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Abstract: In this paper first we construct the Eilenberg-MacLane space
through Moore space then we study this space through an infinite
symmetric product functor. Finally, we study some applications.
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1. Introduction

Dold-Thom?! showed that for any CW-complex X, 1;(SP*(X)) = H,(X).
E. H. Spanneir?2 showed that if X is a connected CW-complex then there is
a weak homotopy equivalence,

p: SP*(X) — QSP*(TX)

defined by p(xy,x5,...,%x,)(t) = ((xl, t), (xy,t),..., (x,, t)), p is a
continuous because its restriction to SP"(X) is continuous for every n > 0.
Eckmonn-Hilton* showed that for pointed CW-complexes X and Y,
[2X,Y ] = [X,QY ] where [X,Y] denotes the set of all homotopy class of
maps from X to Y. The functor SP* has interesting properties that it can be
used to define generalized Eilenberg-Maclane Spectrum given by P.K. Rana®.

Now we recall the following definitions and statements:

Definition 1.1: A pair (X, €) consisting of a Hausdroff space X and a cell
decomposition ¢ of X is called a CW-complex if the following axioms are
satisfied:
(1) (characteristic map): For each n-cell e} € & there is a map
Qg: (D™, S™ 1) - (X, X™ 1) restricting to @ homeomorphism
Pal(pnsn-1y: D" — S§™1 — e and taking S™~1 into )g"‘l.
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(if) (closure finite): For any cell e, € ¢ the closure e, intersects only a
finite number of other cells in ¢.
(iii) (weak Topology): AsubsetA < X isclosedifandonlyifA ne, is
closed in X foreach e, € e.
A pointed CW-complex is a CW-complex having X as a pointed topological
space with a base point x,.

Definition 1.2: A pointed CW-complex is called an Eilenberg MacLane
space if it has only one nontrivial homotopy group. If G isa group and n is a
positive integer, the Eilenberg-MacLane space of type (G, n) is a pointed CW-
complex X whose homotopy groups vanish in all dimensions except n, where
G = m,(X) and G is to be abelian for n > 1.

We can write the notation K(G, n) for a CW-complex which represents an
Eilenberg-MacLane space of type (G, n).

Definition 1.3: Let X be a topological space with base point x, € X. Then the
reduced suspension of X, denoted by XX is defined to be the quotient space
Xx1 in which (X x {1}) U ({xo} X I) U (X x {0}) is identified to a single
point. The identification map f: X X I — XX be such that [x, 0] = [x,,t] =
[x',1], for all x,x" € X and for allt € I, where (x,t) € X X I and [x,t] €
2X. The point [x,, 0] € ZX is also denoted by x,. Thus XX is a pointed space
with base point x, and =X = X AS?.

Definition 1.4: Let X be a topological space with base point x, € X. Forn >
0, we define the n-fold symmetric product®’ of X, denoted by SP™X defined
by SP°X = x,, SP"X = X"/S, for n > 1,where X™ denotes the n-fold
cartesian product of X with itself and S,, denotes the symmetric group on n
objects regarding as acting on X™ by permuting the coordinates. We define
lim SP™X = U;~; SP™X which is called an infinite symmetric product of X

n—oo
and is denoted by SP*X.

P.K. Rana® showed that SP™ and SP* are covariant functor from the
category of pointed topological spaces and base point preserving continuous
maps to the category of pointed topological spaces and base point preserving
continuous maps.

Definition 1.5: Given an abelian group Gand n > 1 there is a CW-complex
X such that H,,(X) = G and H,(X) = 0 for for i # n. This space X is
called a Moore space of type (G, n) and is denoted by M (G, n).

Definition 1.6: Let X be a pointed topological space with base point x,. Then
the Loop space of X denoted by QX, defined to the space of all continuous
pointed map a: ST — (X, x,) equipped with compact open topology.
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Definition 1.7: The spectrumX = {X,, a,} given by X,, = K(Z,n) and
an: K(Z,n) - QK(Z,n+ 1), a base point preserving weak homotopy
equivalence, is called an Eilenberg-MacLane spectrum.

Definition 1.8: The process of construction to obtain an Eilenberg-MacLane
space K(G,n) from a Moore space M(G,n) by trivializing all homotopy
groups beyond the n-th is called killing homotopy groups.

Lemma 1.9: Given an integer n > 1 and an abelian group G, then there
is Moore space M (G, n) which is a CW-complex with one 0-cell and all other
cells in dimensions n and n +1 are such that =,,((M (G,n)) = G.

Proof: Using the definition 1.1 and definition 1.5, it follows.

Theorem 1.10: For any CW-complex X, m;(SP* (X)) = H,(X).

Proof: Let C be the category of finite pointed CW-complexes and SP
be the infinite symmetric product functor. Using Dold-Thom Theorem,
m;(SP* (X)) = H,(X) onC.

