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Abstract: In the present paper, some new contractions are introduced
and fixed point theorems for such contractions are proved in bipolar
metric spaces. Some examples are also presented to illustrate the main
results.
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1. Introduction

Now a days, fixed point theory is the major area of research in non-linear
analysis. In 1922, Banach! gave a contraction principle to obtain the fixed
point of a self-map. Due to lots of applications of fixed point theory in other
subjects, the researchers have generalized metric space as well as Banach
contraction principle. In 2013, Farhana et al.? provided some fixed point
theorems for a-admissible mappings. In 2016, Mutlu et al. 2 introduced a new
metric space, called bipolar metric space. Since then, many authors proved
various fixed point theorems in bipolar metric space*®. In this paper, we shall
also introduce some a-admissible mappings.

Definition 1.1.2 Let Jh and Hy are two non-void sets and 7 : JH X Hy —
[0, o) be a function such that:

(BP1) H(3,¢) =0 & 3= ¢, where (3,¢) € Jh x H;

(BP2) H(3,¢) = H(¢,3) forall 3¢ € /b N by;

(BP3) H(31,¢2) < H(31,¢1) + H(32,¢1) + H (32, ¢2) forall 34,3, € Jb

and ¢;,¢, € Hy.

Then 7 is bipolar metric and (Jb, Hy, H) is bipolar metric space.
If JhnHy =@, then space is called disjoint otherwise joint. The set Jh is
called left pole and H, is called right pole of bipolar metric space (Jb, Hy, H)
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and any element of left pole (Jb), right pole (Hy) and Jh N Hy is called left
element, right element and central element respectively.

Example 1.2.% Let J ={U,,(R): U,,(R) is an upper triangular matrix of order
m over R} and Hy = {V,,,(R): V,,,(R) is a lower triangular matrix of order m
over R}.

Define 7 : Jh x Hy = [0, ) by H(P,Q) = X]_4|pi; — qi;| for all

P = (Dij))mxm € Un(R), and Q = (q;j)mxm € Vm(R). Then, clearly,
(Jb, Hy, H) is a bipolar metric space.

Definition 1.3.4 Let (Jb,H, ) be a bipolar metric space. Then any
sequence (3,) S Jh is called left sequence and is said to be convergent to
right element say ‘¢’ if H (3,,¢) = 0 asn — oo. Similarly, a right sequence
(¢n) € Hy is said to be convergent to a left element say ‘3’ if H(3,¢,) = 0
as n — oo,

Definition 1.4.3 Let (Jby, Hy, ;) and (Jh,, Hy,, H5,) are two bipolar metric
spaces. Let h : Jh; U Hy; — Jh, U Hy, be a function:
(i) IfhUb,) € Jh,and h(Hy,) S Hy,, then h is called covariant map
and is denoted by

h 2 (Jby, By, H7) 3 (Uby, By, Hy).
(i) If A(Ubh;) € Hy, and h(H;) S Jh,, then K is called contravariant
map and is denoted by
h: (Jby, Hyy, H1) R (Uby, By, H).
Definition 1.5.3 Let (Jby, Hy,, ;) and (Jh,, Hy,, H,) are two bipolar metric
spaces.

(i) Amaph: (Jbhy, B, Hy) 3 (Uhy, Hy,, H,) is called left continuous
at a point 3, € Jh, if for every € > 0 there exists § > 0 such that
H,(h3y, B¢) < & whenever H; (3, ¢) < 6.

(i) A map ThH: (Jby, W, Hy) 3 by, H,, H,)is called right
continuous at a point ¢, € Hy, if for every € > 0 there exists § > 0
such that H, ('hs, h¢y) < € whenever H; (3,¢0) < 6.

(iii)) A map h is called continuous, if it is left continuous at each 3, € Jh;
and right continuous at each ¢, € Hy;.

(iv) A contravariant map h: (Jhy, Hy, Hy) X (Jhy, Hyy, H,) s
continuous if and only if it is continuous as a covariant map h :
(Iblr I-blr}[l) 3 (-}bZ' H)Z':]-[Z)-

Definition 1.6.3 Let (Jh, Hy, /) be a bipolar metric space.
(i) A sequence (3,,¢,) On the set JH x Hy is called a bisequence on

(b, By, 3).
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(i) If both the sequences (3,) and (¢,) converge, then
bisequence (3,,, ¢,) is said to be convergent. If both the sequences
(3,) and (g¢,) converge to same point v € JH N I, then this
bisequence is said to be biconvergent.
(iii) A bisequence (3,,¢,) on (Jh,Hh,H) is said to be Cauchy
bisequence, if foreach e > 0
there exists a positive integer N € N such that H (3, ¢;,) < € forall n,m >
N.
(iv) A bipolar metric space is said to be complete if every Cauchy bisequence
IS convergent in this space.
Definition 1.7.5 Let h : (Jbh, ) X (Jb,H) and a : Jh X Hy — [0, ). Then
h is said to be a-admissible (contravariant) if
a(3,¢) = 1 implies a(h¢, h3) = 1, forall (3,¢) € /h X Hy.

