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Abstract: The present paper aims to solve the linear and nonlinear
time-fractional Newell-Whitehead-Segel equations using the Sumudu
transform iterative method. The time-fractional derivatives are considered
in the Caputo sense. In addition, the approximate analytical solutions
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the solution graphs show that the approximate solution is closely related to
the exact solution.
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1. Introduction

In the last decade, fractional differential equations have gained a
considerable amount of attention due to their applicability in physics,
biology, engineering, and other disciplines. Numerous numerical and
analytical techniques have been developed to investigate the solutions of
fractional partial differential equations, such as the Adomian decomposition
method (ADM)?!, the Laplace Adomian decomposition method (LADM)?,
the iterative Laplace transform method (ILTM)3, the homotopy perturbation
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method (HPM)*, the Laguerre wavelet method (LWM)®, the homotopy
analysis Sumudu transform method (HASTM)®, the fractional variational
iteration method (FVIM)’, etc. In 1993, Watugala introduced the Sumudu
transform method (STM)?2 for solving engineering problems. This approach
was used by Weerakoon® to solve partial differential equations.
Weerakoon?® later derived the formula for the inverse of this transform.
Demiray et al.'* used the Sumudu transform method to discover exact
solutions to fractional differential equations. Recently, Wang and Liu
proposed the Sumudu transform iterative method (STIM)*2, which combines
the Sumudu transform with an iterative technique, in order to discover
approximate analytical solutions to time-fractional Cauchy reactions-
diffusion equations. The Sumudu transform iterative approach was
successfully utilized to solve fractional Fokker-Planck equations??,
generalized fractional biological population models'4, fractional diffusion
equations®®, fractional Schrodinger equations'®, third-order fractional dispersive
equations®’ etc.

In this paper, we consider the following fractional order Newell-
Whitehead-Segel equation in operator form as*®

9%u 9%u
U _ 2% qu— bud
(1.1) ra = A 5z T au —bud,

with initial condition

(1.2) u(x,0) = f(x),

where a, b and A are real numbers with A > 0, g is a positive integer and « is a
parameter describing the order of the fractional derivative. The fractional
derivative is used in the Caputo sense. In particular for a = 1, the fractional
order Newell-Whitehead-Segel equation reduces to the classical Newell-
Whitehead-Segel equation.

In this paper, we apply the Sumudu transform iterative technique
(STIM) to solve the Newell-Whitehead-Segel equation of fractional order.
This approach is an excellent mixture of the iterative method and the
Sumudu transform method. It provides the solution in terms of convergent
series with components that are readily computable in a straightforward
manner that does not need linearization, perturbation, or restricted
assumptions.

2. Basic Definitions and Notations

In this section, we provide some of the fundamental definitions,
notations, and properties of fractional calculus and Sumudu transform
theory that will be utilized in subsequent sections of this paper.
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Definition 2.1. The fractional derivative of u(x,t) in the Caputo sense is
defined as'®%

I'm-a)

Definition 2.2. The Sumudu transform is defined over the set of functions

t
(2.1) Dfu(x,t)= #J'(t —n)" ™ (x,n)dny, m-1<a<m,meN.
0

1y ,
{f(t)|£| M,p, >0, p,>0, | f(t)]<Me’” if te(-1)'x[0,0), j=1,2}
by the following formula® 2
(2.2) S[f)]= F(a)):fe*‘f(a)t) dt, w e (—p,, p,)-
0

Definition 2.3. The Sumudu transform of the Caputo fractional derivative is
defined as'!1?

m-1
(23) S[Dru(xt) |= @ “Su(xt)]- > o “*u(x,0), m-1<a<mmeN,
k=0

where u(k)(x,O) is the k-order derivative of u (x,t) with respecttot at t = 0.

Definition 2.4. The Mittag-Leffler function, a generalization of the exponential
function, is defined as?

0 n

2.4) E (2) =Zﬁ a eC,Re(a) >0,

where () is the well-known Gamma function.

3. Basic Idea of Sumudu Transform lterative Method

In order to illustrate the key concept of this method'?, we consider the
general fractional partial differential equation with initial conditions of the

type

(3.2) Dfu(x,t)+ Ru(x,t)+ Nu(x,t) =g(x,t), m—1l<a<m,meN,

(3.2) u(x,0)=h (x), k=0,1,2,...m-1,

where Du(x,t) is the Caputo fractional derivative of ordera, m-1<a<mmeN,

defined by equation (2.1), R is a linear operator and may include other fractional
derivatives of order less than « ,N is a non-linear operator which may include
other fractional derivatives of order less than o and g(x.t) is a known function.

