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Abstract: In the present paper, some new contractions are introduced 

and fixed point theorems for such contractions are proved in bipolar 

metric spaces. Some examples are also presented to illustrate the main 

results. 
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1. Introduction 

 

Now a days, fixed point theory is the major area of research in non-linear 

analysis. In 1922, Banach1 gave a contraction principle to obtain the fixed 

point of a self-map. Due to lots of applications of fixed point theory in other 

subjects, the researchers have generalized metric space as well as Banach 

contraction principle. In 2013, Farhana et al.2 provided some fixed point 

theorems for 𝛼-admissible mappings. In 2016, Mutlu et al. 3 introduced a new 

metric space, called bipolar metric space. Since then, many authors proved 

various fixed point theorems in bipolar metric space4-6. In this paper, we shall 

also introduce some 𝛼-admissible mappings.   

Definition 1.1.3 Let Ԡ and Ԣ are two non-void sets and ℋ ∶ Ԡ × Ԣ →
[0, ∞) be a function such that: 

(BP1) ℋ(ҙ, ҫ) = 0  ⇔  ҙ =  ҫ, where (ҙ, ҫ) ∈ Ԡ × Ԣ; 

(BP2) ℋ(ҙ, ҫ) = ℋ(ҫ, ҙ) for all ҙ, ҫ ∈ Ԡ ∩ Ԣ; 

(BP3) ℋ(ҙ1, ҫ2) ≤ ℋ(ҙ1, ҫ1) + ℋ(ҙ2, ҫ1) + ℋ(ҙ2, ҫ2) for all ҙ1, ҙ2 ∈ Ԡ 

and  ҫ1, ҫ2 ∈ Ԣ. 

Then ℋ is bipolar metric and (Ԡ, Ԣ, ℋ) is bipolar metric space. 

If  Ԡ ∩ Ԣ = ∅,  then space is called disjoint otherwise joint. The set Ԡ is 

called left pole and Ԣ is called right pole of bipolar metric space (Ԡ, Ԣ, ℋ)  
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and any element of left pole (Ԡ), right pole (Ԣ)  and  Ԡ ∩ Ԣ is called left 

element, right element and central element respectively. 

Example 1.2.6 Let Ԡ ={𝑈𝑚(ℝ): 𝑈𝑚(ℝ) is an upper triangular matrix of order 

𝑚 over ℝ} and Ԣ = {𝑉𝑚(ℝ): 𝑉𝑚(ℝ) is a lower triangular matrix of order 𝑚 

over ℝ}. 

Define ℋ ∶ Ԡ × Ԣ → [0, ∞)  by ℋ(𝑃, 𝑄) = ∑ |𝑝𝑖𝑗 − 𝑞𝑖𝑗|𝑚
𝑖,𝑗=1  for all  

𝑃 = (𝑝𝑖𝑗)𝑚×𝑚 ∈ 𝑈𝑚(ℝ), and 𝑄 = (𝑞𝑖𝑗)𝑚×𝑚 ∈ 𝑉𝑚(ℝ). Then, clearly, 

(Ԡ, Ԣ, ℋ) is a bipolar metric space.  

Definition 1.3.4 Let (Ԡ, Ԣ, ℋ)   be a bipolar metric space. Then any 

sequence (ҙ𝑛) ⊆ Ԡ  is called left sequence and is said to be convergent to 

right element say ‘ҫ’ if ℋ(ҙ𝑛, ҫ) → 0  as 𝑛 → ∞. Similarly, a right sequence 
(ҫ𝑛) ⊆ Ԣ  is said to be convergent to a left element say ‘ҙ’ if  ℋ(ҙ, ҫ𝑛) → 0  

as  𝑛 → ∞. 

Definition 1.4.3 Let (Ԡ1, Ԣ1, ℋ1) and (Ԡ2, Ԣ2, ℋ2)  are two bipolar metric 

spaces. Let Ћ ∶  Ԡ1 ∪ Ԣ1  →  Ԡ2 ∪ Ԣ2  be a function: 

(i) If Ћ(Ԡ1) ⊆ Ԡ2 and Ћ(Ԣ1)  ⊆ Ԣ2 , then Ћ is called covariant map 

and is denoted by  

Ћ ∶ (Ԡ1, Ԣ1, ℋ1)   ⇉ (Ԡ2, Ԣ2, ℋ2). 