2. Main Results

Here, we will discuss fixed point results for a-admissible mappings in
complete bipolar metric spaces.

Theorem 2.1. Let (Jh, Hy, H') be a complete bipolar metric space and
h: (Jh, Hy) X (Jb, Hy) be a contravariant a-admissible mapping. Suppose
@: [0,00) — [0,1] a function and {t,} in [0,) is a sequence which is
bounded and @(t,,) —» 1 impliest, —» 0asn — co.

Then if

(21) (K (B¢ B3)a(3 Ba)a(Be,¢) + 1)H BB < 20HGAHGO,
forall (3,¢) e Jh xHhandl > 1.

Let h is continuous and 3 3, € Jh such that a(3,, h3,) = 1.

Then, hw = w .

Proof: Let 3, € Jh with a(3,, h3,) = 1. Construct two sequences (3,,)
and (¢,) such that h3,, = ¢, and he¢, = 3,41
Then,(3,,, ¢,) is a bisequence on (Jh, Hy, H).

a(30,60) = a(30, h39) = 1 = a(h¢o, B3p) = a(31,60) = 1,
a(31,¢0) = 1= a(hey, B3p) = a(31,¢1) = 1,
a(31,¢1) = 1= a(hey, h3y) = a32,¢1) = 1,
a(32,¢1) 21> a(hey, B3y) = a3z, ¢2) = 1.
By repeating this process, we have
(2.2) aBn+1, ) =1 and a3y, ¢p) =1
forall n € N.
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Now, by the equation (2.1), we have

(23)  2MCno) < (a(3n, B3n)a(Bgn 1, Gnog) + 1) Bin-rhin)
< 20(HGren-1)HGnn-1)

This implies that

(24) }[(371; Cn) < }[(371' cn—l)-
Again, equation (2.1) implies that
(2.9) 2HGneen) < (a(3p, B3n) @ (B, ¢p) + 1)7 RenBin)

< 20(HGnen))HGnin)
This implies that
(2.6) H Bns1, 6n) < H(Gn, 6n)-
From equations (2.4) and (2.6), we have
H 3 ¢n) < H(3p-1,6n-1) foralln € N,

It follows that the sequence {# (3,,¢,)} is a non-increasing sequence of
positive real numbers. So, it is convergent and supposes that

lim 3 (B Gn) = d.

Clearly, d = 0.
Claim: d = 0.
Equations (2.3) and (2.6) implies that

_HGnn)

Ty = QG 6n-1)) <1,

This implies that lim Q(H (3,,,¢,-1) ) = 1.
n-— oo
By applying the property of the function @, we conclude that

(2.7) im FH (3 ¢n-1) = 0.
Similarly, one can prove easily that
(2.8) nli_r)nooil-[(3n, ¢n) = 0.

Now, we will show that {(3,,¢,)} is a Cauchy bisequence. If possible
suppose that {(3,, ¢,)} is not a Cauchy bisequence. Then there exists € > 0
and sequences u(g) and v(g) such that for all positive integers g, we have
v(®) > u(@) > 5H (3o, Cutp) = €and H(3u), Cug-1) < E-
By the definition of bipolar metric space and using the above, we have
€= j"[(317(3)' cu(zs)) = jr'[(317(55)' Cu(zs)—l) + 7'[(3u(3)—1' Cu(s)—l) + 7{(3u(5)—1r (?u(s))

Approaching the limit as g — 4oco in the above inequality and using
equations (2.7) and (2.8), we get
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(2.9) lim }[(317(5)’ Cu(zs)) =&

3+
Again by triangle inequality, we have
7{(317(5)’ Cu(s)) = 7{(317(3)' Cv(zs)+1) + 7'[(317(5)+1' CV(5)+1) + 7{(31;(5)“» ‘?u(zs))'

j"[(312(z>)+1' Cu(s)) = }[(3V(5)+1' CV(3)+1) + 7{(317(5)' Cv(3)+1) + 7{(317(5)' Cu(s))
Taking the limit as g — +4oo, together using equations (2.7) and (2.8), we
found that

(210) lim }[(31,(5)_,_1, CU(S)) =E.

