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Abstract: In the present paper we have obtained scalar curvature R of a
two dimensional Finsler space with special quartic metric given by

L' =cyi* +6¢,5§? +¢,7*. Some particular cases of special quartic
- mctric have been considered and explicit expression for scalar curvature R

has been found. -
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1. Introduction

There are several papers'® in which cubic Finsler spaces have been
- studied. This cubic metric mostly appears as a generalization of Euclidean
or Rigmannian metric. In 1995 M. Matsumoto and K. Okubo’ introduced
the Christoffel symbols of m-th order. They obtained connection
coefficients of Berwald and the differential equations of geodesic. They
specially treated the two dimensional Finsler spaces with cubic metric and
quartic metric, and obtained the main scalar. T. N. Pandey and V. K.
Chaubey® obtained the scalar curvature of a two dimensional cubic Finsler
space. :

In a two dimensional Finsler space F2, the main scalar I and the scalar
curvatur¢ R have important roles. The purpose of the present paper is to
obtain scalar curvature R of a two dimensional Finsler space with special
quartic metric ‘ :
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(L1) I =it +60,57 57 4¢3,

where ¢,.c,.c, are functions of x and y only.

2. Preliminaries

The quartic Finsler metric L(x,y)of an n-dimensional differentiable
manifold M"is defined as

(2.1) L (x,3) = a0y ',
4
where a,(x)are components of a symmetric tensor field of (0,4)-type

depending on the position x(=x)alone. A Finsler space with this metric is
called a quartic Finsler space. Putting

(2.2) Pa,(x,y) = a0y’ vy ", Pay(x,y) = ag(y*y,

h
Layk(x,.l’) = aykh(x)y ’
the normalized supporting element / =0,L, the angular metric tensor

hy = L3;0 ;L , the fundamental tensor g, =%6,6‘ L = h; +11, and the C-tensor

Cyi = %6,.{3 0, % are respectively given by the equations’

(2-3) (a) li=a; , (b) hy =3(a,j —aiaj) ’ (C) 4] =3alj _2aiaj s
(d) LC!-’-k = 3(a,-jk — a8k —apd; —aya; + 2a,-ajak).

Let us call a,(x,y)the basic tensor. The metric L is regular if the basic

tensor has the non-vanishing determinant. Throughout our theories of
quartic root metrics, we should suppose the regularity of the metrics.

By a”(x,y)we denote the reciprocal of a,(x,y); the reciprocal g’(x,y)of
the fundamental tensor g,(x,y)is given as
3g¥ =a¥ +2d'a’, I'=d,
where ad =1,d =a”aj, l'=y'/L =gylj .
3. Scalar curvature of two dimensional special quartic Finsler space

In two dimensional Finsler space the Berwald frame (/,m,)has
important role’. Any tensor field can be expressed in terms of this frame.
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We are concerned with a quartic Finsler space equipped with a Berwald
connection B[ =(G',.G},0), where G| =0,G' and G), =6,G;,

G, = g,-j-Gf = %(y’éjaré’- - 3jL2) , 0,and 3, representing partial
derivatives with respect to »’ and x’ respectively.

There are five torsion tensors and three curvature tensors in the theory of
Finsler space equipped with any Finsler connection. If we are concerned
with Berwald connection BT, then only non-vanishing torsion tensor is

(v)hv -torsion tensor R, given by

3.1 R, =6,G, -58,G;,

where 8, =9, -Gjo,.

The (v)hv- torsion tensor R)in two dimensional Finsler space may be
written as’

(3.2) Rjy = LRm'({,m; —lym)),

where R is h-scalar curvature and m' = g’m, .

The quartic metric in two dimensional Finsler space is given by (2.1),
where i, j, k, h have values 1 and 2. If we put

(@111, G112 B122> G20 B2 ) = (G0 €12 €253, €4 (¥, 27) = (x,3)and (', y") = (4.,
then (2.1) may be written as
L} =gt +4¢33 ) + 60,5257 +deyiy’® + o, 00

Now we consider ¢, = ¢, =0, then the above metric becomes

(3.3) L =8g3% +60,52 5% + 4%

We term it a special quartic metric and Finsler space equipped with
metric (3.3) is termed as special quartic Finsler space.

