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Abstract: In this paper we have studied some properties of the curvature
tensor, the conformal curvature tensor, the con-harmonic curvature
tensor of Kenmotsu manifolds admitting a non-symmetric non-metric
connection. Further, it has been proved that a Kenmotsu manifold
endowed with a non-symmetric non-metric connection is regular. It has
been also proved that a Ricci semi-symmetric Kenmotsu manifold
admitting a non-symmetric non-metric connection V, the Ricci soliton of
data (g, &, 1) is expanding.
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1. Introduction

The notion of Kenmotsu manifolds was defined by Kenmotsu? and he proved
that a locally Kenmotsu manifold is a warped product I X N of an interval I
and a Kaehler manifold N with warping function f(t) = set, where s is a
non-zero constant. Kenmotsu?® introduced a class of almost contact metric
manifold and named as Kenmotsu manifold. Since the properties of
Kenmotsu manifolds have studied by several authors such as Sinha and
Srivastava®?, Cihan and De® and many others. Friedmann and
Schouten* describes that the main invariants of an affine connection are its
torsion and curvature. A connection V is called torsion-free or symmetric if
its torsion tensor T(X,Y) becomes zero and if not zero then it is known as
non-symmetric. A linear connection V on M™ is called non-symmetric if
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(1.1) T(X,Y)=2g(¢X,Y)

holds V X, Y on M™. Further, a connection V on a manifold M is called a
metric connection if there is a Riemannian metric g in M such that Vg = 0,
and if Vg #0 then it is known as non-metric. The study of semi-symmetric
connection in a Riemannian manifold was introduced by Yano.® Golab®
defined and studied quarter-symmetric connection in a differentiable
manifold with affine connection. Further various properties of quarter-
symmetric metric connection have been studied by many geometers like
Rastogi’, Mishra and Pandey®, Yano and Imai®, Kumar et al.1® and many
others. Later on some other authors such as Chaubey et alll, M. M.
Tripathil? proved the existence of a new connection and given some
particular cases. Recently Chaubey!3 studied the semi-symmetric non-metric
connection. Also Bagewadi and Ingalahallil* studied the Ricci soliton and
Lorentzian a-Sasakian manifolds. Pankaj et al.!® studied the Sasakian
manifolds admitting a non-symmetric non-metric connection.

Above studies motivated us to study the properties of Kenmotsu manifold
admitting a non-symmetric non-metric connection. The aim of this paper is
to study the properties of Kenmotsu manifolds admitting a non-symmetric
non-metric connection. Section 1 is introductory. Section 2 consists of some
basic results of Kenmotsu manifolds. The necessary results of a non-
symmetric non-metric connection are given in the section 3. Basic properties
of Riemannian curvature tensor, conformal curvature tensor, concircular
curvature tensor, conharmonic curvature tensor, a non-symmetric non-metric
connection were studied in section 4. Ricci semi-symmetric manifolds with
respect to a non-symmetric non-metric connection has been studied in
section-5.

2. Preliminaries

Let M be a (2n + 1)-dimensional almost contact metric manifold with an
almost contact metric structure (¢, &,1, g) consisting of a (1,1) tensor field
¢, a vector field &, a 1-form n, and the Riemannian metric g on M satisfying

1) n@®=1  ¢=0  n(¢X)=0  gX,& =nX),
(2.2) P?X =X +n(X)E,  g(X,¢Y) = —g(pX,Y),

(2.3) 9(PX, ¢Y) = g(X,Y) —n(X)n(Y),

An almost contact metric structure (¢, &, 7, g) is a Kenmotsu manifolds iff

(2.4) (Vxp)Y = g(@X,Y)E —n(Y)dX.
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Hereafter we denote the Kenmotsu manifolds of dimensional (2n + 1) by M.
From the above relation, it follows that

