DOI: 10.61294/jiaps2024.2843 ISSN 0974 - 9373

Vol. 28 No. 4 (2024) J. Int. Acad. Phys. Sci. pp. 303-317

Certain ldentities of the Lie - derivative of Tensors in
Generalized BK —Fifth Recurrent Finsler Space

Adel M. Al-Qashbari
Department of Engineering, Faculty of Engineering and Computing,
University of Science & Technology-Aden, Yemen
Email: a.algashbari@ust.edu

Alaa A. Abdallah* and Saeedah M. Baleedi
Department of Mathematics, Education Faculty, Abyan University, Abyan, Yemen
*Corresponding Email: ala733.ala00@gmail.com ; abdullahsaeedmei2022@gmail.com

(Received November 22, 2024, Accepted December 8, 2024)

Abstract: This study employs advanced tensor calculus techniques to
investigate the properties of the tensorial derivative in generalized fifth-
order recurrent Finsler spaces. By systematically analyzing the
underlying geometric structure, we derive identities that provide new
insights into the relationships between various tonsorial quantities. Our
results demonstrate the effectiveness of these techniques in exploring
complex geometric structures. This paper introduces a new identity
connecting the tensors in generalized fifth recurrence Finsler space for
Cartan's fourth curvature tensor in the sense of Berwald by using Lie-
derivative. We prove that the Lie - derivative and the Berwald covariant
derivative of the fifth order for some curvature and torsion tensors are
commutative under certain conditions. We have shown the Lie -
derivative for some tensors behave as fifth recurrent and we obtain
various identities on Lie - derivative in GBK — 5RE,.
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1. Introduction and Preliminaries

Tensor calculus is a powerful tool for studying the geometry of manifolds.
A Lie-derivative evaluate the rate of change of a vector field or a tensor field
along the flow of another vector or tensor field. The Lie-derivative in
generalized fifth recurrence Finsler space for Carton's fourth curvature tensor
in sense of Berwald introduced by AL-Qashbari and Baleedi'. Gouin?
introduced some remarks on the Lie-derivative. Opondo® studied the Lie-
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derivative on W-curvature tensor in recurrent and birecurrent Finsler space.
The Lie - derivative and its application was investigated*>.

The concept of generalized recurrence, birecurrence and trirecurrence
properties for various curvature tensors in sense of Berwald have been
discussed®!8. The generalized recurrent Finsler spaces of higher orders have
been studied!®-22,

Let us explore the infinitesimal transformation point given??

(1.1) x7t=xt + vi(x)e.

where ¢ is an infinitesimal point constant and v*(x) is acontravariant vector
field independent of directional arguments and dependent on positional
coordinates x* only and v*(x) = 0. Infinitesimal method is a tool that leads
to Lie-derivatives. The symbol L, denote the Lie-differentiation operator
with respect to the transformation (1.1). The Lie-derivative of a vector
field xt in sense of Berwald is given by

(1.2) Lyx' = v/B; x' — x)Bv' + (9; x)Bsv/y* .
The Lie - derivative of a general mixed tensor field Tji (x,x),ageneral mixed
tensor field Tji (x,x) and the connection coefficient jik (x,x) are expressed
in the form
(1.3)a) L,T} = v™By T — T"Bpv' + TLBjv™ + (0T} )Bsv™y*

b) L, jikh =v"Bp ﬁch‘ E?thvi + TrinkthVm + E%thVm +

TfemBnv™ + O T Brv™y" .

and

¢) LyGf = BByv" + Hjypv" + Gy Bsv'y® .
The commutation formula involving Lie-derivatives and other derivatives for
tensors T} and T, are given by

(1.4) L,(0,T) — 0,(L,T}) =0

and

(1.5) Lv(Bm’]}'lk) - Bm(Lvlek) = Tj.lkLI{Gllm - TllkLijlm - lelLlelcm -
allekLszlm ys )

respectively.
The vector y! is Lie-invariant® i.e.
(1.6) L,yt =0.

An n-dimensional Finsler space F, equipped with the metric
function F (x, ) satisfying the request conditions?3-26, The metric function F,
the metric tensor g;; and the Kronecker delta S} are given by
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(L7 a) gijy'y/ =F2 b)gijy =y, ©) gnj= 0ny;, d) yiy' =F?

. 1if j=k, . . .

