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Abstract: In this paper, we have obtained the integrability conditions for
an almost contact 3- structure manifold, some related results have also been
discussed.

1. Introduction
Let {F ,U ,u},whcre x = 1,2,3 be 3- structure on an odd dimensional

manifold V,, such that

B

(1.1a) £, F=FF-u®U+ 31,
(1.1b) FU= &,U,

(1.1¢) woF =z, u,

(1.1d) ;(U):é

where £ __= 1 or -1 according as xyz is an even or odd permutation of 123

and O otherwise. Thcn{F ,U,le}, where x = 1,2,3 are said to define an

almost contact 3- structure on V, and the manifold is called an almost
contact 3- structure manifold'.



448 S. B. Pandey and Lata Bisht

The Nijenhuis tensor with respect to the structure F on an almost contact 3-

structure manifold is given by
12) NxY) = [FXFY| v Fx Y] FlFxy|-F| X,FY),

—‘F X.F Y'}-[,,wh ullx, DU~ f’[ﬁ‘x.y } - 5[ X.F Y],

Agreement 1.1. In what follows and the above the equations containing
X.Y,Z.........,etc. hold for arbitrary vectors X.Y,Z.........,ctc. in Vy, unless
stated otherwise

2. Integrability Conditions

Theorem 2.1. 4 manifold V, with an almost 3-structure {F.U ,u},,x =

1.2.3 is odd dimensional. If n = 2mtlthere is an eigen value 0,
corresponding to the eigen vectors U, m- eigen values i and m- eigen

values-i of F .the corresponding pencils of eigen vectors being linear
combination 40f linearly independent vectors T, (o = I,....m) and their
complex conjugate S, .Such that LXI(T o ) = Ifl(Su' )= 0.

Proof . Let A, be an eigen value of f‘ , tﬁe corresponding  eigen
vectors being é,then s
2.1 F l;=i‘l:.
Appling lj‘ in equation (2.1) énd using equation (1.1)a, we get

22) (2 +1) L= u(L)U.

Now there are two possibilities:
() L=a'U, a'&R,thenusing(l.1)din equation (2.2) ,we get 4,= 0,

x

which gives the eigen value corresponding to the eigen vector U .

(i) {L,U} are linearly independent. Then from equation (2.2) lxl(L =0

and A, = %1
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Since the complex conjugate eigen values occur in pairs the dimension of V,,
is odd, that is n = 2m + 1. Since the rank (( £ )) is 2m, there are m- eigen

values 1 and m- eigen values-i. The remaining part of the proof is obvious.

Theorem 2.2. The necessary and sufficient condition that V, (n odd ) be
an almost contact 3 — structure manifold is that it contains a tangent bundle

n,, of dimension m, a tangent bundle 7, complex conjugate to n, and a
real line n,, such that ﬂmﬂn] =¢,7rmﬂffm =¢,ﬁmﬂ7t, =¢ and
7r1U7rm Uﬁm = a tangent bundle of dimension n=2m+1. Projections

IL,Lmnonunx, 7

m?

r, being given by

(2.3a) 2ldef -F’=iF,
(2.3b) 2mdef —F*+iF,
(2.3¢) ndef F>+1 =u®U.

Proof . Let V, be an almost contact 3- structure manifold with the

almost contact 3- structure {F U ,i:},x = 1,2,3 corresponding to the eigen
¢ Ao

value i, let T, (o = 1,....,m) be a m- linearly independent eigen vectors.
Let S, be complex conjugate to T, Then
a“T, =0=>a" =0Va,;

b=S, =0=b" =0Va,;

Now
C*T, +d™ S, +eU=0c™ F(T,)+d™ F(S,) = c*T, ~-d*S, =0.
All these equations imply
e'U=c*T, =d*S, =0.

or

x

e" =c¢™ =d* =0,Va, and x (x is not summed).
Thus {Ta S, U } Tohoku is a linearly independent set. From equations
(2.3)a, (2.3)b and (2.3)c, it can be easily seen that
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(24a) [T, =T, (24b) IS, =0, (240) [ U=0.

(2.5a)

il
<

(25b) mS, = Sax , (25¢) m U=0.
(2.6a)

mT, 0
nT, =0, (2.6b) nS, =0, (26c) nU=U.

Thus, we prove that on an almost contact 3- structure manifold Von+; there
is a tangent bundle 7, of dimension m, a tangent bundle 7, complex

conjugate  to 4 an a real line o, such that

. d
7.1 = b7, )7 =¢,7%,(\m =¢ and 7|7, |J7, = a tangent
bundle of dimension n=2m+1. Projections on =z, 7, and 7, being /, m and n
respectively. |
Conversely, suppose that there is a tangent bundle 7, of dimension m, a
tangent bundle 7, complex conjugate to 7, and a real line 7z,, such that

x,.%,andz, have no common direction and span a linear manifold of
dimension 2m+1. Let T, be a m- linearly independent vectors in 7, and

S, be complex conjugate to 7; be a m- linearly independent vectors in

7, and U be vectors in 7.
Let V¥, ,S, .U } span a tangent bundle of dimension 2m+1.Then

5 500 ,U} is a linearly independent set. Let us define the inverse set
» ' ' X a

{T"-‘ , S« ,le }, such that

27 X= T“‘(X)Y;‘, t S"‘(X)Sar tu(X)U.
Let us put

28) FX d_ef.i{T"'(X)T;r - S"'-'(X)Sa‘ 1,
and
(2.9)F(FX)=i{T"'(I:’X)7;x - S"-‘(IfX)Sal 1.

