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Abstract: In this paper we study a class of functions

o0
f(2) _L > f,z" (f, =0), for certain meromorphic functions g and
Z p=1

defined in the punctured unit disc U * = {z :0< |z| < 1} , satisfying

‘ (f*2)e) ‘
(/*h)(z) §
2g[u*g)(z) _aHl_u*g)(z)}
(/ *h)(2) (/ *h)(2)

we obtain coefficient inequality, distortion theorem, closure theorems and
an integral operator defined on the new class M ,(g.h,a,B,&) also

discussed.
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1. Introduction

Let £ denote the class of normalized meromorphic functions f of the
form
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(1.1) f@ =+ 1"
n=1

defined on the punctured unit disk A" ={zeC:0<|z|<1}. A function

f €X is meromorphic starlike of order (0 < x <1) if

_Re{%}>a (zeA=A*u{0}).

The class of all such functions is denoted by > *(a). Similarly the class of
convex functions of order « is defined. Let } , be the class of functions

f€X with f,, >0. The subclass of | » consisting of starlike functions

with positive real part:
MR () = {f/Re(—zzf'(z)) > a}, O0<a<l).

In Definition 1.1 below, we unify these classes by using convolution. The
Hadmard product or convolution of two functions f(z) given by (1.1) and

1 o0
(1.2) g@)=_+ D 8"
n=1
is defined by
l 0
(f*g)z)= P D fugnz"
n=1

Definition 1.1: Let f(z)e Z p be given by (1.1) and g(z)e Zp be
given by (1.2). The class M, (g,h,a, 5,&) is defined by

A Om ‘
~ , (f*h)(2)
|l ——r——a |+l
(f *h)(2) (f *h)(2)

0<a<l, 0<p<l, %<531.

2. Main Results

Coefficient Inequalities: Our first result gives a necessary and
sufficient condition for a function f to be in the class M » (g,h,a,B,8).
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Theorem 2.1: Let f(z2)e z » be given by (1.1).
Then f(z) e M ,(g,h,a, B,&) if and only if

0

(2.1) > [ gn—hy—B(2&g, —28ah, - g, +h,) ] f,, <2EB(1-a).

n=l

Proof: Suppose f(z)e M ,(g,h, 2, 5,5). Then

/*)E)

(f *)2)

‘25{(1""5’)(2)_a}{l_(f*g)&)}
(f*h)@) (f *h)(z)

(f*2)=) —(f*h)(2) |
20[(f* )2 —a((f *WEN]+(f *h)2) —(f *2)())

_ (f *2)(2)— (f *h)(z) |
Q¢ -D)(f *g)(z)+(1-2&a)(f *h)(z)|

an(gn _hn)zn

_ n=l

(2§—1)[i+ angnzn]+(1—2§a)(i+ anhnz”]
n=1 n=1

> fulgn —hy)z""

n=l

(28 - 1)(1 + i f,g,2" ] +(1- 250{)(1 + i fnhnz””]

n=l n=1

an(gn _hn)Zn+1
_ OOl’l=1 < ﬂ
26(1-a)+ Y [2E-Dg, +(1-2&a)h, ]| £,z

n=l1
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as f(2) € M (g, ha, B,&).
This implies that

0

> [ &0 —hy— B(RE-Dg, +(1-2Ea)h,) |f, <22B(1-a).

n=l
Therefore, we obtain

0

Z[gn _hn _ﬁ(zggn _250[]1}1 —8n +hn ):Ifn < 2513(1_0()

n=l

Conversely, we assume that (2.1) holds. Then we see that

‘ (f*2e) ‘
(f*h)2)
‘24[(f*g>(z)_aHl_U*gxﬂ
(f*h)2) (f *h(z)

(f*)(=2) = (f*h)(2) |
24 =D(f *g)2)+(1-2Ea)(f *h)(2)|

an(gn _hn)Zn+l

_ n=l1

26(1-a)+ Y [2E-Dg, +(1-2&a)h, ] £,z

n=l1

> fulgn ="