5t
Again by triangle inequality, we have
}[(317(5)' Cu(s)) = jL[(317(3)' Cv(s)) + jL[(3u(5)+1’ CV(S)) + }[(3u(s)+1' ¢u(3))'

H(Gu+1 6nm) < H(Fu@+n Cu@+1) + H(Gr@+n Cuw1) T HGow+1 Go)
Taking the limit as g — +oo, together using equations (2.7)-(2.10), we
deduce that
(2.11) Jim H(3u@+1 So(x) = €.
From equations (2.1) and (2.11), we have

2" wnae) < (@(3ugr Bau 1)@ (Beng Gom) + DM P@nae),

= (a(3u(s)+1:Tl3u(5)+1)a(T1Cv(5). Cy(s)) + 1)}[(3v(s)+1"?u(5))
= @(}[(311(5)' Cu(s))}[(3u(s)+1' cv(s))

}[(3u(5)+1» ‘Fv(s)) = @(}[(311(5)' Cu(s))}[(3u(s)+1' cv(s))
Letting g — oo in above inequality, we obtain that

nli_l)’noo @(}[(31;(5); CH(S)) ) =1, thatis

nli_r,noo}[(%(zs)lcu(s)) =0 <€

a contradiction.

So, (3, ¢,) Is @ Cauchy bisequence.

Since (Jh, Hy, H) is a complete bipolar metric space, so (3,,, ¢,,) iS convergent
and thus biconverges to apointw € Jhn hand3,, » w,¢, > w € JHh N H,.
Since R is a continuous map, 3, — w implies that¢,, = h3,, - hwand¢, —
w implies that 3,,,; = ¢, = hw. By the uniqueness of the limit, we obtain
that hw = w. Hence w is the fixed point.

Theorem 2.2. Let (Jh, Hy, H') be a complete bipolar metric space and h :
(Jb,H) X (Jh,Hy)) be a contravariant a-admissible mapping. Let @ :
[0,00) — [0, 1] be a function and {t, } is a sequence of positive reals, which
is bounded and @(t,,) — 1 impliest,, - 0as— oo If
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(212)  (H(h¢R3) + DeEae) < @(H(3,¢))H (3,¢) + I,

forall (3,¢) e Jh x Hhandl > 1.

If R is continuous and 3 3, € Jh such that a(3,, h3,) = 1, Then, hw = w.
Proof: Let 3, € Jh with a(3,, h3,) = 1. Construct two sequences (3,,)

and (¢,,) such that h3,, = ¢, and k¢, = 3,4+1. Then,(3,, ¢,,) is a bisequence

on (Jb, H, H).
a(30,60) = a(30, h3p) = 1 = a(h¢y, H3¢) = a(31,¢0) = 1,
a(31,60) =2 1= a(heo, Bzg) = a(31,¢1) = 1,
a(31,6¢1) = 1= a(hey, B3y) = a3z,61) = 1,
a(32,¢1) 2 1= a(he, Bzp) = a(32,62) 2 1.
By repeating this process, we have
(2.13) a(Bn+, ) =1 and  a(@n ¢) = 1.
Now, by the equation (2.12), we have
(214)  HGuen) +1=H(hep-q, B3y) +1
< (K (Rg,_q, B3,) + D*GnBn)a(Ben—1,6n-1)
< Q(HGn 6n-1))H Gny Gn-1) + L.
This implies that
(2.15) H (B 6n) < HBn Cn-1)-
Again, equation (2.12) implies that
(2.16) H (3n+1,6n) + 1 = H (hey, B3y) +1
< (H (e, B3,) + )*Gnhen)a(Bencn)
< Q(H G 6n))H B Gn) + L.
This implies that
(2.17) H Bn+1,¢n) < H(Gn, Cn)-
From equations (2.15) and (2.17), we have
H B ¢n) S HBn-1,¢n-1) foralln € N.

It follows that the sequence {#(3,,¢,)} is a non-increasing sequence of
positive real numbers. So, it is convergent and assumes that

lim 3 (3n ) = d.
Clearly, d = 0.
Claim: d = 0.
Equations (2.14) and (2.17) implies that

‘7{(37’11(:7’1)
—twnitnl o~ <
HGBn-1.6n-1) Q(}[(3nf Cn—l)) = 1,
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This implies that lim @(H (3,,,¢,-1) ) = 1.
n — o
Applying the property of the function @, we get

(2.18) Jim 3G, o) = 0.