.otk — sk — i, — Lk — 4l

€) 9i; 9 6 {0 if j+#k. Déyi=we . 96y =y,
h g%y =yt i) 8 = dpy’ and j) 8l =n.

The metric tensor, Cartan’s connection parameters and Berwald’s
connection parameters are symmetric in their lower indices and they are
positive homogeneous of degree zero in the directional arguments.
Berwald’s covariant derivative of the vectors y* and y; vanish identically, i.e.

(1.8) a) B,y'=0 and b) B,y; =0.
The Cartan's fourth curvature tensor Kj"kh and Cartan's third curvature tensor

R}kh, are skew-symmetric it their last two lower indices and satisfy the

following relations
(1.9) a) Hip, = 'ikh ¥/ = Rin ¥/, B) Hjyp = Kfin + ™ (0; Kinin)
¢) Kfen = — CLHin, d) Kijen = griKien
e) Hjyy — Kjkh = Pfup + P} Pl — Py — PPy,
f) Rijnik = Kijnk + Cijm Kine Y™, 9) Rijkn = 9rjRixn
Ricci tensor Kjy, , curvature vector K; and curvature scalar K are given by
(1.10) a) jiki = Kjk b) Kjkyk =K; and c) Kjkgjk =K.
Ricci tensor Ry, , deviation tensor R} and curvature scalar R are given by
(L11) @) Rjir = R, D) Ring’™ = Ri, c)Ryg’* =R and
d) Rjx = Kj + CisHyy,
The curvature tensor of Berwald j"kh, h(v)-torsion tensor H:, are skew-
symmetric in their last two lower indices and satisfy the following relations
(1.12) @) 9;H}y, = Hp,  b) OxHp = Hip, O Hiyyi = and
d) y"0;0,H, = 0.
The Ricci tensor Hj;, , deviation tensor H} and curvature scalar H satisfy the
following relations
(113) @) Hipy* = Hp,  b)Hiy* =0, C)Hy = Hjir, d) Hip = Hy
Oy =0, 0Ky =H, 9) Ky =m-DH and
h) H = (n— 1)H.



306 Adel M. Al-Qashbari, Alaa A. Abdallah and Saeedah M. Baleedi

A Finsler space whose Berwald connection parameter GL, is independent
of y'is called an affinely connected space (Berwald space). Thus, an affinely
connected space is characterized by one of the equivalent conditions

(1.14) a) Brg;; =0 and b) B,g” = 0.

Let us explore a generalized BK — 5" recurrent Finsler space satisfying
the condition

(1.15) BsBqBiBnBnKjin = squumKjicn + bsqunm (g = 6% gjn)
—qulnm(5rilcjkn - 5;; thn) - dsqlnm(SfiLCjkI - 5;; thl)
—esqlnm(5rizcjkq - 511; thq) - qulnmyrBr((SiiLCjks - 511; ths)-

The above space satisfies the following relations

(1.16)  BsBBiBnBmHin = Asquumlin + bsquum (¥ = 8ivn).

(1.17) BsByB|ByBnH = asqinmH + bsqlanz.

(1.18) BsByB,ByBnHy = asqinmHk + bsqginm(m — 1)y

(1.19) BSBquBanHiil = asqlaniil + bsqlnm(6iilF2 - yi}’h)-

Furthermore,

(1.20) BquBanBijk = asqlanjk )

(1.21) BquBanBmR}kh = asqlnijikh + bsqlnm(&ilgjk — 6 gjh)

—qulnm(&ilcjkn - 5}; thn) - dsqlnm(&icjkl - 511; thl)
—esqlnm(fgrizc}kq - 51i thq) - qulnmyTBr(aliCjks - 5;; ths),

if and only if

(1-22) bsqlnmgjk - qulnijkn - dsqlnijkl - esqlnijkq -
qulnmyrBerks = 0.

(1-23) BquBanBm(C}tngh) - asqlnm(C}tHlfch) = 0.