(2.5) Vx§ = X —n(X)¢,

(2.6) (Vxn)Y = g(X,Y) —nCOn(Y) = g(¢X, ¢Y),
2.7) R(X,Y)¢ =n(X)Y —n(¥)X,

(2.8) R X)Y =n()X — g(X,Y)§,

(2.9) R, X)§ = X —n(X)§,

(2.10) n(RX,Y)Z) = gX,Z2)n(Y) — g(¥, Z)n(X),
(2.11) S(¢pX,pY) = S(X,Y) + 2np(X)n(Y),

(2.12) S(X,§) = —2nn(X),

(2.13) S(X,Y) = g(QX,Y),

where R, S and Q denote the curvature tensor, Ricci tensor and Ricci operator
of M, respectively, with respect to the Levi-Civita connection.

Definition 2.1. An almost contact metric manifold M is said to be an n-
Einstein manifold if there exists the real valued functions 4,, A, such that

(2.14) SX,Y) = 49X, Y) + AnX)n(Y).
For A, = 0, the manifold M is an Einstein manifold.

Definition 2.2. A Ricci soliton (g,V, 1) on a Riemannian manifold is
defined by

(2.15) £,9 + 2S5 +21g =0,

where £, g is a Lie-derivative of Riemannian metric g with respect to vector
field V.and Ais a real constant. It is said to be shrinking, steady and
expanding accordingas 1 <0, A=0and A > 0.

3. A non-symmetric non-metric connection

Let us define, a linear connection V as

(3.1) VyY = VY + g(¢pX,Y)E,
satisfying

(3.2) T(X,Y) = 2g9(¢X,Y)5,
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and

(33) (Vx9)(Y,2) = —n(2)g($X,Y) —n(V)g(¢X, Z).

for arbitrary vector fields X, Y and Z is said to be a non-symmetric non-metric
connection. Also, we have

(3.4) (Tx@) (V) = (Vxp) (V) + g(@X, pY)E,
(3.5) (Vxn)(¥) = (Txm(Y) — g(#X,Y),
(3.6) (Vxg)(9Y,2) = —n(Z)g(¢X, pY).
On replacing Y by ¢ in the equation (3.1), we have

(3-7) (ﬁxf) = VxS.

On replacing X = £ in the equation (3.3), we have

(3.8) (Veg)(Y,Z) = 0.

Hence we have,

Proposition 3.1. The vector field ¢ is invariant with respect to Levi-Civita
connection V and non-symmetric non-metric connection V.

Proposition 3.2. Co-variant differentiation of Riemannian metric g with
respect to contra-variant vector field ¢ vanish identically in a contact metric
manifold admitting a non-symmetric non-metric connection V.

The curvature tensor R of V defined as follows
(3.9) RX.VZ =WWZ —VWWZ — VixnZ,
where X,Y,Z € TM, using equation (3.1), we have
(310)  R(X,YZ =R VZ+g((Vxp)Y,Z)¢ — g((Vy)X,Z)¢
+9(PY, 2)Vx — g(dX, Z)VyS,
where
(3.11) R(X,Y)Z = VyVyZ — VyVxZ — Vix |2

is the Riemannian curvature tensor of Levi-Civita connection.

Proposition 3.3. The relation between Riemannian curvature tensor
admitting a non-symmetric non-metric connection Vand Levi-Civita
connection V is defined by the equation (3.10).
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4. Some curvature tensor of Kenmotsu manifolds with a non-symmetric
non-metric connection

Using equations (2.1), (2.2), (2.4) and (2.5), we have

(A1DR(X,Y)Z =R(X,Y)Z + 2n(2)g(dpX,Y)é — g(dX,2)Y + g(¢Y,Z)X.
Contracting equation (4.1) with respect to X, we have

(4.2) S(Y,2) =S(Y,Z) + 2ng(¢Y, Z).

Using equation (2.13) in equation (4.2), we have

(4.3) Q(Y) = Q(Y) + 2n(¢Y).

Again contracting equation (4.2), we have

4.4 F=r.

Where §(Y,Z) ; S(Y,Z),Q ; Qand #; r are the Ricci tensors, Ricci operators
and scalar curvatures of a non-symmetric non-metric connection V and Levi-
Civita connection V.