< n=l S ﬁ

26(1-a)- > [E-Dg, +(1-2&a)h,] f,2""
n=1

as (2.1) holds. Therefore we have f(z) € M, (g,h,a,B,8).
Theorem 2.2: If f(z)e M ,(g,h.a, 3.5) then

g 268(1-) |
g,—h, —,[7’(2§gn -2¢éah, - g, +hn)

I



Starlike Meromorphic Functions with Positive Coefficients 19

Proof: Since f(z)eMp(g,h,a,ﬂ,f), by Theorem 2.1, we have for

each n

[ g, —h, - B(28g, —2éah, —g, +h,)] f,

<>'[g,—h, - B(2£g, —2ah, —g, +h,)] f, <25B(1-a).
n=1

Therefore
268(1-a) |
8n _hn _ﬂ(zégn _2‘§ahn —8n +hn)

These results are entirely new and not found anywhere in the literature.

In <

Distortion Theorem
Theorem 2.3: Let ahy — g  <ah,—h,. If f(z)e M ,(g.h,a,,S), then

l 2p5(1-a) 2135(1 a)
L 20 e 1o 25000y,
Proof: Since f(z) = 1 + i f,z" , we have
z =
SO e <ia Y,
" p=l " p=l
L., 25p(1-a) o n=1,2,3...

r gn_hn_ﬂ(zégn_zéahn_gn"i'hn)

1 +r2ﬂ§(1—a) .

r 81 —ahl

Similarly we can show that

1 2pi0-a)

r g1 —OC]’II

|f(2)]>
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3. Closure Theorems

Let the functions Fj (z) be given by

(3.1) Fk(z):1+2fnkz", k=1,2,3,...,m.
z n=l1 7

We prove the following closure theorems for the class M » (g,h,a,B,8).

Theorem 3.1: The class M, (g,h,a, B,&) is closed under convex linear

combination.
Proof: Let the function Fj(z) given by (3.1) be in the class
M, (g,h,a, 5,&). Then it is enough to show that the function

H(z)=AF(2)+(1-)F(z) , (0<A<1)

1s also in the class Mp (g,h,a,B,8).

Since 0<A<1, H(z)= é + i (211 @+1=2) f2() ",
n=l

we observe that

0

> (g0 —hy— BQg, —28ah, — g, + 1)) A1) (2)+(1=2)£,2(2) ]
n=l
= AZ(gn _hn _ﬁ(zgn _2‘§ahn —&n +hn))fn,1(z)
n=l1

+(l_ﬁ)2(gn _hn _ﬂ(zgn —250(]’% —&n +hn))fn,2(z)
n=l

L2p8(1-a).
Therefore by Theorem 2.1, H(z)e M p (g,h,a,p,&). This completes the
proof.

Theorem 3.2: Let Fy(z) :l and
z

25p(1-a) Zn
g, —h, - B(2¢g, —2éah, —g, +h,)

Fn(z)=é+
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Then f(z)e M ,(g.h.a,B,&) if and only if f(z) can be expressed in the

form f(z)= z A F,(2), where A, >0 and z A, =1.

n=0 n=0
Proof: Let
& - A2 -«
f(z):ZﬁnFn(Z):_Jrz n ﬂg( ) Zn.
=0 Z = gy —h,— BQ2g, —28ah, — g, +h,)
Then
- 2,,12/3’5(1—05) 'gn_hn_ﬂ(zgn_2§ahn_gn+hn)
n=1 gn_hn_ﬂ(zgn_zégahn_gn+hn) 2ﬂ4§(1-6¥)

= izn =1-Jy<I.
n=l1

By Theorem 2.1, we have f(z) e M, (g,h,a, B,8).

Conversely, assume that f(z)e M P (g,h,a,,&). From Theorem 2.2,
we have

f, < 26p-a) forn=1,2,3,...
gn_hn_ﬂ(zégn_zéahn_gn"i'hn)
We may take
—h,—p(2 —2lah, —g, +h
Ay =Sn P2, ~2%eh, — g, n)fn forn=1,2,3,...
25p(1-a)
and Jg=1-Y 4, .Then f(z)= )Y A,F,(z).
n=l1 n=0

4. Integral Operator

In this section, we consider integral transforms of functions in the class
M (g ha,B,8).