Taking the Lie-derivative of both sides of (1.7f) and using (1.7¢e), we get

Taking the Lie-derivative of both sides of (1.7b) and using (1.24) and (1.6),
we get

Similarly, taking the Lie-derivative of both sides of (1.7h) and using (1.24)
and (1.6), we get

(1.26) L,g* =0.
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Using (1.7h) in [(1.9)a], we get

Kien 97 vic = Rien 97 ic -
Using (1.11b) in above equation, we get

Kjikh gjk3’k = R1i1 Vi -
Since y, # 0, so above equation can be written as
(1.27) Kjen 9% = Ry,

In this paper, we apply tensor calculus to the analysis of generalized fifth-
order recurrent Finsler spaces. Our goal is to derive new identities involving
the tensorial derivative that can be used to characterize these spaces more
fully. By employing a combination of algebraic and geometric methods, we
are able to obtain significant results.

2. A Lie-derivative of Tensors in GBK — 5RF,,

Let us explore GBK — 5RE, for which whose Cartan’s fourth curvature
tensor K, is deflned as (1.15). By applying (1.3b) on the Cartan’s fourth

curvature tensor Kjp,, we have

Ly jlkh = vaijkh_K;ITclthvi + KrinkhB'vm + KthkV + K]kmBth
+0 KkhB vy’

Using (1.8a) and (1.7i,e) when r # m in above equation, we get

(2.1) LyKfyp, = V™ BinKfin- Kty Bmv' + KrinBiv™ + Kjn Bev™ + Ky Brv™

Using (1.7e) in (1.15), taking the Lie-derivative of both sides of result
equation, we get

(2-2) Lv(BquBanBmI(jikh) = asqlnvaK + Kkh L asqlnm

Taking Berwald covariant derivative of fifth order for (2.1) with respect to
x™, x™, xt, x9 and x5, we get

BBy BiBnBm( LyKjxn) = BsByBi By B[V B K- Ky B
+KenBiv™ + K Biv™ + Ky Bpv™] -
From (2.2) and above equation, we get

(2.3) Ly(BsByB BB Kjin) = BsByB BB ( LK) »

if and only if

(2.4) asqlnvaKjlkh + Kkh Lyasqinm = BsByBiByBm [V Bm K]lkh
K]kthv + K,‘nkthv + Kthkv + K]kmBhvm].
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Thus, we conclude
Theorem 2.1. In GBK — 5RE, , the Lie - derivative for Cartan’s fourth

curvature tensor K, and Berwald covariant derivative of the fifth order are
commutative if and only if (2.4) holds.
Using (2.3) in (2.2), we get
(2-5) BquBanBm( L, jikh) = Qsqinm ( Lijikh)
ifand only if L,asqmm = 0. Thus, we conclude
Corollary 2.1. In GBK — 5RE, , the Lie - derivative for Cartan’s fourth

curvature tensor jikh behaves as fifth recurrent if and only if L,asqmm =
0, [provided (2.4) holds].

By applying (1.3b) on the Cartan’s third curvature tensor R}kh, using
(1.8a) and (1.7 i,e) when r # m, we get
(2.6) LyRjn, = V™ BinRlgn- R BV + R Bjv™

+R}nBiv™ + R Brv™ .

Using (1.7e) in (1.21), and taking the Lie-derivative of both sides of result
equation, we get
(2-7) Lv(stBquBanRjikh) = asqlnvaR}kh + R}kh Lvasqlnm

if and only if (1.23) holds. Taking Berwald covariant derivative of fifth order
for (2.6) with respect to x™, x™, x!, x? and x*, we get

BBy BiBnBu( LyRjxn) = BsByB BB [V B Rn - Rin Bt
+RpenBiv™ + Riyn Biv™ + RiynBpv™] .
From (2.7) and above equation, we get
(2.8) Ly(BsByBBrBmRjin) = BsBqBiBnBm( LoRjin),
if and only if
(2.9) asqlnvaR}kh + R}ki} Lvasqlnm = Bqu:'Baner [vmrB'mR]ikh
= RignBmV" + Rpen Biv™ + Riyp Bkv™ + Rjjemy Bpv™]
provided (1.23) holds. Thus, we conclude
Theorem 2.2. In GBK — 5RF, , the Lie - derivative for Cartan’s third

curvature tensor R}kh and Berwald covariant derivative of the fifth order are
commutative [provided (1.23) and (2.9) hold].

Using (2.8) in (2.7), we get
(2-10) BquBanBm( Lijikh) = asqlnm (LUR;kh)
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if and only if L,asqimm = 0, provided (1.24) and (2.9) hold .
Thus, we conclude
Corollary 2.2. In GBK — 5REF, , the Lie - derivative for Cartan’s third

curvature tensor R}kh behaves as fifth recurrent if and only if L,asqmm =
0, [provided (1.23) and (2.9) hold].