Similarly, one can prove easily that

(2.19) lim H(3,,¢,) =0.
n — oo

Now, we will show that (3,, ¢,,) is a Cauchy bisequence. Let us suppose, if
possible that (3,,, ¢,,) is hot a Cauchy bisequence. Then there exists € > 0 and
sequences u(g) and v(g) such that for all positive integersg, we have

v(g) > u(z) > 5'7{(317(5)' ¢u(5)) > € and 7{(317(5)' Cu(s)—l) <E
By the definition of bipolar metric space and using above, we have
€= }[(312(5)' Cu(s)) = 7{(311(5)' Cu(s)—l) + 7{(311(5)—1’ Cu(s)—l) + j"[(311(5)—1' Cu(s))

Putting the limit as g — +oo in the above inequality and using equations
(2.18) and (2.19), we get

(2.20) lim 7‘[(31,(5), Cu(s)) = €.

5t
Again by triangle inequality, we have

H(3v(s) Su@) < H (3o w@+1) * H(Bo@+v Som+1) + H(Bom+v Suw)
7'[(3V(5)+1' Cu(s)) < 7'[(3V(5)+1' C17(5)+1) + 7'[(311(5)' CV(5)+1) + 7'[(311(5)' Cu(s))

Taking the limit as g — oo, together using equations (2.18) and (2.19), we
deduce that

(221) lim }[(311(3)+11 CV(ZS)) = €.

§— +
Again by triangle inequality, we have

H 3o Sum) < HGoy Som) + H(Bum+r @) + HBGue+1 Su)»
jL[(3u(s)+1' ‘?v(s)) < }[(3u(s)+1' Cu(s)+1) + }[(3V(5)+1' Cu(s)+1) + }[(3V(5)+1' CV(S))

Taking the limit as g — +oo, together using equations (2.18)-(2.21), we
deduce that

(2.22) im H (3u@+1 Gu(p) = €

From equations (2.12) and (2.22), we have

H (Bogens Sur1) + 1 < (H Gorn Cu@er) + D CuonBu@)a(iog o)
= (# (Beyig, B 3ues) + l)“(3u(5)+1'T’3u(3)+1)“(T"‘?v(s)"?v(s))

= (Q(}[(3u(s)+1' ‘Fn(s))}[(3u(5)+1' Cv(s)) + 1
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Thus

7'[(3v(zs)+1' ‘?u(5)+1) = (Q(}[(3u(5)+1' QV(S))}[(3H(S)+1' ‘?v(zs))
Letting g — oo in above inequality, we obtain that

lim O(H (3u@+1, €)= 1,

that is,
lim H(3u+1 oim) =0 <€

a contradiction.

So, (3n, ¢x) Is a Cauchy bisequence.

Since (Jh,Hy,H) is a complete bipolar metric space, s0 {(3,,¢.)} IS
convergent and thus biconverges to a point w € JhnHhand 3, - w,¢, =

w €JHNH.

Since R is a continuous map, 3, = w implies that¢,, = h3, - hwand¢, =
w implies that 3,,,; = h¢, = hw. By the uniqueness of the limit, we obtain
that hw = w.

Hence w is the fixed point.

Example 2.3. Let Jh = (—0,0], Hh = [0,0) and H : (—o0,0] X [0, 0) —
[0,00) as H(3,¢) = |3 —¢l.

Clearly, (Jh, Hy, H) is a complete bipolar metric space.
Define B : ((—0, 0], [0,0)) % ((—0,0],[0,0)) as = —*.
Clearly, h is a contravariant map.

Let a(3,¢) = 1and @t = %

Now left hand side of equation (2.1) becomes

(2.23) (F (he, Tp)a(3, Bp)a(he, ¢) + 1)) = 23+
And right hand side becomes
(2.24) 2Q(HG)HGE) — pala—el
As 3 is negative real number, so
2§|3+c| < Zéls—cll
Hence, equation (2.1) holds.
Since, h is continuous and a-admissible.

So, Theorem 2.1 is hold.
Hence, 0 is the fixed point of k.

Example 2.4. Let Jh = (—,0], Hh = [0,0) and H : (—o0,0] X [0, 0) —

[0,0) as H(3,¢) = |3 —¢l.
Clearly, (Jh, Hy, H) is a complete bipolar metric space.
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Taking | : ((=0,0],[0,%)) 2 ((=00,0],[0,0)) as = =*.
Clearly, h is a contravariant map.

Define a(3,¢) = 1 and @t = % [>1.

Now left hand side of equation (2.12) becomes

(2.25) (F (B¢, B3) + D@D = 2|54 ¢| 41,
And right hand side becomes

(2.26) QHEO)HE O+ L=1l3—cl+1.

As 3 is negative real number, so

1 [3+c¢l+1< ! | | + 1
4 3T¢€ =3 3—¢C .
Hence, equation (2.12) holds.
Since, h is continuous and a-admissible.
So, Theorem 2.1 is hold.

Hence, 0 is the fixed point of h.
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