Theorem 1.11: If X is a connected CW-complex then there is a weak
homotopy  equivalence  p: SP*(X) —» QSP*(2X) defined by
p (X1, X2, ., %0 ) (8) = ((x1, 1), (X2, ), ..., (Xn, 1))

Proof: Since p(xq,x5,..., %) (t) = ((x1,1), (x3,0),..., (x,, 1)), p IS &
continuous function because its restriction to SP™(X) is continuous for every
n >0 and its induced homomorphism p,: m,(SP*(X)) —
T, (QUSP®(ZX)) is an isomorphism.

Theorem 1.12: For pointed CW-complexes X and Y, [2X,Y | = [X,QY ]
where [X, Y ] denotes the set of all homotopy class of maps from X to Y.

Proof: Let X: C — C be the suspension functor and Q be the loop func-
tor, for any pointed CW-Complexes X and Y, using Eckmonn-Hilton®, it
follows.

2. Existing Constructions of Eilenberg-Maclane space

Now we construct the Eilenberg-Maclane space in the following
ways:
A Construction of K(G,1): Let us take an arbitrary group G not necessarily
abelian. Let A, be the g-simplex with ordered vertices (go, g1, - -, gq) Of
elements of G and C(G) be the complex obtained as a quotient space of the
collection of disjoint simplices A, by identifying their certain faces by
canonical linear homeomorphism, preserving the ordering of the vertices.
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This attaches the g-simplex A, to the (g — 1)-simplexes (g, ...g." -+, 9q)
where g, indicates that this vertex is omitted.

The group G acts on C(G) by the left multiplication . (go, g1, - -, 94) =
(9-90,9-91 -+, 9-9q)- Lt C(G) mod G be its quotient space. This action of
G on C(G) is a covering space action where C(G) is simply connected and
hence the quotient map p: C(G) — C(G) mod G is the universal covering of
the orbit space C(G) mod , which is a K (G, 1) space.

A Construction of K(G, n) forn>1:
This construction process is done in the following ways;
(i) Construction of Moore space M(G, n)
We claim that the Eilenberg -Maclane spaces K(G,n) exist for all
proper (G,n) and each of them is unique up to homotopy type and the
existence of Moore spaces follows from definition 1.8.
(i) Using killing homotopy;
A process of construction for obtaining an Eilenberg-MacLane space
K(G,n) by killing all homotopy groups above the n-th.
To do this we use the following theorems:

Theorem 2.1: Given a CW-complex X and an integer n > 0, there exists
a relative CW- complex (X', X) with cells in dimension (n+1) only such that

a) m,(X")=0

b) m,(X") = m,,(X), form < n,where X' = (X U[lgea D™D /~,
where x is identified to f (x ) for xedD™*1,

Proof: Let {f,:S"—X, ac A } represent a set of generators of zn(X). Then
for each a € A, take an (n + 1)-ball D2+ and attach it by f, to X to obtain
X' = (X UIlgeaD™1)/~, where x is identified to f(x) for xedD™**. This
shows that the relative CW-complex (X’,X) has only these DZ*1 as (n+1)-
cells which precisely make the generators of nn+1(X) inessential.

Also below dimension n, the space X’ has the same homotopy groups as
the space X by inclusioni: X & X'.

Using this theorem and the definition 1.8, we have the following:

(iii) Applying Postnikov decomposition;

Postnikov system gives a way of constructing a Eilenberg-MacLane
space. To do this we use the following theorem:

Theorem 2.2: Any CW-complex X admits a decomposition into a tower
such that
a)Cells in dimension n and above only;
b)m,, (X)) = 0 forallm>n;
C)ip * T (X) = 1, (XM for m < n, where i,: X & X[ is the inclusion.
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Proof: Apply the killing homotopy theorem 2.1 to kill ., (X) for n >
0, we have X,(ll) = (X Ugep D21?)/~ with nn+1(X,(11)) = 0. Now apply the

same procedure to X" to get X{* with nnﬂ(x,(f)) = nn+2(X,(12)) = 0.

Repeating this process we obtain X\, now we write X" = U,», X$ with
weak topology. This gives a), b) and c) follows from the preservation of m,,
by direct limits for CW-complexes.
(iv) Construction K(G,n) uniquely determined up to homotopy
equivalence by an abelian group G and n > 1. The construction of K(G,
n) is completed by setting K(G, n) = M(G,n)[n], where M(G,n)[n] can
be viewed as successive approximations to M(G,n). The CW-complex
X of type (G, n) having all homotopy groups equal to 0 except for
mn(X)=G is uniquely determined up to homotopy equivalence because
if A and B are both Eilenberg-MacLane spaces of type (G,n), then
the identity homomorphism Id: G — G induces a map h: A— B. Then
h is a homotopy equivalence.

3. New Construction of Eilenberg-Maclane space

To do this we use the following results:

Lemma 3.1: For any CW-complex X , H,(X) = H,(X) if k # 0 and
Hy(X) = Hy(X)®DZ.
Proposition 3.2: Given any abelian group G and an integer n > 1 there

exists a CW-complex X such that X = M (G, n). -
Proof: Using the Definition 1.2 and Definition 1.5, it follows.

