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Abstract: Curvature properties of homogeneous Finsler spaces with
(@, B)-metrics are among the most significant topics in Finsler geometry.
In this article, first we will discuss Ricci curvatures in Finsler geometry.
We have obtained the formula for the Ricci curvature of homogeneous

Finsler space with special metric, F = a + /a2 + 2. We have discussed
the conditions to have vanishing S-curvature for the space (G / H, F).
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1. Introduction

M. Matsumoto! introduced the concept of (a,)-metric in Finsler
geometry in 1972. This is the generalization of Randers metric, introduced by
G. Randers?. So many authors have worked on this concept®?. In physics and
biology, (a,B)-metrics have several applications. For (a,f)-metrics
Riemannian and Ricci curvatures are given by Zhou®. A Finsler space (M, F)
whose Ricci curvature is written as Ric(x,y) = A(x)F?(x,y), where A-
smooth function on M, is called an Einstein metric’. In the paper, Cheng et
al.® have shown that the formulae given in® are incorrect. Later, they have also
given the corrected formulae for Ricci curvature and Riemannian curvature
for (a, B)-metrics.

Aim of this article is to compute the explicit and applicable formula for the
Ricci curvature of homogeneous Finsler space with of special (a, )-metric

F = a ++/a? + B2. This paper is described as in the following manner: In

first part, we recall some basic definitions related to the Finsler space and
homogeneous Finsler space. along with this we have discussed the condition
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for positive definiteness of Finsler metric F. In part 2 and part 3, we talk over
the definition of Ricci curvature, theorems and calculated some quantities
related to the Ricci curvature formulae. At last, we established the explicit
formula for Ricci curvature of homogeneous Finsler space with special

metric, F = a + /a? + B2 as well as we have shown that (G/H, F) having
vanishing S-curvature.
Definition 1.1. Let M be a connected smooth manifold. If 3 a continuous
function F: TM - [0, o) such that F is smooth on tangent bundle TM\{0}
and is restricted to the tangent space is a Minkowski norm. Then (M, F) is
called a Finsler space, here in this case, F is called Finsler metric.
Definition 1.2. A connected Finsler space (M, F) is called homogeneous
Finsler space if 1(M, F), the group of isometries of (M, F), acts transitively
on M.

Here is the Shen’s lemma that gives necessary and sufficient conditions
for an « and S function to be a Finsler metric:

Lemma 1.1.° Let F = a¢(s), s =§ is a Minkowski norm for any

Riemannian metric « and 1-form g is bounded above with respect to «
according to its length with ||B|l, < by if and only if ¢ = ¢(s) satisfies the
following conditions:

(1.1) ¢(s) > 0,0(s) —s¢'(s) + (b* — s?)9"(s) > 0,
Theorem 1.1.29 Let (M, F) be a Finsler space. Then G = I(M, F), the
group of isometries of M is a Lie transformation group of M. Leta € M and
1,(M, F) be the isotropy subgroup of I(M, F) at a. Then I,(M, F) is compact.
Let (M,F) be a homogeneous Finsler space, i.e., G = I(M,F) acts
transitivelyon M. Fora € M, let H = 1,(M, F) be a closed isotropy subgroup
of G which is compact. Then H is a Lie group itself being a closed subgroup
of G. Here M can be written as the quotient space G /H.
Definition 1.3.1! Let G be a Lie group and H, a Lie subgroup of G. Let g and
b be the Lie algebras of G and H respectively, b is subalgebra of g. The direct
sum decomposition of g as g = b + m, where m is a subspace of g such that
Ad(h)(m) € m,vVh € H, is called a reductive decomposition of g, and if
such a decomposition exists, then (G/H, F) is called reductive homogeneous
space.
Definition 1.4.2 The Ricci curvature of a Finsler metric F on a manifold is a
scalar function Ric: TM — R with the homogeneity Ric(ly) = A%Ric(y). A
Finsler metric F on an n-dimensional manifold M is called an Einstein metric
if there is a scalar function p = p(x) on M such that Ric = (n — 1)pF?2.
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2. Ricci curvature of homogeneous Finsler spaces