Theorem 4.1: Let the function f(z) given by (1.1) be in
M ,(g.h,a,.S). Then the integral operator



22 S. M. Khairnar and N. H. More

1
F(z):cjucf(uz)dz (0<u <1, 0<c<w)
0

isin M ,(g,h,a,p,5) where

3 (c+n+1) g, —h, - B(2ég, —25ah, —g,+h,)]
" 2cféh, +(c+n+D)| g, —h, - B(2&g, —25ah, — g, +h,) ]

o) gy—h—P(25g, ~25ah, — g+ ) ]
2epéh, +(c+n+D)] g, —h, - B(2Eg, —2éah, —g, +h,)]

Proof: Let f(z)e Mp(g,h,a,ﬂ,é). Then

1

F(z)=c j ul f(uz)dz

1 & c

c+n+l

f,z".

n=1
It is sufficient to show that

(4.1) ic[gn_hn_ﬂ(zfgn_zfé‘hn_gn+hn):|
' (c+n+1)2BE1-05)

n=l

Since Mp (g,h,a,p,5), we have

<1,

S [gn_hn_ﬂ(z‘fgn_z‘fahn_gn'i_hn)] <1
2 2p5(1-a) Sl

n=l

Note that (4.1) is satisfied if
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cl:gn _hn _ﬂ(zfgn _2§5hn —8n +hn ):I < |:gn _hn _ﬂ(zé:gn _2‘§ahn —8n +hn ):'
(c+n+1)2BE(1-0) - 2B5(1-a)

Solving for 6 we obtain

3 (c+n+1)| g, —h, - B(26g, —2Eah, —g, +h,)]
- 2C/B§hn +(C+n+1)|:gn _hn _ﬂ(z‘):gn _2‘§ahn —&n +hn)]

cl-a)| g, —h, - B(2¢g, —2éah, —g, +h,)]

_ . |
2cféh, +(c+n+1)[gn —h, _ﬂ(zérgn “2éah, g, +hn):| (n), say

It can be shown that F(n+1)-F(n) > 0 for all n. Therefore F(n) is increasing
and F(n) > F(1). Thus the result follows.

Theorem 4.4: Let the function f(z) given by (1.1) be in
M (g.h,a,B,6).

c+n+l

F(z) =%[(c+1) f(2)+2f"(2)] =§+ > f£.z", ¢>0.

n=l1

Then F(z) is in M (g, h,a, 3,€) for |2| < r(a, B,&,) where
1

2cEB(1- n+l
r(@, f.£) =inf cepl=a) ,
n [gn —h, - p(2¢g, —28ah, - g, +hn)](c+n+1)
*
Proof: Let w= f—*i Then it is sufficient to show that

L ow-t
12E(w—a)+(1-w)|

<p.

A computation shows that this is satisfied if

o (c+n+1)[gn—hn—,B(2§gn—2§ahn—gn+hn)]f |Z|n+l

43
43) nz:l 2cEB(1-a) "

Since f e M, (g,h,a, B,&) by Theorem 2.1, we have

<lI.

= [ g, —h, - B(28g, —2bah, — g, +h,)]
- 25p(1-a) !

<l.
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The equation (4.3) is satisfied if for all n,
(C +n+ l)l:gn - hn - IB(zé:gn - 25;0{]/1” — 8y + hn ):| |Z|n+1

2cgp(l-a)
< En _hn _ﬁ(z‘fgn —24’:&}1’1 —8n +hn)Zn+1 <1.
25p(1-a)

Solving for|z
|Z|n+l < 2¢5p(1-a)
(c+n+D)]g,—h, - B(2ég, —2éah, - g, +h,)|(c+n+1)

Therefore we obtain

, we get

y 2cEB(1- ) n+l
\[gn—h, - B(28g, —28ah, g, +h,)|[(c+n+D) |

The desired result follows by mere substitution of |z| =r(a,p,&).

g
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