Onreplacing X = £ in the equation (4.1) and using equations (2.1) and (2.2),
we have

(4.5) R(,Y)Z=R(Y)Z + g(9Y, Z)E.
In view of equations (2.8) and (4.5), we have
(4.6) REYZ =n(2)Y — g(¥,2)¢§ + g(¢Y,Z)8.

Again on replacing Z = ¢ in the equation (4.1) and using equations
(2.1),(2.3) and (2.7), we have

4.7) R(X,Y)§ =R(X,Y)¢+ 2 g(¢pY, 2)¢
= nX)Y —n(Y)X + 2 g(¢Y,Z)¢ # 0.
Thus we have the following theorem:

Theorem 4.1. Every (2n + 1)-dimensional Kenmotsu manifold equipped
with ¥ is regular with respect to V7.

Now operating n on both side of equation (4.1) and using equation (2.1),
we have

@8) n(RX,VZ) =2g(¢X,YI)n(Z) +n(VgX,Z) —n(X)g(Y,Z)
+g(pY, Z)n(X) — g(@X, Z)n(Y).
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On contracting equation (4.7) with respect to X, we have
(4.9) §(Y,8) = —2nn(Y).
On taking R(X,Y)Z = 0 in the equation (4.1), we have

(410) R(X,Y)Z = g(¢pX,2)Y — g(9Y,Z)X — 29(pX,Y)n(Z)¢.

Inview of 'R(X,Y,Z,W) = g(R(X,Y)Z, W) and equation (4.10), we have

(411) RX,Y,Z,W) = g(¢X,Z2)g(Y, W) — g(¢Y,Z)g(X,W)
—29(pX,YIn(Z)n(W).

Contracting the above equation with respect to vector X, we have

(4.12) S(Y,Z) = —2ng(¢Y, Z).

Using equation (2.13) in equation (4.12), we have

(4.13) Q(Y) = —2n(¢Y).

Again, contracting equation (4.12), we have

(4.14) r=0,

The conformal curvature tensor of V is defined as

415 CX,Y)Z=RX,Y)Z- ?1_1 [S(Y,2)X — S(X,2)Y

+9(Y,2)QX — g(X,Z)QY]
T__[g(Y,2)X — g(X, 2)Y].

2n(2n-1)

Now, using equations (4.1), (4.2), (4.3) and (4.4) in the equation (4.15), we
have

(4.16)C(X,Y)Z — C(X,Y)Z = 2g(pX, Y)n(Z)E + g(¢Y,Z)X — g(¢pX,2)Y
2n

+9(¥, 2)(¢X) — g(X,Z)($Y)],

+

where

(4.17) C(X,Y)Z = R(X,Y)Z — —

(2n-1)

[S(Y,2)X — S(X,Z)Y

r
A [9(Y,2)X — g(X,2)Y].
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Again, we define conharmonic curvature tensor of V as
(4.18) L(X,Y)Z = R(X,Y)Z — Tl_l [S(Y,2)X — S(X,2)Y

Using equations (4.1), (4.2), (4.3) and (4.4) in the equation (4.18), we have
(419 L(X,Y)Z — L(X,Y)Z = 29(¢X, YI)n(Z)E + g(¢Y, )X — g(¢pX,2)Y

2
Gy @Y. DX — 99X, 2)Y

+9(¥, 2)(¢X) — g(X, 2)(¢V)],
where

1
(2n-1)

+9(Y,2)QX — g(X,Z)QY].
Thus, we have the following theorem:

Theorem 4.2. In a Kenmotsu manifold admitting a non-symmetric non-
metric connection V, the necessary and sufficient condition for the conformal
curvature tensor of V coincides with that of V is that the conharmonic
curvature tensor of V is equal to that of V.

The concircular curvature tensor of a Riemannian manifold is defined as

(421) VX Y)Z=RXY)Z+———[g(,2)X — g(X,2)Y].

