we can obtain

(5.4) *Riji = K + S [F' (Vi qi + Fui 4q q*) + a:(VieF" — F¢ F q,)
—q" (Vi Fji + Fiq F q; — Fra Fj; q%) — FiV q",

which leads to
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(55) Ry =Kji + [Vp(F 4) + 9;: 4% G + 41 4; — Vi (" Fy)
+V;(q" Fri) + 29" qiFnj + 4" @° (Faa Fji — Fja Fui)]

and

(5.6) R =K + 2V, (¢’F") + (n + 2)¢*

Hence:

Theorem 5.2. The curvature tensor ZR,’jji, Ricci tensor ?R;; and curvature
scalar 2R based on coefficient of connection 21“]-’3. are respectively given by
equations (5.4), (5.5) and (5.6).

From equation (5.4) for vector g; to be a gradient vector, we can obtain

(5.7) ZRpji = Kitii + St [F Fii 4o 4% + 4:(VieF* — F¢ F q4)
—q"(ViFji + Fiq FP* i — Fra Fii 4],

which gives

(5.8) *R;=Kji+q.q9%gji+q:q; + Qthth +q" (ViFy; — Vi, Fyp)
—q% q" Fjq Fny)

and

(5.9) R=K+2¢/(VyF) + ng?

Hence:

Theorem 5.3. If p; is a gradient vector, curvature tensor 2R,’jﬁ, Ricci
tensor ?R;; and curvature scalar ?R are expressed by equations (5.7), (5.8)
and (5.9).

From equation (5.8) we can easily obtain for ?R;; = *R;;
(5.10) @V F* — @7V F + q"(ViFpy — ViFyj — 2V F;) = 0
Hence:

Theorem 5.4. If g; is a gradient vector, Ricci tensor *Rj;,
symmetric in i and j if and only if equation (5.10) is satisfied.

In case of a Kahler space equations (5.4), (5.5) and (5.6) can be expressed as

(5.11a) 2Ry = K + S [F (Vi 4i + Fii 40 4 + q; g0 FP Ff!

—q" Fieo(F? q; — Fji 4*) = FiVi g™,

will be

which leads to
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(5.11b)  *Ry =K + F'(Vy ) + Fui(V; ") — Fy (Vi ™) + 4; q;
+q%gji — Fia Fri 4 q"

and .
(5.11c) 2R = K + (n+ 1)q* + F/ (V; " — Fja q* ¢") + F"*(Vy, q4)
Hence:

Theorem 5.5.: In case of a Kahler space, ZR,’jji, ?R;; and ?R are expressed
by the equations (5.11a), (5.11b) and (5.11c).

Multiplying equation (5.1) by th and contracting the resulting equation
for h and t, we get on simplification

(5.12) g = (n— D7E ({h} - 2T,

Substituting value of g; in equation (5.1), we get on simplification a
connection, which we shall denote by *Zl“jhi and which is defined by
equation (5.13) as follows:

(5.13) *2MR =2 + (n— 1)L BL TR[6] F' — Fji g™]

= {hj} + (n— )7 Ei{m}[6] F' = F; g™,

Hence:
Theorem 5.6.: If *F-transformation of a Christoffel symbol is given by

equation (5.1), the connection *ZF]’-‘idefined by equation (5.13) is an invariant

connection.

Let *ZR,’{‘ji, be the curvature tensor based on connection *Zl“jhi, then we can
obtain

(5.14) **Rp;; = Kiy + (n — 172G i[Ok FR)FH{me} + Or{muDEL F!
+(ak F}h)Fntz {me} — (ak{mtr})P}‘i grh Fnﬁ
—(0x Fi){me}g™ By — 0y 7"} By
— (0B My }g™ Fy + {aji Hme 3EL (85 FE — Fra g™)
Hhanus}' (67 Ff* — Fji g°9)
+(n = D)7 [Ep FB{me Ynus} (6% FE = Fra ™)
(67 F* = Fji g°9)]]
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