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1. Introduction

Let (M™, g) be an n-dimensional Riemannian manifold with coordinates
x'(i =1,...,n), positive definite Riemannian metric g, metric tensor g; (x),
Christoffel symbols {h;;}, curvature tensor K ;, Ricci tensor Kj; = Kkﬁhg"h
and scalar curvature K = Kjigﬁ, Yano!. Let v,,, denotes covariant derivative

with respect to Christoffel symbols, then there exist following important
Riemannian manifolds.
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A Riemannian manifold M™ is called symmetric Riemannian manifold 23, if
the non-zero curvature tensor satisfies

(11) Vkajih ES 0

A Riemannian manifold M™ is called bi-symmetric manifold, if it is not a
symmetric manifold and its curvature tensor satisfies

(12) VmVpKkjih = 0

A Riemannian manifold M™ is called tri-symmetric manifold, if its curvature
tensor is neither zero nor it satisfies equation (1.2), but it satisfies

(13) VmVquKkjih == 0

A Riemannian manifold M™ is called semi-symmetric manifold 47, if the
Riemannian curvature tensor satisfies K (X,Y)K = 0, for all tangent vectors
X and Y, where the endomorphism K (X,Y) operates on K as a derivation of
the tensor algebra at each point of (M™, g). Locally this condition is expressed
as*:

(1.4) KajinKmpk + KiainKmpj + KicjanKmpi + KijiaKmpn = 0

or equivalently as

(1.5) VmVpKkjin — VpVmKjin = 0.

The projective!, conformal!, Con-harmonic® and con-circular! curvature
tensors are respectively given as

(1.6) Pyjin = Kijin—(n — 1)71G; 10 (ginKii),

(1.7) Crjin = Kxjin= S0 (GnjLii + Grilnj),

(1.8) Hyjin = Kijin- (0 — 2)7'G 1 (GniKji + 9jiKni)

and

(1.9) Zyjin = Kijin- K{n(m — 1)}7S(; 1) (Gned ;i)

where G; .y means interchange of indices j and k and subtraction and also
(1.10) L= m—-2)"{(1/2)K(n —1)""g;- K;;}.

Yano, Sawaki® and the Rastogi'® introduced following tensors:

(1.11) Wyjin = aKjin + Sy (GrnTji + 9jiTrn)

and
(1.12) Skjin = Kkjin + S(ji(@gknKji + BgjiKin + YK Gjigrn)
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where a, b, a, 3,y are some constants and
(1.13) Ty = (1/2)(n—1)""a— (n—3)b}K gji-b(n — 2)L;;.

The purpose of the present paper is to study symmetric Riemannian manifold,
semi-symmetric Riemannian manifold and further define the quarter
Riemannian manifold (M™, g) of first and second kind and to discuss some
of their properties.

2. Symmetric Riemannian (SR)-Manifold

Let us assume that a Riemannian manifold (M", g) satisfies condition of
generalised recurrent manifold studied by De and Biswas*! then we have:

(2.1) VimKkjin = @mKyjin + bmSji0l9kngji}

where a,, and b,,, are non-zero vectors. Multiplying equation (2.1) by g*",
we obtain

(2.2) VmKji = amKj;i + bpy(n — 1) gj;,

which leads to

(2.3) VmK = apK + byn(n—1)

If we assume that b,, = — Kn~1(n — 1) 1a,,, equation (2.3) gives that K is
a constant scalar, while equation (2.2) and (2.1) respectively give

(2.4) VmKji = am(K;i-Kn"'g;)

and

(2.5) VmKijin = Qm[Kijin-Kn™'(n — 1)7'G; 1y {gkng;i}]

Comparing equations (1.9) and (2.5), we get V,, Ky jin = amZyjin, Which leads
to

Theorem 2.1: A given Riemannian manifold (M",g), which is
generalised recurrent and satisfies b,, = —Kn"'(n—1)"'a,, with
vanishing con-circular curvature tensor is a symmetric Riemannian manifold.