The Ricci curvature is an important geometrical entity. The notion of
Riemannian curvature can be extended to Finsler metrics for Riemannian
spaces. For a non-zero vector z € T,M, a linear map R,:T,M — T, M is the
Riemannian curvature®, which can be defined as follows:

.0
l_.
ox?
oG  9*G' . + 26 %Gt 0G'0G’
9x*  0xJ 0z 0zJ 0zk 9z 9zK
and G are geodesic coefficients given by

. 0
R,(u) = R}c(z)ukﬁ, u=u

where Ri(2) =2

i 1, 2 k 2 i
G'= Zglm{(F )kamZ - (F )xm}' i=12..,n

Definition 2.5.8 Let (M, F) be a Finsler space. A scalar function Ric:TM —
R such that Ric(z) = tr(R,) is called Ricci curvature of Finsler space (M, F)
and tr(R,) is trace of its Riemannian curvature, where z € TM.

Here are some notations that will be used in the next theorem:

S A Rl S S

iy = 5’ ij = 2 ’ j = aj’

= qu'qi = bjT'iJ, Si = quql’ = bjsi]' r = T'l'jblb] = blri,
_ i 3 . B .

Too = 1yj2'27, Tio = 1727, Sio = SijZ,
— i — oyl i_ i

1o = 1;Z%, So = S;¥4, sj = a'lsy;,

where the contravariant derivative denotes as ;’, with respect to Levi-Civita

connection on Riemannian metric  and a¥/ = (a;;)”~", bt = a'/b.
Theorem 2.2.8 On Finsler space M, let F be an (a, )-metric. Then

(2.1) Ric(Z) = Ric*(Z) + RT]

is its given Ricci curvature and Ric® be Ricci curvature of a, where

Rqu = %{(n — DK, + K150
N 1 [((n = DKs + Ky )ro0So + ((n — DKs + Ke )00
a? +((n — DK, + Kg)r00:0
+((n — DKy + Kyg)s§ + (rrog — 1§)Kq1 + ((n = 1Ky + Ky3)7050
+(r00rqq - roqroqbq — roq;obq)KM + ((n — 1K;s5 + Kle)roqsg

+((n —1Ky; + Klg)SO:O + SOngKlg
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+alrsoKyo + ((n — 1)Ky + Kzz)sqsg]
+a ((3sqr0q - Zsorqq + qusg — 250,4b7 + Sq;obq)Kzg + Sg;qK24)
+a?(s459Kzs + sbs{ Kae),

here

K, = 2¥0,(B — s?) — 2s¥0 + 02 — 0,

K, = 29W¥, (B — 52)% — (6sWYY, + W) (B — s2) + 25,

K; = —4(2Q00, + Q,0)¥(B — s2) + 4Q0, + 20,0 + 4Q0(s¥ — 0) — 205,
Ky = —4P(2Q¥ss + Qs¥s + Qs W) (B — s1)% + (—4¥2(Q — sQs) + 4Qss¥
+2Q,¥, + 4QW,s — 2Wp + 20sQPY,) (B — s2) + 2¥(Q — sQ,)

—4Y¥; — Q45 — 10sQY;

K; = 4¥Y0 — 205, Ko = 2(29Y, — Wi3)(B — s2) — 2¥,

K, = -0, Ky = —W¥,(B — s?),

Ko = 8Q¥(Q0O, + Q;0)(B — s?) + 4Q*(0% — 0,) + 4Q(05 — Q)

Kio = (4¥?(2QQss — QF) + 8QY(Q¥s + QW) — 4Q* W) (B — 57)?
+(—165Q¥(Q¥s + QW) — 4¥(200ss — 03) — 4Q(QWss + Q5'¥y)
+4QWs5 + 4Q,W5) (B — s?) — 452Q%W? + 4(2 + 3sQ) (Q¥, + Q,¥)
—8Q%W + 2QQss — QF + 4sQ¥p