(ii) If  Ћ(Ԡ1)  ⊆ Ԣ2 and Ћ(Ԣ1) ⊆ Ԡ2, then Ћ is called contravariant 

map and is denoted by 

Ћ ∶ (Ԡ1, Ԣ1, ℋ1)   ⤨ (Ԡ2, Ԣ2, ℋ2). 

Definition 1.5.3 Let (Ԡ1, Ԣ1, ℋ1) and (Ԡ2, Ԣ2, ℋ2)  are two bipolar metric 

spaces. 

(i) A map Ћ ∶  (Ԡ1, Ԣ1, ℋ1)   ⇉ (Ԡ2, Ԣ2, ℋ2) is called left continuous 

at a point ҙ0 ∈ Ԡ1 if for every 𝜖 > 0 there exists 𝛿 > 0 such that 

ℋ2(Ћҙ0, Ћҫ) < 𝜀 whenever ℋ1(ҙ0, ҫ) < 𝛿. 
(ii) A map Ћ ∶  (Ԡ1, Ԣ1, ℋ1)   ⇉ (Ԡ2, Ԣ2, ℋ2) is called right 

continuous at a point ҫ0 ∈ Ԣ1 if for every 𝜖 > 0 there exists 𝛿 > 0 

such that ℋ2(Ћҙ, Ћҫ0) < 𝜀 whenever ℋ1(ҙ, ҫ0) < 𝛿. 
(iii) A map Ћ is called continuous, if it is left continuous at each ҙ0 ∈ Ԡ1  

and right continuous at each ҫ0 ∈ Ԣ1.   
(iv) A contravariant map Ћ ∶  (Ԡ1, Ԣ1, ℋ1) ⤨ (Ԡ2, Ԣ2, ℋ2) is 

continuous if and only if it is continuous as a covariant map Ћ ∶
 (Ԡ1, Ԣ1, ℋ1)   ⇉ (Ԡ2, Ԣ2, ℋ2).   

Definition 1.6.3 Let  (Ԡ, Ԣ, ℋ) be a bipolar metric space. 

(i) A sequence (ҙ𝑛, ҫ𝑛) on the set Ԡ × Ԣ  is called a bisequence on  

(Ԡ,Ԣ, ℋ). 
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(ii) If both the sequences (ҙ𝑛) and (ҫ𝑛) converge, then 

bisequence (ҙ𝑛, ҫ𝑛) is said to be convergent. If both the sequences 

(ҙ𝑛) and (ҫ𝑛) converge to same point 𝑣 ∈  Ԡ ∩ Ԣ, then this 

bisequence is said to be biconvergent. 

(iii) A bisequence (ҙ𝑛, ҫ𝑛) on  (Ԡ,Ԣ, ℋ)  is said to be Cauchy 

bisequence, if for each 𝜖 > 0 

there exists a positive integer 𝑁 ∈ ℕ such that ℋ(ҙ𝑛, ҫ𝑚) < 𝜖 for all 𝑛, 𝑚 ≥
𝑁. 

(iv) A bipolar metric space is said to be complete if every Cauchy bisequence 

is convergent in this space. 

Definition 1.7.5 Let Ћ ∶ (Ԡ, Ԣ)  ⤨ (Ԡ, Ԣ) and 𝛼 ∶  Ԡ × Ԣ → [0, ∞). Then 

Ћ is said to be 𝛼-admissible (contravariant) if  

𝛼(ҙ, ҫ) ≥ 1 implies 𝛼(Ћҫ, Ћҙ) ≥ 1, for all (ҙ, ҫ) ∈ Ԡ × Ԣ. 

 

2. Main Results 

  

Here, we will discuss fixed point results for 𝛼-admissible mappings in 

complete bipolar metric spaces. 

Theorem 2.1. Let  (Ԡ, Ԣ, ℋ) be a complete bipolar metric space and  

Ћ ∶ (Ԡ, Ԣ)  ⤨ (Ԡ, Ԣ) be a contravariant 𝛼-admissible mapping. Suppose 

Ҩ ∶ [0, ∞) → [0, 1] a function and {𝑡𝑛} in [0, ∞) is a sequence which is 

bounded and Ҩ(𝑡𝑛) → 1 implies 𝑡𝑛  → 0 as 𝑛 → ∞. 