The Christoffel symbols of fourth order for a quartic Finsler space have
been defined by M. Matsumoto’ and are given by

" 1
(34) {ljkh,l} = g{a,-ajk;,, + aja,-kh, + 6ka,-j,,, + aha,-jk; —aia,-w,} .
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dc,
_aT}’— =Ca2s
fourth order for the metric (3.3):

By putting % =Co1 s a=0,2,4 we get ten Christoffel symbols of
{Illl,l}=%cm, {Illl,2}=—%c02, {1112,1}:%4:02, ‘

{2222,2}=%c42, {2222,1}= —%c“, {2221,2}:%‘:..,,

{1112,2}:%@., {1122,I}=%02,, {222|,|}=%c22,

i
il l22,2}=gc22.
If we put H = L' det a;, then from (2.2), we have | &

(3.5) H = 4% + Bx*y* + Gy,
where A=c¢yc,, B=cyc, -3¢}, C =cycy .

Then the values of G', G*in two dimensional special quartic Finsler
spéce are the solutions of linear equation 4,G" = #{r Jkh i}y y'y*y" and are
given by7
(3.6) AHG' =ai® +b&*y +ci*y? + a3 + &2 + [0 + @,

C4Co1

c ' 2
where a=2% pocn,, c= -3¢0 d=-;c4coz,

2

3oy Cy4€q)

6 L]

€=0C402 — s [=2cen-06n, g=-

and
(3.7) 4HG? =adi* +b'Fy+c'i' ) +d' ) +e i + '3 + g'5°,

o2 ,, e 3ex¢ .
where a'=———=, b'=2cc;, -Cy¢p, C=Cop— 22"2 , d

2

_ 2cpe4
3 k]

C2Cq
2 «

1 c c (]
e =%-362022, f=ccy, g=

Thus we have
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Theorem 3.1:The Berwald connection coefficients G' and G for two
dimensional special quartic Finsler space with metric (3 3) are given by
(3 6) and (3.7).

In two dimensional Finsler space, the non-vanishing components of
R, are only R]lz =—R5| and R_]22 =—R22|. We are concerned with Rllz.
From (3.1), we have

1 1 i 1 1 1 .
a1y  r,=% —(EG' 6L+ %9 ng]_aez{acz Gl +2%2 G,z],

o | & % ox ox o)
‘and from (3.2), we have
- (3.2) R, = LRm'(m, -1,m).

Firstly, we are concerned with equation (3.2)' for the metric (3.3). The
equation (2.2) explicitly may be written as

. Pay=c® +3¢,9%, Pay, =304 5 +c,5°,
2. _ .7 .2 2 gl o
(3.8) L ap =X +C2y . L )y = L a = ZCny,
3 .2 .3 . .
| Lap =ex” +egyt, Layy =cox, . Layy =0,
Layy, = cpx, Lay, =cup.

With the help of (3.8), the equation (2.3c) may be expressed as

I® 811 = CoX (cox +3c,y )+3c2y (3c0x +c‘y l
(3.9) g, =202 - coe, \i5),
gy = 3ok (cox +3c, ¥ )+ c jfz(3c05c‘ +c4 }3‘)

Since /, = an{“- , we have

(3.10) Ph=cgi 430,07, Pl =36,y +c,".

The components m' -and m,(i =1,2) of Berwald frame are related with /, and
1" by the relat:on

G (' m?)= J_(—lz,l. (m,my)=e(-22.1'),

where g =det(g,). In view of (3.11) equation (3.2)' reduces to
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(3.12) R, =—RL{Lx+1,),
where /, and /, are given by (3.10).

Secondly, we are concerned with equation (3.1). From (3.5), we have

(3.13)

=T oaadramy?, =2 oapyiacy,
5 &
2 2
H]]-——a-""I;I-—IZAx +2By s sz—a H—ZBX +12Cy s
o2 &
oH

Hy=—"= A5+ B v ot
%yli = 43 + B #25% + Oy,

th a;y{ —4A2x +2Bzxy .

