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1. Introduction

An even dimensional differentiable manifold M™ is said to be a nearly
Kaehler manifold, if a complex structure F of type (1,1) and a pseudo-
Riemannian metric g of the manifold satisfy

(1.2) F? = —],
1.2) g(FX, FY) = g(X,Y),
and

(1.3) (VxF)Y + (VyF)X = 0,

where X, Ye &(M) and X(M) is Lie algebra of vector fields on the
manifold. A Riemannian manifold or pseudo-Riemannian manifold (M™, g)
(n=>2) in which Ricci tensor be scalar multiple of Riemannian metric i.e.

(1.4) SX,Y) = ag(X,Y),

is called Einstein manifold. The concept of Einstein manifold was given by
Albert Einstein in differential geometry and mathematical physics. In
equation (1.4), S represents the Ricci tensor of the manifold and « is a non-
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zero scalar. The concept of Einstein manifold plays very important role in the
study of Riemannian geometry and general theory of relativity.

Contracting equation (1.4), we get the expression for scalar curvature, which
IS given by

(1.5) r = na,

where r denotes scalar curvature and n is dimension of the manifold.
A non-flat Riemannian manifold is said to be quasi-Einstein manifold if the
non-zero Ricci tensor satisfies

(1.6) S(X,Y) = ag(X,Y) + BACOA(Y),

where o, B are scalars such that 0 and A(X) is non-zero 1-form associated
with a unit vector field p defined by g (X, p)=A(X), for every vector field X,
p is called the generator of the manifold. The concept of quasi-Einstein
manifold was given by M. C. Chaki and R. K. Maity! in 2000. An n-
dimensional quasi-Einstein manifold is denoted by (QE)n. Taking contraction
of equation (1.6), we get the expression for scalar curvature in quasi-Einstein
manifold, which is given by

.7) r=an+pf,
with the help of equations (1.2) and (1.6), we get

S(X,p) = (a + BPAX),
{ S(p,p) = (a+ B),
g(Fp,p) =0,
S(Fp,p) = 0.

The Walker-space time is an example of a quasi-Einstein manifold. The
concept of quasi-Einstein manifold came out during the study of exact
solutions of Einstein fields equations as well as considerations of a quasi-
umbilical hypersurfaces of semi-Euclidean space. Also, a quasi-Einstein
manifolds can be taken as a model of the perfect fluid space time in general
theory of relativity?.

The notion of generalized quasi-Einstein manifold was introduced and
studied by M. C. Chaki® in 2001. Later on, in 2004, U. C. De and G. C. Ghosh*
cited an example of a generalised quasi-Einstein manifold and studied its
geometrical properties.

If a non-zero Ricci tensor of type (0,2) of a Riemannian manifold (M™, g)
(n>2) satisfies

(1.9) SXY) = ag(X,Y) + BAX)A(Y) + yC(X)C(Y),
then manifold is called generalized quasi-Einstein manifold,

(1.8)
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where a, f and y are scalars such that B #0, y #0 and A, C are non-vanishing
1-forms associated with two orthogonal unit vectors p and p by

(1.10) gX,p) =AKX), gXw =CX), glp.p) = glpw =1,

an n-dimensional generalized quasi-Einstein manifold is denoted by G(QE)n.
After contraction of equation (1.9), we get

(1.11) r=na+p+vy,

also, in 2004, M. C. Chaki® introduced the notion of super quasi-Einstein
manifolds. A Riemannian manifold (M™, g) (n>2) is said to be a super quasi-
Einstein manifold if the non-zero Ricci tensor of type (0,2) satisfies

(112)  S(XY) = ag(X,Y) + BACOAY) + y[AX)C(Y) +
CX)A)] +8D(X,Y),
where o, 5, y and § are non-zero scalars and A, C are non-vanishing 1-forms

defined as (1.10) and p, | are orthogonal unit vector fields, D is a non-zero
symmetric tensor of type (0,2) with zero trace, which satisfies the condition

(1.13) D(X,p) = 0, VX.

also, a, B, ¥ and ¢ are called the associated scalars. A and C are associated 1-
forms of the manifold and D is called the structure tensor of the manifold.
From the equations (1.2), (1.10) and (1.12) we can easily write

(S p) = (a+ BAX) +yC(X),

SX, ) = aC(X) + YA(X),

S(u, W) = o+ 8D(, ),
(1.14) 1 S(p.p) = a+B+38D(p,p),

g(Fp,p) = g(Fuw) =0,

S(Fu, ) = YA(Fp) + 8D(Fy, w),
\ S(Fp,p) = YC(Fp) + 8D(Fp, p).
In 2009, A.A. Shaikh® introduced the notion of pseudo quasi-Einstein
manifold. A semi-Riemannian manifold (M™, g) (n>2) is said to be a pseudo
quasi-Einstein manifold if the non-zero Ricci tensor of type (0,2) satisfies the
condition