Then if  

(2.1)   (ℋ(Ћҫ, Ћҙ)𝛼(ҙ, Ћҙ)𝛼(Ћҫ, ҫ) +  1)ℋ(Ћҫ,Ћҙ) ≤  2Ҩ(ℋ(ҙ,ҫ))ℋ(ҙ,ҫ),  

for all (ҙ, ҫ) ∈ Ԡ × Ԣ and 𝑙 ≥ 1.                   

Let Ћ is continuous and ∃ ҙ0  ∈ Ԡ such that 𝛼(ҙ0,  Ћҙ0) ≥ 1. 

Then, Ћ𝑤 = 𝑤 . 

       Proof: Let ҙ0 ∈ Ԡ with 𝛼(ҙ0,  Ћҙ0) ≥ 1. Construct two sequences (ҙ𝑛) 

and (ҫ𝑛) such that Ћҙ𝑛 = ҫ𝑛 and  Ћҫ𝑛 = ҙ𝑛+1.  

Then,(ҙ𝑛, ҫ𝑛) is a bisequence on  (Ԡ, Ԣ, ℋ).  

𝛼(ҙ0, ҫ0) = 𝛼(ҙ0,  Ћҙ0) ≥ 1 ⇒ 𝛼(Ћҫ0,  Ћҙ0) = 𝛼(ҙ1, ҫ0) ≥ 1, 

𝛼(ҙ1, ҫ0) ≥ 1 ⇒  𝛼(Ћҫ0,  Ћҙ0) = 𝛼(ҙ1, ҫ1) ≥ 1, 

𝛼(ҙ1, ҫ1) ≥ 1 ⇒ 𝛼(Ћҫ1,  Ћҙ1) = 𝛼(ҙ2, ҫ1) ≥ 1, 

𝛼(ҙ2, ҫ1) ≥ 1 ⇒  𝛼(Ћҫ1,  Ћҙ2) = 𝛼(ҙ2, ҫ2) ≥ 1. 

By repeating this process, we have 

(2.2)          𝛼(ҙ𝑛+1,  ҫ𝑛) ≥ 1      and        𝛼(ҙ𝑛,  ҫ𝑛) ≥ 1. 

for all 𝑛 ∈ ℕ. 
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Now, by the equation (2.1), we have 

(2.3)  2ℋ(ҙ𝑛,ҫ𝑛) ≤ (𝛼(ҙ𝑛, Ћҙ𝑛)𝛼(Ћҫ𝑛−1, ҫ𝑛−1) + 1)ℋ(Ћҫ𝑛−1,Ћҙ𝑛)  

                      ≤  2Ҩ(ℋ(ҙ𝑛,ҫ𝑛−1))ℋ(ҙ𝑛,ҫ𝑛−1).                                                                                      

This implies that  

(2.4)                            ℋ(ҙ𝑛, ҫ𝑛) ≤ ℋ(ҙ𝑛, ҫ𝑛−1).                                                                                                     

Again, equation (2.1) implies that 

(2.5)  2ℋ(ҙ𝑛+1,ҫ𝑛) ≤ (𝛼(ҙ𝑛, Ћҙ𝑛)𝛼(Ћҫ𝑛, ҫ𝑛) +  1)ℋ(Ћҫ𝑛,Ћҙ𝑛)  

                     ≤  2Ҩ(ℋ(ҙ𝑛,ҫ𝑛))ℋ(ҙ𝑛,ҫ𝑛).                                         

This implies that  

(2.6)                           ℋ(ҙ𝑛+1, ҫ𝑛) ≤ ℋ(ҙ𝑛, ҫ𝑛).               

From equations (2.4) and (2.6), we have 

ℋ(ҙ𝑛, ҫ𝑛) ≤ ℋ(ҙ𝑛−1, ҫ𝑛−1) for all 𝑛 ∈ ℕ. 

It follows that the sequence {ℋ(ҙ𝑛, ҫ𝑛)} is a non-increasing sequence of 

positive real numbers. So, it is convergent and supposes that  

lim
𝑛 → ∞

ℋ(ҙ𝑛, ҫ𝑛) = 𝑑. 

Clearly, 𝑑 ≥ 0.  

Claim: 𝑑 = 0. 