Substituting from equations (2.7) and (2.8) in equation (2.9), we get
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FPX=gT(X)T, + S%(X) S, } =-X+u(X)U .

Thus, we see that Vi, admits an almost contact 3- structure

F,U,z}},

Hence the conditions is sufficient.

Corollary 2.1. We have

(2.10a) l=T" ®T,
(2.10b) m=S"®S,
(2.10c) n= u®U

Proof . From equations (2.3)a and (2.3)b, we have
(2.11) F=i(1-m)
Comparing equations (2.8) and (2.11), we get the equations (2.10)a and
(2.10)b. Equations (2.3) yields
(2.12) [ +mtn=1.
Equation (2.10)c is obtained from equations (2.7),(2.12) and (2.10)a,b.
Corollary 2.2. We have

(2.13) lm=1l=»lrz‘=nl =mn = nm=10

(2.14) P=1, m =m, n =n.

Proof. From equations (2.10)a, (2.10)b and (2.4)b, we have
I m=8*®1 S, =0

Other equations of (2.13) follow similarly. Equations (2.10)a and (2.4)a
yicld

P=71®I T, .T*®T, -1 .

Other equations of (2.14) follow similarly.
Lemma 2.1. We have
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(2 15a) (d{ N nX nY) =0,
(2.15b) (d7T%)( rsz, 1\1Y) = )
Proof.  With the help of the equation (2.10)c, we have
(d{ ) CIX, ?Y)ﬁ(d{ X ;l( X) l\/,;( Y) l{ )=0.

Since (d/ ) is skew-symmetric in both the slots. Similarly (2.15)b is proved

Lemma 2.2. We have

(2.16) 2dmy 1 x 1 Y)=F')‘(IXJY_l-iF"/XJY}:
(2.17) 8(dm)( L X, L Y)= F'N(FXFY) iFN(FXFY)

Proof . In consequence of the equations (2.3)and / m =0=m | , we

X Y

have

2dm ) 1 X, 1 Y)=-2m[IX,1YJ = F‘)[[X,IYJ CiF [IX,IY]:

. ] X

Also

x

(2.18) $(dmy I X, ly)=F? [F2X+iFX,F2Y+iFY]-

iF [FzX+‘iF,X,FZY+iFY]=F2[F2‘X,F2 Y}F2 [F X’,FYJ biF?
[F X FY|+iP[FxaF? v|-iE[F X, P Y]+ iF[Fx.F Y]
+F[F2 X,FY]+ F[FX +F? Y}
Now, using equations(1.1) and (1.2) in equation (2.18), we get the equation
2.17).
Lemma 2.3. We have

X

(2.19) @) 1x17)-. z}z([{x,{y])(x/,

(220) 4(dn)! X, 1 Y)=F?NXY)+ N (X,Y)- f‘zzy(fx, FY)
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N (EXENH{E NlF X, r)e NEx 1) VL E Y )1 Nl FY);

Proof. As

@ 1% 1 V)= -nfixir]

Using equation (2.3)c in this equation , we get the equation (2.19). Now,
(2.21) 4(dr3)(lrx,lxY)=[§2X+i1jx,§2niijy‘}
Applying n in equation (2.21) and using equations (2.3)c and (1.1)c, we get
the equatio;l (2.20).

Theorem 2.3. The distribution 7, is integrable.

Proof. From equation (2.12) 7, is givén by

(2.22a) l =0, (222b) m=0, 2220) n=l.
In order that =, is integrable, it is necessary and sufficient that { = ( and
m = 0 be integrable, that is (d! )} X,Y)=0,be satisfied for any vector
s;tisfying (2.22)c . Thus,we havxe
d! xnX, nY)=0.

But from lemma (2.1), we see that these equations are identically satisfied.
Hence,we have the statement.

Theorem 2.4. In order that x, and 7, are integrable, it is necessary
and sufficient that

X

(2.23a) FZ[{X,{Y]: ilf[{X,iY}, ;([{X,{Y])=o,
or |
223 NFX.F Y)= N(x,¥)+ F* N(X.Y)

Proof.  From equation (2.12) 7, is given by

(2.24a) m=0, (224b) n=0, (224c) [ =1.
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In order that 7, is completely integrable, it is necessary and sufficient that
m=0and n= 0 be completcly integrable, that is

(2.25a) (dm) X,Y)=0, (2.25b) dn) X,Y)=0.

be satisfied by any vector satisfying (2.24)c, substituting from (2.24)c in
equations (2.25), we get

(2.26a) (dm X / X, l Y )=0, (2.26b) dn) ! X,l Y)=0.

In consequence of equations (2.16) and (2.19), the equations (2.26) assume
the form of the equation (2.23)a. From cquations (2.17),(2.20) and (2.25),we
get the equation (2.23)b.

Note 1.1.  The necessary and sufficient that the almost contact 3 -
structure manifold be integrable are the equations (2.23).
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