(1.15) S(X,Y) = ag(X,Y) + BACX)A(Y) + 6D(X,Y),

where o, B and & are non-zero scalars and A is non-zero 1-forms defined as
(1.10) and p denotes the unit vector called the generator of the manifold and
D is a symmetric tensor of type (0,2) with zero trace defined as in (1.13).
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From equation (1.2), (1.10), (1.13) and (1.15), we get

S, p) = (a+ BAX),
! S(p,p) = (a+B),

g(Fp,p) =0,
\S(Fp,p) = 5D(Fp, p).
In 2008, A. Bhattacharya, M. Tarafdar and D. Debnath” introduced the notion
of mixed super quasi-Einstein manifolds. A non-flat Riemannian manifold
(M™, g) (n>2) is said to be mixed super quasi-Einstein manifold if the non-
zero Ricci tensor of type (0,2) satisfies

(1.17) SXY) = ag(X,Y) + BAX)A(Y) +yC(X)C(Y)
+8[AX)CY) + COAY)] +nD(X,Y),
where a, B, §,y and n are non-zero scalars and A, C are non-vanishing 1-
forms. An n-dimensional mixed super quasi-Einstein manifold is denoted by
MS(QE)n.
From equation (1.2), (1.10), (1.13) and (1.17) we get
(S(X,p) = (a+ BAX) + 6C(X),
SX W = (a+v)CX) + 5A(X),
S(ww =a+y+nDp),
(1.18) { S(p.p) =a+pB+nD(p,p),
g(Fp,p) = g(Fp ) =0,
S(Fu, ) = 6A(F) + nD(Fp, w),
\ S(Fp,p) = 6C(Fp) +nD(Fp, p).
In 2008, A.A. Shaikh and S.K. Jana® developed the concept of pseudo
generalised quasi-Einstein manifolds. A Riemannian manifold (M™, g) (n>2)
is called a pseudo generalized quasi-Einstein manifold if its Ricci tensor S of
type (0,2) is not identically zero and satisfies
(1.19) SX,Y) = ag(X,Y) + BA(X)A(Y)
+yC(X)C(Y) + 6D(X,Y),
after contraction of equation (1.19), we get
r=na+p+vy+48D,

now from (1.10), (1.13) and (1.19), we infer

(1.16)
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( SKX,p) = (a+ BAX),
SX,w) = (a+ v)CX),
S(ww =a+y+8Dp),

(1.20) { S(p,p) =a+ B +D(p,p),
g(Fp,p) = g(Fuw) =0,
S(Fu, ) = 8D (Fu, 1)

\ S(F,D,,D) = SD(vap)-

In 2012, S. K. Hui and R. S. Lemence® studied generalized quasi-Einstein
manifold and admitting a W»-curvature tensor and they have been shown that
if a Wo-curvature tensor satisfies W»-S=0 then either the associated scalars [
and y are equal or the curvature tensor R satisfies a definite condition. Some
results on generalized quasi-Einstein manifolds were studied by D. G.
Prakasha and H. Venkatesha®. During their studied they have proved that if
a conharmonic curvature tensor L.S =0 in generalised quasi-Einstein
manifold, then either M is a nearly quasi-Einstein manifold N(QE)n or the
curvature tensor R satisfies a definite condition.

2. Semi-symmetric and Ricci semi-symmetric manifolds

A Riemannian manifold is said to be locally symmetric if VR=0, where R is
a Riemannian curvature tensor of (M™, g) and V is a Levi-Civita connection
on (M™, g). Different differential geometers studied the concept of locally
symmetric properties of the manifold through different approaches. In 1982,
Z. 1. Szabo studied structure theorems on Riemannian spaces satisfying
R(X,Y)-R=0. In 1950, walker!! studied Ruse’s spaces of recurrent curvature
and a Riemannian space with recurrent conformal curvature tensor was
studied by T. Adati and T. Miyazawa'?.

According to Z. I. Szabo'?, if the manifold M satisfies the condition

(2.1) (RX,Y) -R)(U, VW = 0, X,Y,U,V,W € R(M)

for all vector fields X and Y, then the manifold is called a semi-symmetric
manifold. For a (0, k)-tensor field T on M, k > 1 and a symmetric (0,2)-tensor

field A on M, the (0, k+2)-tensor fields R-T and Q (A, T) are defined by
(2.2) (R-T)(Xy,) oo . Xi; X,Y) = =T(R(X, V) X1, evv oo . X)

=i =T (X, e e X1, RCX, V)X,
and
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(2.3) QUATY(Xy, oo o Xis X,Y) = =T((X Ay VX1, eev e X
——— —T (X1 e oo X1, (X Ay V)X,

where X A, Y is the endomorphism given by
(2.4) (XA Y)Z =AY, 2)X — A(X, 2)Y.