Kis =2¥, Ki5=4Q0, Kig=4(Q¥s — Qs¥)(B —s%) +2Qs — 2(1 + 2sQ) ¥,

K17 = 2Q0, Kig = 2(Q¥s + QW) (B — s%) + 2sQ¥ — Q,

Kio =2(1+5Q)Qs —2Q% Ky = —8(W? +W¥3)Q, K, = —4Q%0,

Ky, = 2Q¥ — 4Q*Ws(B —s%), K3 =2Q¥, Ky =2Q, Kp5=—4QY,

¢I ¢¢I_S(¢¢II+¢I¢I) ¢//
26 Q% @ (p-s¢")’ © 2¢(p—s¢’+(B—s2)¢"")’ 2(p—s¢’+(B—s2)¢'") ’

B = b2,

3. Ricci curvature of a homogeneous Finsler space with special
(a, B)- metric

Now we calculate the Ricci curvature of a homogeneous Finsler space. Let
us consider y be a G-invariant vector field in m corresponding to 1-form S of
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length ¢ and with respect to the restriction (,) of Riemannian metric « of an
orthonormal basis {yl,yz, sV = %} Let I}j be the Christoffel symbols

dxJ Y

given by Vo (i)zl“-l- (%). The structure constants of m is
a

cl = <[yi,yj]m,yl>,(1 < ijl <mn), where [y,y;] denotes the
projection of [y;, y;] tom, and £ (1, i) can be defined by

Fa={y 38

, 1>
As a prerequisite to the rest of the calculation, we need the following lemma:
Lemma 3.2. At the origin o = eH, we have the following values:

) .
_ —tcn =< cn =-<(c/ ‘
by = cbpi, si;=5Cij 55 =5Chj 1y = z(Cni + an),

— ¢ rnpq —
Sizj =€ (Sni:j + EquFnj)’ Tija = Siji ¥ by,

sia = S(GCr(Cl+ €l + ) +5cn(cl+ ¢l + ) + cich),
1 .
Shija = —T{V5 90 9) = Tap(V5i3), 35) + Ci <Vy7,?p37l> + 955, %))

I = F@NCH+ (Y55, 91), (V5.9 )0 = =5 (Ch + ¢l + b)),

1 : .
(V5.9 91)Fklo = 5 (CiaCij + CraCit + CiaCii + CHCR + CiiCy + CICEL),
ari N NN\ - —_~~ - P o
o lo = (V5.9 9k + £k, NCE{V9. 50, 31) + £ (k, DCy <Vy7,y],yz>

_(Flip + <Vﬁ5’\l'7z;>)riz])" 12].

As a result of lemma (3.2), we calculate the quantities involved in the
statement of theorem (2.2) at the origin of homogeneous Finsler spaces.

2

2
— 0 — S rn — _S rn — 0 0 p
Too = Clons So =5 Cnos  To = =5 Cnos  Too0 = _CCOp(Cnp + CnO)’
2 2 2
S rn ro — q _ q q_°¢ q 0
Sp,0 = 7Can0p, r = O,Tq = —Cqu, Tquo = :(Cno + qu) )

CZ
T00;qb? = —7(63;’0 +Cy)(—CEy + €3, + C1),

2
Togiob? = 67[ o Coo + 5 (Cho + C) (CB, + Cho + C;,’n)],
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TogSa = ——Cio(Clo + C2),  SoqSo = (C 0) SqSq = C,’l‘q oy
3

STy = q(CO + Co ) 7S¢ —_CZ ,’ZqC(?O, = ( q)

So;qb? = p( + Cop + Cr?p) Sq;ob? = p( + Cop + Cr?p)

2
Soiq = 5 CpoCap + 7 Cp(COp + Cglp + CF,), sbsi = %(c:;i) .
For speual metric, K; to K, can be calculated as follows:

I S " o__ 1
Pp=1+Vs?+1, ¢'=7 ¢"=

39
(s2+1)2

52(((B+s)s4+(6B+14)52 +4B+8)VsZ+1+(-s*+2s +4B+8)(sz+1)2)

Kl = - 3 1
(4¢2m(52m+3+¢) )
<(3\/sz+1(56—(7B+6)s4+(232—33—6)52+BZ+ZB)\/52+1+253)>
K. = +5%(—4B+1)—(12B+9)s*+(3B?-2B—6)s?+B%+2B
2 2(s2VsZH1+B+e) ’
(((3B+19)s4+(203+52)52+16B+32)\/52+1+(52+1)(352+4)(—s4+352+4-B+8))s3
K3 = )