Let us assume that a Riemannian manifold (M", g) is a UV-recurrent
manifold Rastogi’ :

(2.6) VmKijin = @mKijin + bmSjioUknVji + UjiVien}
then for U;; = g;; and Vj; = Kj; it satisfies

(2.7) VmKijin = @mKijin + bmS(jiolginK;i}
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which gives

(28) VK ={am + (n— D)bp}K;;, VinK ={a;, + (n — Dby, }K
Assuming b,, = — (n — 1)"1a,,, we can obtain from equation (2.7)
(2.9) VinKijin = @m[Kicjin- (m — 177G 10 {ginK;i}]

Comparing equations (1.6) and (2.9), we can obtain vV, Ky jin = amPyjin,
which leads to

Theorem 2.2: A given Riemannian manifold (M", g), which is UV-
recurrent such that U; = g;; and V;; = K;; and satisfies b,, = — (n — 1) a,,
with vanishing projective curvature tensor is a symmetric Riemannian
manifold.

Let us assume that a Riemannian manifold (M™, g) is such that it satisfies
(2.10) VimKijin = @mKijin + bmSjiol9njlei + Grilnj}
then we can obtain
VmKji = amKji — bp{(n — 2)L;;-Kg;; 2(n — 1))713,
Vm K = (a;, + bp)K.
If b, = —a,,, we can obtain by virtue of equation (1.7) and (2.10), we get
(2.11) VinKyjin = amCujin
which leads to

Theorem 2.3: A given Riemannian manifold (M", g), which satisfies
equations(2.10) and (2.11), for the vanishing conformal curvature tensor
proves that the given manifold is a symmetric Riemannian manifold.

Let us assume that
(2.12) VimKijin = @mKyjin + bmSiolginKi + griKin},
which leads to
(2.13) VmKji = amKj; + bp{(2 —n)K;;-Kg;;},
VK = apK + byp2K(1 — 1)
Assuming b, = a,,/2(n — 1), we can write with the help of equation (1.8).
(2.14) VmKijin = am{nKyjin + (n — 2)Hyjin}/2(n — 1),

which leads to
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Theorem 2.4: A given Riemannian manifold (M™, g), will be recurrent if
and only if the con-harmonic curvature tensor vanishes.

Let us assume that

(2.15) VmKjin = GmKijin + bmSii{ginTi + 9jiTens
which leads to
(2.16) VmKji = amKji + bm{(n — 2)T;; + Tg;i},

VK = {a, + (a + nb)b,, }JK
where T = K[b+ {a — (n —2)b}n/2(n —1)].
Assuming b,, = — af_%, we can observe that v,,K = 0.

Now using equation (1.11), we can obtain
(217)  ViKyjin = am{(Za + nb)Kyjin—Wijin}/(a +nb),
which leads to

Theorem 2.5: A given Riemannian manifold (M™, g), satisfying equation
(2.15) will be recurrent if and only if the Yano and Sawaki curvature tensor
defined by equation (1.11) vanishes.

Let us assume that
(2.18) VimKijin = amKyjin + bnS¢o{aginKji + BgjiKin + YK GjiGin}
which leads to
(2.19) VpKji = anKji + bp|{(n — Da - B3K;; + {B + (n — Dy}Kg;i]
and
(2.20) VvmK = amK +b,,(n—DK(a+ +ny)
Assuming b,,, = —a,,/(n— D (a+ B +ny),
we can get v,,K = 0, which leads to
(2.20)V,Kyjin = amKijin{l + (n = 1) Ha+ B +ny) - (a+ B+ ny) *Skjin

Hence:

Theorem 2.6: A given Riemannian manifold (M™, g), satisfying equation
(2.18) will be recurrent if and only if the tensor Sy ;;;, defined by equation
(1.12) vanishes.
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3. Semi- Symmetric Riemannian (SSR)-Manifold

Let us assume that we are given a bi-recurrent Riemannian manifold, i.e. it
satisfies®

(3.1) VmeKkjih = ampKkjih
then we can obtain
(3-2) Vp Vkajih - VmVpKkjih = (amp_ apm)Kkjih )

which leads to

Theorem 3.1: A bi-recurrent Riemannian manifold (M™, g) shall be a
SSR-manifold if and only if a,,, = a,m,.