Definition 2.1: A semi-Riemannian manifold is said to be Ricci semi-
symmetric if the following condition satisfied*
(25) (R(X,Y) -5)(Z,U) = -S(R(X,Y)Z,U) - S(Z,R(X,Y)U) =0,
forall X,Y, Z, Ue R(M™).
In the continuation of above studied B. B. Chaturvedi and B. K. Gupta!®>*®
studied Bochner Ricci semi-symmetric Hermitian manifold, Ricci pseudo-
symmetric mixed generalized quasi-Einstein Hermitian manifolds, Ricci
pseudo-symmetric super quasi-Einstein Hermitian manifold, Ricci semi-
symmetric mixed super quasi-Einstein Hermitian manifold and Bochner Ricci
pseudo- symmetric Hermitian manifolds. Also, B. B. Chaturvedi and Pankaj
Pandey?° studied the flatness of weak symmetric manifolds and Riemannian
manifold with a special type of semi-symmetric non-metric connection was

studied by B. B. Chaturvedi and P. N. Pandey?*.
The projective curvature tensor W in nearly Kaehler manifold is defined? by

(2.6) W(X,Y,Z,U) =R(X,Y,Z,U) + g((VxF)Y, (V;F)U)
+—{FX,U)S(Y,2) - 'F(Y,U)S(X, 2)},

where g is the positive definite metric of the manifold, S is a Ricci tensor of
type (0,2) and 'F(X,Y) = g(FX,Y).

In a nearly Kaehler manifold, a projective curvature tensor satisfies the
condition

(2.7) WX,Y,Z,U)=W(X,Y,Z,U).

Now we define:

Definition 2.2: An even dimensional nearly Kaehler manifold (M™, g) is
said to be projective Ricci semi-symmetric mixed super quasi-Einstein nearly
Kaehler manifold if the projective curvature tensor satisfies the condition W' -
S=0,1ie,

(28) WX, Y)-$)(Z U) =-SWX,Y)Z,U)-S(Z W(X,Y)U) =0,

Forall X, Y, Z, Ue X(M™).
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3. Projective Ricci semi-symmetric mixed super quasi-Einstein nearly
Kaehler manifold

In this section, we will define and study projective Ricci semi-symmetric
mixed super quasi-Einstein nearly Kaehler manifold.

Definition 3.1: A nearly kaehler manifold is said to be a mixed super
quasi-Einstein nearly Kaehler manifold if it satisfies the equation (1.17) and
in this paper it is denoted by MS(QENK),,.

Definition 3.2: A quasi-Einstein nearly kaehler manifold is said to be a
projective Ricci semi-symmetric mixed super quasi-Einstein nearly Kaehler
manifold, if it satisfies the equation (2.8).

By using equations (1.17) and (2.8), we can write
(3.1) alWX,Y,Z,0) + W(X,Y,U,2)]
+BR[AW X, Y)Z)A(U) + A(ZD) AW (X, Y)U)]
+y[C(W(X,Y)Z)C(U) + C(Z)C(W(X,Y)U)]

AWX,Y)Z)C(U)+ C(W(X,Y)Z)AU)
+A(Z)C(W(X,Y)U) + C(Z2)AW (X, Y)U)

+n[D(W(X,Y)Z,U)+D(Z,W(X,Y)U)] =0,
replacing X, Y in place of X,Y in (3.1) respectively, we get
(3.2) alWX,Y,Z,U)+ W(X,Y,U,2)]
+B[AW (X, Y)Z)AU) + A(Z)AW (X, Y)U)]
+y[C(W(X,Y)Z)C(U) + C(Z)C(W (X, Y)U)]
AWK, YZ)CWU) + C(W(X,Y)Z)AU)
+AZ)C(W (X, Y)U) + C(Z)AW (X, Y)U)
+n[D(W(X,Y)Z,U) + D(Z,W(X,Y)U)] = 0,
again replacing Z, U in place of Z, U in (3.1) respectively, we get
(3.3) alW(X,Y,Z,0) + W(X,Y,U,2)]
+B[AW (X, Y)Z)AWU) + A(ZD)AW (X, Y)U)]
+y[C(W (X, Y)Z)C(U) + C(Z2)C(W (X, Y)U)]

AWX,Y)Z)c(U)+ cW(X,Y)Z2)AU)
+AZ)CW X, VU) + C(DHAW (X, Y)U)