Hy =

_08H,
H =4C 2 +2B,3%),
] 21T 6x 1 X7y
04 OB oC 0A 0B oc
vhere Ao Btme Gt ATy By Gy

Since G} =8,G' and G, =9,3,G', from (3.6) we have

4HG| = 6ai” +5bi*y + 4ci%5? +3d8% 53 + 25 + £ 35 —4H,G),
4HG)| =30ai* + 20633 +12c#2 5% + 65 + 2¢5*
(3.14a) -4H,,G' ~8H\G],

4HG], = 5b3* +8ci% y +9ax2 3% + 8eiy® +5 £ 7*

~4H,G| -4H,,G' ~4H,G),

e 2

i
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4HG =b3° +2ci*y+3di° 57 + 4ex? )’
.4 S 7 ol
+5fxy" +6gy” —4H,G',

(3.14b)
4HGY, = 203 + 6453y +12ex2 5% +20f 35

I +30gy* —8H,G} —4H,,G',
and from (3.7) we have
(4HG] =6a'55 +5b' 5%y + 4c' 2352 +3d' %57

+2e' + £15° ~4H,G?,

(3.15)

4HGS =b'%> +2¢'3*p+3d' 2257 + 4e' 5257
+51 5% +6g'9° —4H,G2.

From (3.14a) and (3.14b) we have

[ aGl

41!5151 =6ayi° +5b,5% 7 + 40,8352 +3d, 5253 + 26515

.5 1 1 ;

+ foy° —4H,Gy —4H\-G" -4H D5,

(3.16) ’ e >
1

H agxz' = b2 +200%%) + 313757 + deyi?y® +5 £

+6g1y° —4H,G) —4H,,G' —-4H,D;.
where
ay =azd, bz =62b, Cy =62c, dz =32d, .D2 =azGl,

b=3b, =8¢, d=58d, e=8e, D=3G,

In view of equations (3.5), (3.13), (3.14a), (3.14b), (3.15), (3.16), the
equation (3.1)' reduces to
N X
3.17) R = I_M}L”

~
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where
- .5 .4 . 3.2 2.3 ..4
(3.18) X =[(24Hayi’ +20Hbyi*y +16Hep 2352 +12Hdy 32y +8Heqy iy

+4f2H5° ~16HH,G] - 48HH),G! - 16HEL D,) -
—(30az* +208335 + 1263257 + 6y + 2054 - 481, 1G)
x (b5 +2ci%9+3d 357 + 46257 + 51 5% +6g5° —4H,GY)

~(5bi* + 83 + 948252 + 8eiy® + 5.1 7 — 416! ~4HG} -4H,G))

x(b'5 +2c' 5%y +34' 57 1408250 + 51 5% +6g'5° - 4H,G?)

— (A H + 8 HE*p +12d15°52 +166,H2 52 + 20 fiHip? + 24 5
~16HH2 |G ~16HH, Dy ~16HH)G})

+(5b* +8ct° 5 +9di2 52 + 83 + 5157 - 4H,G| -4815G' - 4HG))

x (625 +5b5%y + 4ci>5? + 3253 + 26554 + £ 5 —4ERGY)
"+ et +6a8%y +12e8%52 + 201 557 + 30g" ~8HGh —4HpG)

x(6a's> +5b'i%5+ 40 352 +3d'5253 1 2e 54 + f'9° -amG2y).
Now in view of (3.12) and (3.17) we have
. x,

3.19  R=e—e—s
(3-19) 16K L(Lx+1,y)

.where /; and /, are given by (3.10), H is given by (3.5) and x, is given by
G.18).

Theorem 3.2: The scalar curvature R of two dimensional Finsler space
with a special quartic metric (3.3) is given by (3.19).

Although we have taken a special quartic metric (3.3) for two
dimensional Finsler space, but the expression of R given by (3.19) is very
lengthy and has not been written in terms of line-elements explicitly.
Therefore in the next article we shall consider particular cases of special
quartic metric and we shall find the value of R in terms of line-elements
- explicitly. ' ~
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4. Some particular cases of two dimensional special quartic Finsler
metric