From equation (1.9), we can obtain
(B.3) (WVn = VinV)Zyjin = (VpVim — Vi V) [Kijin- K n™1(n — 171G 1) {gnr9;i}]
(3.4) (Vp Vin — vap)zkjih = (Vme - |7m|7p)Kkjih
Hence, we have:

Theorem 3.2: A SSR-manifold (M",g) also satisfies (Vme —
V%) Zyjin = 0.

From equation (1.6), we can obtain

(VY = V%) Prjin = (% Vi — ViV ) K jin
—(TL - 1)_1(‘719 Vm - VmVp) [g(j,k){gthji}]'

which leads to

Theorem 3.3: The projective curvature tensor Py ;;, of a SSR-manifold
(M™, g) satisfies (v, Vi, — ViV, ) Pyjin = 0.

From equation (1.7), we can obtain
(3.5) (VY = V%) Cjin = (% Vi — ViV ) Kijin
+(n - 2)_1[g(j.k){ghj(vp Vin — VmVp)Kki + gki(Vme - vap)Khj}]'

which leads to

Theorem 3.4: The necessary and sufficient condition for the conformal
curvature tensor to satisfy (v,,V,, — V%, )Cyjin = O is that the Riemannian
manifold (M™, g) be an SSR-manifold.

From equation (1.8), we can obtain
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(3.6) (Vo = VW) Hjin = (% Vi — ViV ) Kicjin
_(n - 2)_1[g(j,k){ghk(‘7p‘7m - VmVp)Kji + gki(Vme - VmVp)th}]’
which leads to

Theorem 3.5: The necessary and sufficient condition for the con-
harmonic curvature tensor to satisfy (Vme — VmVp)Hkﬁh = 0, is that the
Riemannian manifold (M™, g) be an SSR-manifold.

From equation (1.11), we can obtain
(37) (vam - VmVp)ijih = a(Vme - vap)Kkjih
+b{2(n - 1)}_1';(j,k) [gkh(Vme - |7m|7p)Kji + gji(Vme - VmVp)Kkh]J
which leads to
Theorem 3.6: In case Ricci-tensor satisfies (v, %, — %,7,)K;; = 0, SSR-
manifold will also satisfy (7,V,, — V;,V,)Win = 0. Conversely, if Wy
satisfies (V,,V, — iV, )Wy jin = 0, then either (v,%, — V7, )K;; =0 or
b=2(1-n)a/(n-2).
From equation (1.12), we can obtain
(3-8) (Vme - VmVp)Skjih = (Vme - VmVp)Kkjih
+[gien (% Vi = Vin ¥ )Kji = G (% Vi = V¥ ) Kic]
+,B[gji(‘7p‘7m - vap)Kkh - gki(Vme - VmVp)th]J
which leads to
Theorem (3.7): In case Ricci tensor satisfies (Vme — VmVp)Kji =0,
SSR-manifold will also satisfy (Vme — VmVp)Skﬁh = 0.Conversely, if Sy jin
satisfies (v, V, — %, ¥, )Skjin = 0, then either (v, v, — 7,7, )K;; = 0.0r B =
1+ (- 1a.

4. Quarter-Symmetric Riemannian Manifold of First Kind (QSRM-1)

In this section we shall give following:

Definition 4.1. A Riemannian manifold M™, for which the curvature tensor
Ky jinis non-zero and does not satisfy equations (1.1), (1.2) and (1.3) shall
be called guarter-symmetric Riemannian manifold of first kind (QSRM-1), if
it satisfies

(4.1) (vap - vam)(VrKkjih) = 0.
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With the help of equation (2.1), we can obtain on simplifying, equation (4.1),
we get

(VaKkjih)Kr%pr + (‘77‘ jcilh)Kr?"ka + (VrKkaih)Kr(rllpj
(4.2) +(VKiejan) Kapi + (%Kiejia ) Knpn = 0.