Proposition 3.3: X is a Moore space of type (G, n) if and only if SP* (X)
is K(G,n)forn > 1.

Proof: Let X is M(G,n) forn > 1. Then H,(X) = G and H,(X) = 0 for
i#n. Asn > 1,s0bylemma3.1, H,(X) = Gifi = nand H(X) = 0
ifi # n. Now by Dold-Thom Theorem, we have H,(X) = m;(SP*(X)). So
m;(SP® (X)) =G, ifi = nand 0, ifi # n. Thus SP*(X) is K(G,n) for
n > 1.

Conversely, let SP*(X) is K(G, n) for n> 1. Now H,(X) = m;(SP® (X)) =
G,ifi=nand0, if i #n. Hence, H(X) =G, if i=n and O, if i # n.
Therefore H, (X) = G and H,(X) = 0 fori # nasn> 1. Hence, X is M (G, n).
Let G be any abelian group and n > 1 be an integer, then by Proposition 3.2,
there is a CW-complex X such that X is a M(G, n). Now by Proposition 3.3,
SP®(X) = SP®(M (G,n)) = K(G,n).
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Proposition 3.4: For any given abelian group G and n>1,
SP®(Z*M (G,n)) is K(G,n + k).

Proof: For n > 1, M (G, n) is simply connected and hence connected.
Now by Theorem 1.10, there is a weak homotopy equivalence p :
SP*(M (G,n)) = QSP*(ZM (G,n)). Using the composite map we can get
a weak homotopy equivalence py: SP®(M (G,n)) - Q¥SP*(2*M (G, n)).
Thus SP (kM (G,n)) is K(G,n + k).

Proposition 3.5: Let G be an abelian group and M(G,n) be a Moore
space.Then there is a weak homotopy equivalence B, : SP*(M (G,n)) —
QSP®(M (G,n + 1))

Proof: Since 7,4 (SP°°(M (G,n+ 1))) =1, (QSP°°(M G,n+ 1))) =

G. Again m, (SP°°(M (G,n))) =3 (SP°°(M (G, n+ 1))), and hence
- (SP°°(M (G,n))) =1, (QSP°°(M G, n+ 1))) foreachn > 1. Hence

there is a continuous function g, : SP*(M (G,n)) » QSP*(M (G,n + 1)),
whose induced homomorphism Br: ma(SP®(M (G,n))) —
7, (QSP*(M (G,n + 1))) is an isomorphism. Since all other groups are trivial
and so 3,, is a weak homotopy equivalence.

Again since QSP°°(M (G,n+ 1)) has the homotopy type of a CW-
complex and hence £,, is a homotopy equivalence.

Proposition 3.6: If a,: 4, —» QA, ., be a homotopy equivalence,
where A, = SP*(M (G,n)) then {A,, a,} define an Eilenberg-Maclane
Spectrum. o

Proof: Since SP®(M (G,n)) = K(G,n), using Propositions 3.2, 3.3
and from P.K.Rana’, it follows.

A pointed topological space X with base point x, is called an H-space if
there exists a continuous multiplication p: X x X - X for which the
constantmapc : X — x, € X isahomotopy identity.

An H-space (X,u) is said to be homotopy associative if pu - (u x
L) =wn -~ (I, x .

A continuousmap ¢ : X — X issaid to be homotopy inverse for X and p

if cach of the composites X =B x x x5 x and X B xx x5 x s
homotopic to the constantmapc : X — x,.

An associative H-space X with an inverse is called an H-group.

We know every loop space is a H-group and the set of homotopy classes
of maps from any pointed space to an H-group admits a group structure and
so there is a natural group structure on [X, K(G,n)].
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Proposition 3.7: For all path connected n-dimensional CW-complex X,
[X,M (G,n)] = [X,sP*(M (G,n))], n > 1.

Proof: Since M(G,n) < SP*(M(G,n)) and so i,:[X,M (G,n)] =
[X,SP*(M (G,n))] is injective as M(G,n) is simply connected. Surjectivity
follows from the fact that X is n-dimensional CW-complex and cellular
approximation.

Corollary 3.8: Given an abelian group G an integer n > 1 and a path-
connected n- dimensional CW-complex X ,then H*(X,G) = [X,K (G,n)] =
[X,SP*(M (G,n))]is the cohomology group.

Proof: Using Proposition 3.7 and from Albrecht Dold?, it follows.

4. Comparison between existing constructions and
new Construction of Eilenberg-Maclane space

In the existing construction, for an abelian group G, an integer n > 1 and
a path connected n-dimensional CW-complex X, then the cohomology group
Hn(X, G) = [X, K(G, n)], where K(G, n) is an Eilenberg-MacLane space;
but in the new construction this can be represented as H"(X,G) =
[X,SP*(Z"IM(G.1))] = [X,K(G,n)]. This proof is laborious under
existing construction of Eilenberg-MacLane space but in the new
construction the proof is very easy i.e., it follows using Proposition 3.3 and
corollary 3.8.
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