Applying the Sumudu transform on both sides of equation (3.1), we
have

(3.3) S| Dfu(x,t) |+ S[Ru (x,t) + Nu(x,t)] = S[g(x,1)].
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By using the equation (2.3), we get
m-1

3.4)  S[u(x,t]=> @u®(x,00+®*S[g(x,1)] - @*S[Ru(x,t) + N u(x,1)].
k=0

On taking inverse Sumudu transform on equation (3.4), we have
m-1

(35)  u(xt)=Ss™ {a) (Za)““ku(k)(x, 0) + S[g(x,t)]ﬂ
k=0

-S* [ @S [Ru(x,t)+ Nu(x,1)] |.

Furthermore, we apply the iterative method proposed by Daftardar-Gejji and
Jafari3, which represents a solution in an infinite series of components as

(3.6) u(x ) =Y U, (x.1).

As Ris a linear operator, so we hf;e

(3.7) R[iui(x,t)j:iR[ui(x,t)],

and the non-linear operI;zor N is deC(I):r;posed as follows

(38) N [2ui(x,t)j =N [uo(x,t)]+i{N [Zi(;uj(x,t)j— N (i:uj(x,t)J} |

Substituting the results given by equations from (3.6) to (3.8) in the
equation (3.5), we get

(3.9) iui (x,t)=5" {a) (faf“ku(k)(x, 0)+S [g(x,t)]ﬂ

s {wS{ZRU(Xt)]JFN[U ) Z{ (Z“ (Xt)j (,I-zu‘(mj}”

We have formulated the recurrence relations as

(3.10) U, (X,t) = Sl{a}“ (mi o “*u®(x,0)+ S(g(x, t))ﬂ

(3.11) U, (x,t) = =S [ @S Ry (x,1))+ N (Us (x,1)) ] ],

(3.12) um+l(x,t):—S‘1[ { (U, (x,1)) { (Zu xt)J (, 1u,( )]H]

m>1.
Thus, the approximate analytical solution for equations (3.1) and (3.2) in
truncated series form is given by

3

I
o
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(3.13) u(x,t);Lim ium(x,t):uo(x,t)+ul(x,t)+u2(x,t)+u2(x,t)+....
% m=0

In general, solutions in the preceding series converge rapidly. The classical
approach to the convergence of this type of series was provided by
Daftardar-Gejji and Jafari?® and Bhalekar and Daftardar-Gejji%*.

4. Solutions of the fractional order Newell-Whitehead-Segel equations

In this part, the linear and non-linear time-fractional Newell-Whitehead-
Segel equations with initial conditions are solved using the STIM technique.

Example 1. We consider the following linear time-fractional Newell-
Whitehead-Segel equation 618

(4.1) Diu=u,—-2u, O<a<l,

with the initial condition

4.2) u(x,0)=e".

Taking the Sumudu transform of the above equation (4.1), we have
(4.3) S[Dfu]=5[u,]-2S[u]

By using equation (2.3), we have

(4.4) S[u(x,t)] =u(x,0)+ @“S[u,, |- 20*S[u].

Applying inverse Sumudu transform to the equation (4.4), we obtain
(4.5) u(x,t)=S"[u(x,0)]+s™ [a)“S [u, ]—20"S[u] }

Substituting the results from equations (3.6) to (3.8) in the equation (4.5)
and applying the equations (3.10) to (3.12), we determine the components of
the STIM solution as follows

(4.6) Up(x,t) = S [u(x,0)] =€,
4.7) u, (X, t) :S’l[a)“s [(Ug),, ]-20"S[u,] ] =—¢" ﬁ
(4.8) u,(x,t)=S" [afs [(ul +U, )XX] —20"S[ (U, +Up) ] ]

tZa

_S—l[was[(uo)xx]—Zw“S[uo] ] = —exm,

(4.9) uy(x,t) =S [a)"S [(u2 U Uy ] —20"S[(u, +Uy,)] ]

t3a
I'(3a+1)’
and so on. The other components can be determined in the same manner.
Therefore, the approximate analytical solution in series form can be derived as

_S‘l[a)“S[(ul +Up),, |- 207 S[u, + U, ] ] =—e
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(4.10) u(x,t)= ,Liglium(x,t) =U, (X, t) +u, (X, 1) + Uy (X,1) + U (X, 1) +...