Hence:

Theorem 4.1: The necessary and sufficient condition for a Riemannian
manifold (M™, g) to be a quarter-symmetric Riemannian manifold of first
kind (QSRM-1), is given by equation (4.2).

Let us assume that the given Riemannian manifold be recurrent Ruse*?
i.e., it satisfies

(4.3) VmKyjin = amKxjin,
then we can obtain
(4.4) (V% — %V ) (% Kijin) = Kijin (V¥ — VW) ar

+ar(VmVp — Vp Vm)Kkjih:

which leads to
Theorem 4.2: If a Riemannian manifold (M™, g) is recurrent and
satisfies

acKyjinKinpr + ar{KejinKip + KieinKpmpj + KiejenK,

then the Riemannian manifold is QSRM-I.

pi T KijieKmpn} = 0

Let us assume that the given Riemannian manifold is generalised
recurrent Riemannian manifold, then from equation (2.1), for the vectorb,,, =
—Kn~*(n — 1)~ ta,,we get v, Ky jin = amZy i Substituting this in the left-
hand side of equation(4.1), we can obtain
@5 (V% — %) (VKijin) = Kijin(Vin% — %, Vm)ar

+ar(‘7m‘7p - Vme)Kkjihr
which leads to
Theorem 4.3: If a Riemannian manifold(M™, g) is generalised recurrent
and it satisfies,

acZyjinKinpr + ar{ZejinKmpre + ZreinKonpj + ZijenKm
then it is a QSRM-I also.

Let us assume that a Riemannian manifold (M™, g) is a UV-recurrent
manifold®, then we have VmKijin = amPyjin » Which leads to

pi T ZjieKmpn} = 0,
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Theorem 4.4: If a Riemannian manifold(M,, g) is UV-recurrent and
satisfies
acPejinKmpr + @ {PejinKmpic + PreinKmp; + PrjenKmpi + PrejieKimpn} = 0,
then it will be a QSRM-I.

Let us assume that a Riemannian manifold (M", g) is satisfying equation
(2.10), then we can obtain

Theorem 4.5: If a Riemannian manifold (M™, g) is satisfying equation
(2.10) as well as

a;CrjinKimpr + ar{CtjihKrilpk + thihKﬁtpj + ijthKrtnpi + ijitKrfqph} =0
it will be a QSRM-I.

5. Quarter-Symmetric RiemannianManifold of Second kind (QSRM-11)

In this section, we shall give the following:

Definition5.1. A Riemannian manifold M™ for which the curvature tensor
Ky jin is non-zero, shall be called quarter-symmetric Riemannian manifold of
second kind (QSRM-I1), if it satisfies

(5.1) Vr (V¥ — Vme)Kkjih = 0.
Equation (5.1) can alternatively be expressed as
(5-2) KrcrlzkarKajih + KrcrllijrKkaih + K, VrKkjah + K#lpthKkjia

mpi

+Kajin% Kmpk + KainV Kmpj + Kicjan % Kmpi + Kicjia V% Kmpn = 0

Hence:

Theorem 5.1: The necessary and sufficient condition for a Riemannian
manifold (M™, g) to be a quarter-symmetric Riemannian manifold of second
kind (QSRM-I1), is given by equation (5.2).

If a Riemannian manifold (M™,g) is both quarter-symmetric

Riemannian manifold of first and second kind from equations (4.2) and (5.2),
we can obtain

(5.3) (VaKkjih)K;lnpr = KajithKgnpk + KkaithK%pj + KkjathKgnpi +
KkjiaVrKgnph
Hence:

Theorem 5.2: A Riemannian manifold (M", g)satisfying equation
(5.3),shall be both QSRM-1 and QSRM-II.
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Remark. Some more interesting properties of QSRM-I and QSRM-II shall
be studied in a subsequent paper.
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