We consider the two particular cases of metric (3.3).
Case 1: Let ¢, =c, and ¢, =0. Then the metric becomes * =¢;(x* +j*) and
in this case 4, B, C given in (3.5) will be such that 4=0, B=¢?, C=0, so
that (3.5) reduces to H =c,’i’j?. Furthermore a,b,c,d,e, f,g given in (3. 6)
and 4'.0,¢,d'. ¢, f',g' givenin (3.7) reduce to

a=0, b=0, C=%Cocm, d=500002, €=0, f=0, g=——é'6'0c°1,
5 1 ' J
a='—36'06'02, b=0, c'=0, d'=§c0(-'0|,

| 8'=-;—Co(-'°z‘,_ f'=0, g'=0.
Hence (3.6), (3.7) and (3.13) reduce to

. . 1 4.2 2 3.3 1 i

(4.1) 4HG' = —2—c0co]x4 7%+ 3%"02"3 P p; €oCo1 55,

42) 4HG? = -—é-cocoz'i6 +32~c0c015c3 i’ +%c0c025c2 ¥,
4.3) Hy=25%,  H,=2c33%, Hy, =27, 5'22 =2¢3%%,

Hy =2cc3%5%,  H, =2e4e,3%57,
Hy; = dcoe iy’ Hy = dcoc i’y .
Substituting these values in (3.14) and (3.15) we get

[ . 4 .3
.2 1 2 .
46,G) = cqit +3 oY 3% %, 4¢G) = E(Cozx -y y_z}
X X

44) 2 -3 2 s
_""oGI2 = g(cmf’ ~Cn ;—2} 4cyG} =3 otk + e+ oy %,
[ 4 .3
2 4
4eoGly = co1| 1-2- . 4cyGly = Zcgy +— -‘Y—,
0Gi1 01( i4J 0Gi2 302+ 30013
@.5) |

J-,2
46‘0622 = -2601 _

Therefore 3. l)' gives
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(4.6) 16¢, Ry ==&

where -

4 32 4 .4 8 26 2.3,
Xy = (_ —— + +]| —ene ——* =g
2 [\3"‘00012 ) cmcoz)(x y ) (300 022 9 02 |* Y

(4'7) +(§cc _2_6..(: 2]*}';3_2 fad 2‘2'7—+C zi

3 0011 9 01 9 01 j3 02 J,’3 s
2 2
d c0'2=6c0 8¢y ¢,

oy’ 2= 73 » SenN=—_3 -
oy o &
Also in this particular case, from (3.10) and (3.12) we have

.3 .
(4.8) R, = — G0}
_ Co i+
From (4.6) and (4.8) we get the value of scalar curvature R as '
Jc l X" + ) '

49 R =-T;cf3_3_’fr X,

Theorem 4.1: The (k) scalar curvature R of two dimensional Finsler
space with quartic metric L' =¢, (Sc‘ + j:‘) is given by (4.9), where X, is given
by (4.7).

Furthermore if we take ¢, = x, then the metric becomes = x(:‘:" + ja‘)

-
and X, given by (4.7) reduces to X, = --29—613;3 —%y— Hence
x
(] 3+ull+u _ j?

(4.10) BT YO e , where u =T

Theorem 4.2: The (h) scalar curvature R of two dimensional Finsler
space with quartic metric L' = x(fc‘ + j:")is given by (4.10).

For ¢, =y, equation (4.9) reduces to

.4

@.11) R=LEWLY yhere v= 2. | -

2%y y
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Theorem 4.3: The (h) scalar curvature R of two dimensional Finsler
space with quartic metric I* = y(i* + 5*) is given by (4.11).

If ¢, = constant then from (4.7) we get X, =0so that R =0. Actually for
¢, =constant the metric becomes Minkowski metric for which the (vhv-
torsion tensor vanishes. Therefore it is natural that R = 0 for ¢, = consiant,
Case 2: Let ¢y =c,=0. Then the metric becomes L' =6¢,x23?. Also in this
case

H=‘3"'22-‘72}’2s G] ="§2_]x.25 Gz —%y ] Gll =Ci.ts
Cz cz 2C2
C Cy .
G“"'cz—l Gg:fys Gy =G} =G}, =Gy, =0.
2 2
Therefore equation (3.1)' gives
k %

4.12 R' =] ¢ —_ czlczz _x_ where = 2 .
( ) 12 212 o )2e’ €312 “—*axay

Also in this case (3.10) will give ), =3c,5%, I’l, =3¢,%%y. Therefore
equation (3.12) will give

(4.13) R, =Rt [
From (4.12) and (4.13) we conclude the following:

Theorem 4.4: The scalar curvature R of a two dimensional Fmsler
space with quartic metric L'=6c,7*%* is independent of directional

arguments %, y and is given by R=1 /..2_.(32_1‘2&_,:212}
c2¥I2( a
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