) te t2a t3(1 . S (_ta )n
) T as) e | AT (naD)
Hence, the exact solution can be expressed as
(4.11) u(x,t)=e E,[-t].

The same result was achieved by Bairwa and Tyagi‘® using the ILTM technique.

Remark 1. For « =1, the result in equation (4.11) reduces to the following
simple form

(4.12) u(x,t)y=e*".

This result was previously reported by Nourazar et al. 2> using the HPM
approach.

(b)
Figure 1: Solution graph for Example 1: (a) The Exact solution (b) The
Approximate solution at o =1.

Example 2. We consider the following non-linear time-fractional Newell-
Whitehead-Segel equation 618

(4.13) D u=u, +2u—3u?
with the initial condition
(4.14) u((x,0)=4,

where A is a constant.
Taking the Sumudu transform of the above equation (4.13), we have

(4.15) S| Dfu]=5[u, +2u-3u].
Using equation (2.3) , we get
(4.16) S[u(x,t)]=u(x,0)+co”‘8[uXx +2u —3u2].
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Applying the inverse Sumudu transform to the equation (4.16), we obtain
(4.17) u(x,t)=S"[u(x,0)]+ s-l[a;“s [uxx +2u —3u2] J

Substituting the results from equations (3.6) to (3.8) in the equation (4.17) and
applying the equations (3.10) to (3.12), we determine the components of the
STIM solution as follows

(4.18) Up(x,t) = S [u(x,0)]= 1,

(4.19) u1<x,t)=s1[w“8[(uo)xx+2(uo)—3(Uoﬂ]=(”—3‘2>r(atil)'

(4.20)  u,(xt)= s-l[a)“s [(ul +Uy)  +2(u; +Uy)—3(u, +U, )2} J
-57| 078 (uy),, +2(1y)~3(w)’ |
2 F(Za +1) 3
T(a +1)}2 I'(3a+1)
(4.21)  u,(x,t)=S" [a)“S [(u2 +U; +Ug)  +2(U, +U; +Ug)—3(U, + U, +U, )2} }

_S‘{was[(ul g )y + 2 +Up) =3ty + Uy )ZH

=4(1-34)"(24-32%)

tZ(z

F(2a+1)

=2(1-34)(24-32%) -3(24-34%)

t3a

m—e(u—&#)x

;o T(2a+1) o T(Ba+1) t*
_(1‘6’1 +94 )WJ’Z(PM)(M_M )F(a +1)F(2a+1)]T(40!+1)
_' ol g T(at)) oo T(2a+)T(datl)| ™
L2(1-31) (22-37) r(2a+1))’ to(2a-at) {r(a+1)}3r(3a+1)}r(5a+1)

[(5a+1) t*

+36(1—3’1)(2/1 _3/12) {I(a +1)}2 [(3a+1)r(6a +1)

. T{(2a+1) T(6a+1) ¢
(T(a+1)} {T(3a+1)) T(Ta+1)

and so on. The other components can be determined in the same manner.
Therefore, the approximate analytical solution in series form can be derived as

—27(21—312)
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(4.22) u(xt)= ,Liglium(x,t) =U, (X, t) +u, (X, 1) + Uy (X,1) + Uz (X, 1) +...
t2a

F(2a+1)

ta

F(a +l)

+(24-32%)| 4(1-32)" -3(22-34°)

=1+(22-32%) +2(1-34)(24-34%)

r ( 20 + 1) t3« .
{F(a +1)}2 ['(3c+1)
The same result was achieved by Bairwa and Tyagi * using the ILTM technique.

Remark 2. For « =1, the result in equation (4.22) reduces to the following
simple form

t? t°
(423)  u(xt)=4+2(1-32)(24 _‘%2)5 +24(2-34)(274° -184+ 2)§+'”

_gﬂ e2t

3
2 e
3

This result was previously reported by Nourazar et al.?® using the HPM
approach.

100 q 100 9

085+ 0954

090 o 0804

559 s 0 s ]

0.0 030

075 073

T T T T T T T T T T
0 005 oo 015 020 0 005 oln 015 00
H t

(a) (b)
Figure 2 : Solution graph for Example 2, when A =1 : (a) The Exact solution (b) The
Approximate solution at o =1.

6. Conclusion
In this work, we have derived analytical solutions to the fractional model of

the Newell-Whitehead Segel equations using the Sumudu transform iterative
technique. The time fractional derivatives are considered in the sense of
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Caputo. In addition, the outcomes of this investigation are shown graphically,
and the solution graphs reveal that the approximate solutions are closely related
to the exact solutions.
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