Equations (2.3) and (2.6) implies that 

ℋ(ҙ𝑛,ҫ𝑛)

ℋ(ҙ𝑛−1,ҫ𝑛−1) 
 ≤  Ҩ(ℋ(ҙ𝑛, ҫ𝑛−1))  ≤ 1,  

This implies that lim
𝑛 → ∞

Ҩ(ℋ(ҙ𝑛, ҫ𝑛−1) ) = 1. 

By applying the property of the function Ҩ, we conclude that  

(2.7)                             lim
𝑛 → ∞

ℋ(ҙ𝑛, ҫ𝑛−1) = 0.                                                                                                                      

Similarly, one can prove easily that  

(2.8)                               lim
𝑛 → ∞

ℋ(ҙ𝑛, ҫ𝑛) = 0.                                                                                                                          

Now, we will show that {(ҙ𝑛, ҫ𝑛)} is a Cauchy bisequence. If possible 

suppose that {(ҙ𝑛, ҫ𝑛)} is not a Cauchy bisequence. Then there exists ∈ > 0 

and sequences 𝑢(ᵹ) and 𝑣(ᵹ) such that for all positive integers ᵹ, we have  

𝑣(ᵹ) >  𝑢(ᵹ) >  ᵹ, ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≥ ∈ and  ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)−1) < ∈.  

By the definition of bipolar metric space and using the above, we have 

∈ ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)−1) +  ℋ(ҙ𝑢(ᵹ)−1, ҫ𝑢(ᵹ)−1) + ℋ(ҙ𝑢(ᵹ)−1, ҫ𝑢(ᵹ))  

Approaching the limit as ᵹ →  +∞ in the above inequality and using 

equations (2.7) and (2.8), we get 
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(2.9)                            lim
ᵹ → +∞

ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) = ∈.                                                                                                                  

Again by triangle inequality, we have 

 ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑣(ᵹ)+1) +  ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑣(ᵹ)+1) +  ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)),  

ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑣(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ), ҫ𝑣(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ))  

Taking the limit as ᵹ →  +∞, together using equations (2.7) and (2.8), we 

found that 

(2.10)                      lim
ᵹ → +∞

ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)) = ∈.  

Again by triangle inequality, we have 

 ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑣(ᵹ)) +  ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) +  ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑢(ᵹ)),  

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑛(ᵹ)) ≤ ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑢(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑣(ᵹ))  

Taking the limit as ᵹ →  +∞, together using equations (2.7)-(2.10), we 

deduce that 

(2.11)      lim
ᵹ → +∞

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) = ∈.          

From equations (2.1) and (2.11), we have 

2ℋ(ҙ𝑣(ᵹ)+1,ҫ𝑢(ᵹ)) ≤  (𝛼(ҙ𝑢(ᵹ)+1, Ћҙ𝑢(ᵹ)+1)𝛼(Ћҫ𝑛(ᵹ), ҫ𝑣(ᵹ)) +  1)ℋ(ҙ𝑣(ᵹ)+1,ҫ𝑢(ᵹ)) , 

                          = (𝛼(ҙ𝑢(ᵹ)+1, Ћҙ𝑢(ᵹ)+1)𝛼(Ћҫ𝑣(ᵹ), ҫ𝑣(ᵹ)) +  1)ℋ(ҙ𝑣(ᵹ)+1,ҫ𝑢(ᵹ))   

                          ≤  Ҩ(ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ))ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ))   

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) ≤  Ҩ(ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ))ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ))  

Letting ᵹ → ∞ in above inequality, we obtain that 

lim
𝑛 → ∞

Ҩ(ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ) = 1 , that is 

lim
𝑛 → ∞

ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ))  = 0 <∈. 

a contradiction.  

So, (ҙ𝑛, ҫ𝑛) is a Cauchy bisequence.  

Since (Ԡ, Ԣ, ℋ) is a complete bipolar metric space, so (ҙ𝑛, ҫ𝑛) is convergent 

and thus biconverges to a point 𝑤 ∈ Ԡ ∩ Ԣ and ҙ𝑛 → 𝑤, ҫ𝑛 → 𝑤 ∈ Ԡ ∩ Ԣ. 

Since Ћ is a continuous map,  ҙ𝑛 → 𝑤 implies that ҫ𝑛 = Ћҙ𝑛 → Ћ𝑤 and ҫ𝑛 →
𝑤 implies that ҙ𝑛+1 = Ћҫ𝑛 → Ћ𝑤.  By the uniqueness of the limit, we obtain 

that Ћ𝑤 = 𝑤. Hence 𝑤 is the fixed point. 