2n(2n-1)

(4.20) L(X,Y)Z = R(X,Y)Z — [S(Y,2)X — S(X,Z)Y

In view of equations (4.4), (4.10), (4.14) and (4.21), we have the following
theorem:

Theorem 4.3. In a Kenmotsu manifold admitting the non-symmetric non-
metric connection V, the necessary and sufficient condition for the
concircular curvature tensor coincides with curvature tensor is scalar
curvature of V to be zero.

5. Ricci semi-symmetric Kenmotsu manifold

A (2n + 1)-dimensional contact metric manifold M with a non-symmetric
non-metric connection is said to be Ricci semi-symmetric if

(Rx,7).$)(z,U) = 0.
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(5.1) S(RX,v)z,U) + S(Z,R(X,Y)U) = 0.
Taking X = & and using equation (4.6) in the above equation, we have
(5.2) S(REEZ,U)+ S(Z,R(E Y)U) =0.

(5.3) n(Z)SY,U) — g(¥,2)S(E,U) + g(pY, 2)S(, U)
+n(NS(Z,Y) — g(Y,U)S(Z,§) + g(¢Y,U)S(Z,) = 0.

In view of equation (4.9), the above equation yields

(5.4) n(Z)S(Y,U) + 2ng (Y, Z)n(U) — 2ng($Y, Z)n(U)

+n(U)S(Z,Y) + 2ng (Y, UIn(Z) — 2ng(¢Y, UIn(Z) = 0.

Again replacing U = & and using equation (4.9) in the above equation, we
have

(5.5) S(Y,2) = 2ng(¢Y,2) — 2ng(Y, 2).
Using equation (4.2) in the above equation, we have

(5.6) S(Y,Z) = -2ng(Y,2).

On contracting equation (5.6), we have

(5.7) r=-2n2n +1).

With the help of equation (5.7), equation (4.4) takes the form
(5.8) 7 =-2n2n+ 1).

In view of equation (5.6), we can state the following theorem:

Theorem 5.1. A Ricci semi-symmetric Kenmotsu manifold equipped with
a non-symmetric non-metric connection V is an Einstein manifold.

Ricci soliton of data (g,V,A) is defined by the equation (2.15), where
g,V, A are Riemannian metric, a vector field and a real constant. Here we have
two conditions with regard to the vector field V : V € span (¢) and
VL Span(§). Let us discuss first case i. e. V € Span(¢§). Ricci soliton of data
(g,é,4) on a Kenmotsu manifold admitting a non-symmetric non-metric
connection V which is defined as under:

(5.9) (Eeg)(X, V) +25(X,Y) + 229(X,Y) = 0.

V X,Y € TM.Here Efg, the Lie-derivative of Riemannian metric g with

respect to & admitting a non-symmetric non-metric connection V, is defined
as
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(Eeg) X, V) =Eg(X, V) + g(£:X,Y) + g(X, £¢Y)

(5.10) =&gX, V) + g(VeX = Vxé,Y) + g(X, VY — Vy€)
=&g(X, Y)~+ 9(7eX,Y) + g(X,VeY) — g(Vx&,Y)
—g(X, VYS;)'
Thus

(5.11)  (Eeg)(X,Y) = (Veg)(X,Y) — g(VxE,Y) — g(X, Ty €).
Now using equations (2.1), (2.3), (2.5), (3.3), (3.7) and (5.11), we have

(5.12) (Eeg)(X,Y) = —2g9(¢X, ¢Y).
Using equations (5.6) and (5.12) in the equation (5.9), we have
(5.13) —g(pX,dY) —2ng(X,Y) + 2ng(¢pX,Y) + 1g(X,Y) = 0.

On taking X =Y = & and using equation (2.1) in the above equation (5.13),
we have

(5.14) A=2n>0.
Hence we have the following theorem:

Theorem 5.2. On a Ricci semi-symmetric Kenmotsu manifold admitting
a non-symmetric non-metric connection V, the Ricci soliton of data (g, £, 1)
is expanding.
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