$3IVSTH1(s2VsZH14+B+¢)
1

K, =— 5 - (((3s™ — (101 + 72B)s™? — (683 + 12B2 +
(s2+1)2¢p2(s2VsZ+1+B+¢)
458B)s10 — 2(64B% + 676B + 939)s® + 2(15B% — 127B2 —
1032B — 1351)s® + (—2133 — 171B% + 74B3 — 1664B)s* +
(—672B — 876 — 29B% + 54B3 — B*)s? + 2(— 72 + 15B3 +
9B*

12B? + B® + - - 48B))VsZ + 1 + 6s'® — (7 + 24B)s'* — 2(151 +
116B)s'? — (1378 + 5282 + 989B)s10 —%(44788 —24B3 +
418B2 + 6005)s® —%(7327 + 56788 — 90B3 + 620B%)s°® +
~(~5106 — 35987 + 12B* + 164B° — 3994B)s* + - (~1440B —
1896 — 25B% + 138B3 + 20B*)s? — (144 + 30B3 + 24B? + B> +

9B* — 96B)s),
253 ¢(s%2+1)+2(B-s?)
KS = 2 K6 = 3
#(s2VsZ+1+B+¢) #(s2VsZ+1+B+¢)
K. — s3 _ 3sy/(s2+1)(B-s?)
, = —

] K - ’
2¢(s2Vs?+1+B+¢) 8 2p(s2VsTT1+B+0)
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1

Ky =— s (s((4s'° — 25 + 2458 + 3B + 17)s” +
$*Vs2+1(s2VsZ+1+B+¢)
4(6B + 20)s® + (18B + 52)s° + 4(3B% + 24B + 37)s* + 36(B +
2)2s?)Vs2 +1 —3s' + 8510 + 25° + 4(3B + 13)s® + (39 + 8B)s” +
4(35+ 15B)s® + 4(17 + 6B)s® + 4(6B? + 39B + 53)s* — 2(B +
2)(B—8)¢ s®+4(B+11)(B + 2)?s? + 8(B + 2)3¢)),
Ky = ! . (((17310 + (142 + 56B)s8 + (144B + 299 —
$2VsZ+1(s2VsZ+1+B+¢)
3B2)s® + (215 + 88B — 17B%)s* + (24 — 12B — 9B% + B3)s?) +
2(s° +12(B + 3)s® + (40B + 104)s® + (2B? + 41B + 97)s* +
(=B? + 2B + 18)s)VsZ + 1 — (B + 3)(B + 2)2(s2 + ¢))),
1 454
K1 =— 2 Ki; = — 2
(s2Vs2+ 1+B+¢) $2(s2VsZ+1+B+¢)
K. = 25(-35*—1452+6B—-1)+2(B+2)¢ _ 1
1B d(s2VsZH 1+B+¢) ’ 147 s2VsZ41+B+¢’
25
Kis = $2(s2VsZ+1+B+¢)’
K _ 52Vs24+1(s2+42)+65°+(—6B+7)s*+(—5B+3)s2+(B+2)¢
1 VST (s2VTH1+B+¢)’ !
Kiy = -
177 ¢2(s2VsZ+ 1+B+¢)’
K _ —(s*+25%)Vs2+1-(B+2)p+35°+(-3B+2)s*— (4B +3)s?
18 OVSTT1(s2VSTHI+B+) ’
Koo = -2(s%VsZ+ 1-s2-¢) Ko = 2s
19 p2VsZ+1 r 20 ¢(52m+3+¢)2’
Koi = — 255
21 3(s2Vs2+1+B+¢)’
K ( (s—65*Vs2+ 1+ 6Bs?VsZ+1+5*+ s2Vs2+1+BVsZ+1+252 +B+2\/T+2))
22 S(VSTHL(s2+1)+B+1) ’
Kys = : Kp=2,  Kpy=-— 25
23~ ¢(m(52+1)+3+1)’ 247 g 257 p2(VsZH1(s2+1)+B+1)’
_ 1 __ (Vst+1+¢)s +¢>)s
K6 = ¢2, Q=35 &= Qss =