Theorem 2.2. Let  (Ԡ, Ԣ, ℋ) be a complete bipolar metric space and Ћ ∶
(Ԡ, Ԣ)  ⤨ (Ԡ, Ԣ) be a contravariant 𝛼-admissible mapping. Let Ҩ ∶
[0, ∞) → [0, 1] be a function and {𝑡𝑛} is a sequence of positive reals, which 

is bounded and Ҩ(𝑡𝑛) → 1 implies 𝑡𝑛  → 0 as → ∞ . If 
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(2.12)  (ℋ(Ћҫ, Ћҙ) +  𝑙)𝛼(ҙ,Ћҙ)𝛼(Ћҫ,ҫ) ≤  Ҩ(ℋ(ҙ, ҫ))ℋ(ҙ, ҫ) +  𝑙,      

for all (ҙ, ҫ) ∈ Ԡ × Ԣ and 𝑙 ≥ 1.                   
If Ћ is continuous and ∃ ҙ0  ∈ Ԡ such that 𝛼(ҙ0,  Ћҙ0) ≥ 1, Then, Ћw = w. 

       Proof: Let ҙ0 ∈ Ԡ with 𝛼(ҙ0,  Ћҙ0) ≥ 1. Construct two sequences (ҙ𝑛) 

and (ҫ𝑛) such that Ћҙ𝑛 = ҫ𝑛 and  Ћҫ𝑛 = ҙ𝑛+1. Then,(ҙ𝑛, ҫ𝑛) is a bisequence 

on  (Ԡ, Ԣ, ℋ).  

𝛼(ҙ0, ҫ0) = 𝛼(ҙ0,  Ћҙ0) ≥ 1 ⇒ 𝛼(Ћҫ0,  Ћҙ0) = 𝛼(ҙ1, ҫ0) ≥ 1, 

𝛼(ҙ1, ҫ0) ≥ 1 ⇒  𝛼(Ћҫ0,  Ћҙ0) = 𝛼(ҙ1, ҫ1) ≥ 1, 

𝛼(ҙ1, ҫ1) ≥ 1 ⇒ 𝛼(Ћҫ1,  Ћҙ1) = 𝛼(ҙ2, ҫ1) ≥ 1, 

𝛼(ҙ2, ҫ1) ≥ 1 ⇒  𝛼(Ћҫ1,  Ћҙ2) = 𝛼(ҙ2, ҫ2) ≥ 1. 

By repeating this process, we have 

(2.13)                𝛼(ҙ𝑛+1,  ҫ𝑛) ≥ 1       and         𝛼(ҙ𝑛,  ҫ𝑛) ≥ 1.   

Now, by the equation (2.12), we have 

(2.14)  ℋ(ҙ𝑛, ҫ𝑛) + 𝑙 = ℋ(Ћҫ𝑛−1, Ћҙ𝑛) + 𝑙  

       ≤ (ℋ(Ћҫ𝑛−1, Ћҙ𝑛) +  𝑙)𝛼(ҙ𝑛,Ћҙ𝑛)𝛼(Ћҫ𝑛−1,ҫ𝑛−1) 

                                     ≤  Ҩ(ℋ(ҙ𝑛, ҫ𝑛−1))ℋ(ҙ𝑛, ҫ𝑛−1) +  𝑙.                     

This implies that  

(2.15)                              ℋ(ҙ𝑛, ҫ𝑛) ≤ ℋ(ҙ𝑛, ҫ𝑛−1).   

Again, equation (2.12) implies that 

(2.16)          ℋ(ҙ𝑛+1, ҫ𝑛) + 𝑙 = ℋ(Ћҫ𝑛, Ћҙ𝑛) + 𝑙  

        ≤ (ℋ(Ћҫ𝑛, Ћҙ𝑛) +  𝑙)𝛼(ҙ𝑛,Ћҙ𝑛)𝛼(Ћҫ𝑛,ҫ𝑛) 

                                                ≤  Ҩ(ℋ(ҙ𝑛, ҫ𝑛))ℋ(ҙ𝑛, ҫ𝑛) +  𝑙.            