+n[D(W(X,Y)Z,U) + D(Z,W(X,Y)U)] =0,

+4

+6

+4
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now subtracting equation (3.2) from (3.3) also using (2.7), we have
(3.4) BIAW (X, Y)Z)AWU) + A(Z)A(W (X, Y)U)]
—BIAW (X, Y)Z)A(U) + A(Z)A(W (X,Y)U)]
+y[C(W(X,Y)Z)C(U) + C(Z)C(W(X,Y)U)]
—y[CW (X, Y)Z)C(0) + C(Z)CW (X, Y)U)]
AW X, Y)Z2)C(U) + C(W(X,Y)Z)AU)
+AQZ)CW X, U) + C(DHAW (X, T)U)
L [AWENZCWO) + CW X, Y)DAD)
+AZ)C(W X, Y)U) + C(Z)AW (X, Y)U)
+n[D(W(X,Y)Z,U) + D(Z,W(X,Y)U)]
—n[D(W(X,Y)Z,U)+ D(Z,W(X,Y)U)] = 0,
putting Z = U = p we get

+4

(3.5) 2BW(X,Y,p,p) +26W(X,Y,p,u) = 0.
Now, in equation (3.5), if we take g = 0, then we get
(3.6) SW(X,Y,p,pn) =0,

which implies either § = 0or W(X,Y,p,n) = 0.
Now if § = 0, then from equation (1.17), we get
S(X,Y) = ag(X,Y) + BAX)A(Y) + yC(X)C(Y) + nD(X, V).

Then manifold becomes a pseudo-generalized quasi-Einstein manifold.
Thus, we conclude:

Theorem 3.1: In a projective Ricci semi-symmetric mixed super quasi-
Einstein nearly Kaehler manifold if § = 0 then the manifold is either a
projective Ricci semi-symmetric pseudo generalized quasi-Einstein nearly
Kaehler manifold or W (X,Y, p, ) = 0.

In equation (3.5), if we take § = 0, then we get
3.7) W (X,Y,p,p) =0,

which implies either p = 0 or W(X,Y, p, p) = 0.
Thus, we conclude:
Theorem 3.2: In a projective Ricci semi-symmetric mixed super quasi-

Einstein nearly Kaehler manifold if 6§ =0 then either =0 or
WX, Y,p,p) =0.
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If we take p = u, in equation (3.5), we can write
(3.8) B+OWEX,Y,u,pm) =0,
which implies either § = =8 or W(X,Y, u, u) = 0.
Thus, we conclude:

Theorem 3.3: In a projective Ricci semi-symmetric mixed super quasi-
Einstein nearly Kaehler manifold if p =pu then either g =—-§ or
WX,Y,uu) =0.

4. Projectively flat Ricci semi-symmetric mixed super quasi-Einstein
nearly Kaehler manifold

For a projective flat nearly Kaehler manifold, from equation (2.6), we
can write

(4.1) RX,Y,Z,U) =—g((VxF)Y,(V;F)U)
- nTll{’F(X, U)S(Y,Z) —'F(Y,U)S(X,2)}.

In a nearly Kaehler manifold?®, we have, R(X,Y,Z,U) —R(X,Y,Z,U) =
g((VxF)Y,(V;F)U) and 'F(X,Y) = g(FX,Y), using these relations in (4.1),
we get

(4.2) R(X,7,2,0) = —{gX,U)S(Y,2) — g(V,U)S(X,2)},
from equation (2.5) and (4.2), we have
43) —{gX,U)SQY,2) - g(7,1)S(QX, 2)} = 0,

if we take A is an eigen value of Q corresponding to eigen vector X, then
QX =AXie,S(X,Z2) = 2g(X, Z) (where the manifold is not Einstein) and
hence S(QX,Z) = AS(X, Z).

Then from equation (4.3), we have

A — —
(4.4) ;{Q(X,U)S(Y,Z)—g(Y,U)S(X,Z)} =0,
if we take ﬁ # 0, then from equation (4.4), we have

gX, s, z) —g(Y,U)S(X,Z) =0,

now putting Z = U = p, we get
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(4.5) (a+ BIAX)AY) — A(V)AX)]
+8[AX)C(Y) — A(Y)C(X)] = 0.
Now if we take (a + B) = 0, then from equation (4.5), we get
S[AX)C(Y) — A)CX)] =0,
which implies either § = 0 or A(X)C(Y) = A(Y)C(X).
Thus, we conclude:

Theorem 4.1: In a projective flat Ricci semi-symmetric mixed super
quasi-Einstein nearly Kaehler manifold if (@ + ) = 0 and A is not an eigen
value of Ricci operator Q then either § = 0 or the vector fields p and u
corresponding to 1-forms A and C such that A(X)C(Y) = A(Y)C(X).

Now in equation (4.5), if we take & = 0, then we get

(a+ BIAK)AY) — A(V)AX)] = 0,
which implies either a + 8 = 0 or A(X)A(Y) = A(Y)A(X).
Thus, we conclude:

Theorem 4.2: In a projective flat Ricci semi-symmetric mixed super
quasi-Einstein nearly Kaehler manifold if § = 0 and A is not an eigen value
of Ricci operator Q then either a + 8 = 0 or A(X)A(Y) = A(Y)A(X).
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