(sZ+1)2<¢>2
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1 3sVsZ+1

Y= LY =— ,
2(s2VsZ+1+B+¢) s 2(52m+3+¢)2
w - 3((4s4+352—1)\/sz+1—3(B+1)) B 1
s 2\/52+1(52\/sz+1+B+¢)3 B 2(52V52+1+B+¢))2,
po = 3sVsZ2+1 0 = s3
B (s2VsZrieBee) | T 2¢VsZ+1(s2VsZ+1+B+¢)’
_ —2(s*s2+1-s2—¢) _ s3
s ¢2(\/52+1(52+1)+B+1)2’ 2¢(52\/52+1+B+¢>)2’
((—52(452+1)+3(B+2))\/52+1)
Osp =

 2gVSTH (25T LA B+) )
We obtain the following result from the above computation:
Theorem 3.3. A compact homogeneous Finsler space G/H with G-

invariant special metric F = a ++/a? + 2. Then the Ricci curvature is
given by

2 0 \2
Ric(Z) = Ric*(2) + %{(n DK, + Ky}
C3C(§)TLC71110
+T(Z){(n — D (K5 — Ks) + K, — K¢}
Coq(CRq + CL *(CH)?
- ‘ Oq(a(qz) 0) {(n—1DK; + Kﬁ%{(n — D (Ky — Ky5) + Ky
- Kll - K13}

2
- %{4anc,i’q + (Clo + CR9)(2C% + €3y + 2C4,) + 2Ci, Clo} K

n

CZ n q 0
CZ
+ ?Crrzlqc(?q{(n — DKy; + Kig}
3 3

CZ n\2 N n rn .
2 (qu) Ko + Z‘Z(Z) qOqu{(n — DKy + Ky} + Z“(Z)
x {4C7,Cl, — Cr (4C3, — €l YKas
C
+ Za(Z){ZC,’,‘lngm + CCOn Ko,
C2
@2 (D) {c2(Clly) Kas — (C3) Ko

where a non-zero vector Z in m.
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4. Ricci curvature of Homogeneous Finsler spaces with (e, §)-metric
has vanishing S-curvature

In this section we discuss the conditions to have vanishing S-curvature
for the space (G/H, F). For the sake of further study, we use the formula of
S-curvature for homogeneous Finsler space with special metric, F = a +

Ja? + B2 given in the paper'3,
We use the following theorem:
Theorem 4.4. Let (M = G/H, F) be a compact connected homogeneous

Finsler space with  G-invariant metric F = a + +/a? + B?on G/H. Then
(M, F) has vanishing S-curvature if and only if {[y, Y ],,,Y) = 0, VY € mand
y € m corresponds to the g, 1-form.

Theorem 4.5. Let (M = G/H, F) be a compact connected homogeneous

Finsler space with G-invariant special metric F = a ++/a? + 2 on
G/H. Suppose that (M, F) has vanishing S-curvature. Then Ricci curvature
is given by

Ric(Z) = Ric%(Z) — = (c ) Ko + < ~a(2)(2Cm0Cam + ComCiom)Kaza —

%az(z)(cil Ky
where Z(# 0) € m and K;4,K,4,K,¢ are already defined.

Proof. Assume that (M = G/H,F) has vanishing S-curvature, from
theorem 4.4,

Therefore, Co, =(Z,[yn, Z m)_< [ Z] >_0

and Gl + Gl = (v Dyl ) + 0 i vil)
bl ) b))
= 3{()&-, [y, ;v,-]m> + <y,-, [y, y,-]m> + (), by yilw) + 0o [y vl
<yl + 5. [y, > (i + v, [, yilm)
%(y +y,, [y, v + ] > 0, Vi<ij<n
[

Also Crrlli = n'yl]m'yn> = <[%:yl']m,z>

(o
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1
= 2 U yilw v} + {1 yilw i}

1
= C—z([y, Vln + [, Yilw ¥y + yi)

1
=<y +yilwly +y:) = 0.

By theorem 3.3, The required result is obtained.
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