This implies that  

(2.17)                               ℋ(ҙ𝑛+1, ҫ𝑛) ≤ ℋ(ҙ𝑛, ҫ𝑛).   

From equations (2.15) and (2.17), we have 

ℋ(ҙ𝑛, ҫ𝑛) ≤ ℋ(ҙ𝑛−1, ҫ𝑛−1) for all 𝑛 ∈ ℕ. 

It follows that the sequence {ℋ(ҙ𝑛, ҫ𝑛)} is a non-increasing sequence of 

positive real numbers. So, it is convergent and assumes that  

lim
𝑛 → ∞

ℋ(ҙ𝑛, ҫ𝑛) = 𝑑. 

Clearly, 𝑑 ≥ 0.  

Claim: 𝑑 = 0. 
Equations (2.14) and (2.17) implies that 

ℋ(ҙ𝑛,ҫ𝑛)

ℋ(ҙ𝑛−1,ҫ𝑛−1) 
 ≤  Ҩ(ℋ(ҙ𝑛, ҫ𝑛−1))  ≤ 1,  
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This implies that lim

𝑛 → ∞
Ҩ(ℋ(ҙ𝑛, ҫ𝑛−1) ) = 1. 

Applying the property of the function Ҩ, we get  

(2.18)                                 lim
𝑛 → ∞

ℋ(ҙ𝑛, ҫ𝑛−1) = 0.     

Similarly, one can prove easily that  

(2.19)                                   lim
𝑛 → ∞

ℋ(ҙ𝑛, ҫ𝑛) = 0.      

Now, we will show that (ҙ𝑛, ҫ𝑛) is a Cauchy bisequence. Let us suppose, if 

possible that (ҙ𝑛, ҫ𝑛) is not a Cauchy bisequence. Then there exists ∈ > 0 and 

sequences 𝑢(ᵹ) and 𝑣(ᵹ) such that for all positive integersᵹ, we have  

𝑣(ᵹ) >  𝑢(ᵹ) >  ᵹ, ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≥ ∈ and  ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)−1) < ∈. 

By the definition of bipolar metric space and using above, we have 

∈ ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)−1) + ℋ(ҙ𝑢(ᵹ)−1, ҫ𝑢(ᵹ)−1) + ℋ(ҙ𝑢(ᵹ)−1, ҫ𝑢(ᵹ)) 

Putting the limit as ᵹ →  +∞ in the above inequality and using equations 

(2.18) and (2.19), we get 

(2.20)                          lim
ᵹ → +∞

ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) = ∈.     

Again by triangle inequality, we have 

ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑣(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑣(ᵹ)+1) +  ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)), 

ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑣(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ), ҫ𝑣(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) 

Taking the limit as ᵹ →  +∞, together using equations (2.18) and (2.19), we 

deduce that 

(2.21)                          lim
ᵹ → +∞

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) = ∈.                                                                      

Again by triangle inequality, we have 

 ℋ(ҙ𝑣(ᵹ), ҫ𝑢(ᵹ)) ≤ ℋ(ҙ𝑣(ᵹ), ҫ𝑣(ᵹ)) +  ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) +  ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑢(ᵹ)),  

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) ≤ ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑢(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)+1) + ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑣(ᵹ)) 

Taking the limit as ᵹ →  +∞, together using equations (2.18)-(2.21), we 

deduce that 

(2.22)                           lim
ᵹ → +∞

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) = ∈.   

From equations (2.12) and (2.22), we have 

ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)+1) + 𝑙 ≤ (ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)+1) +  𝑙)𝛼(ҙ𝑢(ᵹ)+1,Ћҙ𝑢(ᵹ)+1)𝛼(Ћҫ𝑣(ᵹ),ҫ𝑣(ᵹ))  

                                = Ҩ(ℋ(Ћҫ𝑣(ᵹ), Ћ ҙ𝑢(ᵹ)+1) + 𝑙)
𝛼(ҙ𝑢(ᵹ)+1,Ћҙ𝑢(ᵹ)+1)𝛼(Ћҫ𝑣(ᵹ),ҫ𝑣(ᵹ))

  

              ≤  Ҩ(ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑛(ᵹ))ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) +  𝑙   
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Thus 

ℋ(ҙ𝑣(ᵹ)+1, ҫ𝑢(ᵹ)+1) ≤  Ҩ(ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ))ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) 

Letting ᵹ → ∞ in above inequality, we obtain that 

lim
ᵹ → ∞

Ҩ(ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ)) ) = 1, 

that is,  

lim
ᵹ → ∞

ℋ(ҙ𝑢(ᵹ)+1, ҫ𝑣(ᵹ))  = 0 < ∈. 

a contradiction.  

So, (ҙ𝑛, ҫ𝑛) is a Cauchy bisequence.  

Since (Ԡ, Ԣ, ℋ) is a complete bipolar metric space, so {(ҙ𝑛, ҫ𝑛)} is 

convergent and thus biconverges to a point 𝑤 ∈ Ԡ ∩ Ԣ and ҙ𝑛 → 𝑤, ҫ𝑛 →
𝑤 ∈ Ԡ ∩ Ԣ. 

Since Ћ is a continuous map,  ҙ𝑛 → 𝑤 implies that ҫ𝑛 = Ћҙ𝑛 → Ћ𝑤 and ҫ𝑛 →
𝑤 implies that ҙ𝑛+1 = Ћҫ𝑛 → Ћ𝑤.  By the uniqueness of the limit, we obtain 

that Ћ𝑤 = 𝑤. 

Hence 𝑤 is the fixed point. 

Example 2.3. Let Ԡ = (−∞, 0], Ԣ = [0, ∞) and ℋ ∶  (−∞, 0] × [0, ∞) →
[0, ∞)  as ℋ(ҙ, ҫ) = |ҙ − ҫ|. 
Clearly,  (Ԡ, Ԣ, ℋ) is a complete bipolar metric space. 

Define Ћ ∶  ((−∞, 0], [0, ∞))  ⤨ ((−∞, 0], [0, ∞)) as =
−ҙ

3
 . 

Clearly, Ћ is a contravariant map. 

Let 𝛼(ҙ, ҫ) = 1 and Ҩ𝑡 =
1

2
. 

Now left hand side of equation (2.1) becomes 

(2.23)            (ℋ(Ћҫ, Ћҙ)𝛼(ҙ, Ћҙ)𝛼(Ћҫ, ҫ) +  1)ℋ(Ћҫ,Ћҙ) = 2
1

3
|ҙ+ҫ|

.                                    

And right hand side becomes 

(2.24)                                 2Ҩ(ℋ(ҙ,ҫ))ℋ(ҙ,ҫ) = 2
1

2
|ҙ−ҫ|

 .  

As ҙ is negative real number, so  

2
1

3
|ҙ+ҫ|

≤ 2
1

2
|ҙ−ҫ|

. 

Hence, equation (2.1) holds.  

Since, Ћ is continuous and  𝛼-admissible.  

So, Theorem 2.1 is hold.  

Hence, 0 is the fixed point of Ћ.  

Example 2.4. Let Ԡ = (−∞, 0], Ԣ = [0, ∞) and ℋ ∶  (−∞, 0] × [0, ∞) →
[0, ∞)  as ℋ(ҙ, ҫ) = |ҙ − ҫ|. 
Clearly,  (Ԡ, Ԣ, ℋ) is a complete bipolar metric space. 
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Taking Ћ ∶  ((−∞, 0], [0, ∞))  ⤨ ((−∞, 0], [0, ∞)) as =
−ҙ

4
 . 

Clearly, Ћ is a contravariant map. 

Define 𝛼(ҙ, ҫ) = 1 and Ҩ𝑡 =
1

3
, 𝑙 ≥ 1. 

Now left hand side of equation (2.12) becomes 

(2.25)                    (ℋ(Ћҫ, Ћҙ) +  𝑙)𝛼(ҙ,Ћҙ)𝛼(Ћҫ,ҫ) =
1

4
|ҙ + ҫ| + 𝑙.  

And right hand side becomes 

(2.26)                     Ҩ(ℋ(ҙ, ҫ))ℋ(ҙ, ҫ) +  𝑙 =
1

3
|ҙ − ҫ| + 𝑙 .                       

As ҙ is negative real number, so  

1

4
|ҙ + ҫ| + 𝑙 ≤

1

3
|ҙ − ҫ| + 𝑙. 

Hence, equation (2.12) holds.  

Since, Ћ is continuous and  𝛼-admissible.  

So, Theorem 2.1 is hold.  

Hence, 0 is the fixed point of Ћ. 
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