By applying [(1.3)b] on the h(v)-torsion tensor H:, , using (1.8a) and
[(1.8)i,e] when r # m, we get
(211) L HL, = v™B,Hy- HEBvt + H., Bv™ + HL, Byv™.
Using (1.7e) in (1.16), taking the Lie - derivative of both sides of result
equation, we get

(2-12) Lv(BquBanBmHIich) = asqlnvaHIich + Hll;hLvasqlnm .
Taking Berwald covariant derivative of fifth order for (2.11) with respect to
x™, x™, x!, x9and x¥, we get
BBy BBy B ( LuHicn)

= BBy BBy B[V By Hin~ Hit Bmv' + HLy Bev™ + Hip Bpv™]
From (2.12) and above equation, we get
(2.13) L,(BsB;BB,BmH}y) = BsB,BB,Br( LyHLy),
If and only if
(2-14) asqlnvaHlih + Hll;hLvasqlnm

= BsByBBn B[V BrHipn~ Hih BVt + He Biv™ + Hi Bpv™)]
Thus, we conclude

Theorem 2.3. In GBK — 5RF,, the Lie - derivative for h(v) —torsion

tensor H., and Berwald covariant derivative of the fifth order are
commutative if and only if (2.14) holds.

Using (2.13) in (2.12), we get
(2.15) BquBanBm( Lleich) = asqlnm(Lleih)
ifand only if L,asqimm = 0. Thus, we conclude
Corollary 2.3. In GBK — 5REF, , the Lie - derivative for h(v)-torsion

tensor Hi, behaves as fifth recurrent if and only if Lyasqinm = 0, [provided
(2.14) holds].

Now, contracting the indices i and h in (2.15), and using (1.13d), we get
BquBanBm(Lka) = asqlnm(Lka)
if and only if L, asqinm = 0. Thus, we conclude
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Theorem 2.4. In GBK — 5REF, , the Lie - derivative for the vector Hj
behaves as fifth recurrent if and only if L,asqnm = 0, [povided (2.14)
holds].

Taking the Lie - derivative of both sides of [(1.9) a], we get

Lleich = LV(K;kh y7).

Using (1.6) in above equation, we get
Lleih = ijvK}kh'

Using (2.1) in above equation, we get

L,Hip = vV™Bpy Hip- H Bpv' + Ky Biv™y) + HLpyBiv™ + Hi Bpv™ .

In view of above equation and (2.11), we get

KhnBiv™yl =0.

Since K., # 0, then above equation can be written as

Bjv™yl =0.
Using (1.9a) in above equation, since y/ # 0, we get
(2.16) Biv™ =0.

Now, by applying (1.3b) on the Berwald curvature tensor Hjp,, using (2.16),
we have
Taking the Lie - derivative of both sides of (1.9b), using (1.6), we get
LUH;kh = LUK}kh + Lv(aj Kikn y™).
Using (1.9a) in above equation, we get
(2.18) LyHp = LyK i + Ly (0; Hip).
Using (2.1), (2.16) and (2.17) in above equation, we get
Lv(aj Hlih) = vam(H]i'kh - Kjikh) = vm,‘Bm(@- Hlih )
Multiplying above equation by n, we get
nL,(9; Hip, ) = v™Bn(0;m Hiy, ).
Using [(1.7) j,i] in right side of above equation, we get
nL,(0; Hip, ) = v™B,(9;0- y" Hip ).
Since y” is independent of y/, so above equation can be written as
n L,(0; Hp ) = v™B(y70;0,-Hiy ).
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Using (1.12d) in above equation, we get

(2.19) L,(9; H, ) = 0.

Now, taking Berwald covariant derivative of fifth order for (2.19) with
respect to x™, x™, x!, x% and x%, using (2.18), we get

(2.20) BBy B1BnBy LyHin, = BsByBiBnBy LuKip-

Thus, we conclude

Theorem 2.5. In GBK — 5RE,, the Berwald covariant derivative of fifth
order for the Lie - derivative for the Berwald curvature tensor Hj,, and
Cartan’s fourth curvature tensor jikh are equal.

By applying (1.5) on the h(v) —torsion tensor H.,, using and (1.7i,e)
when s # [, we get
(2-21) Lv(BmHlih) - Bm(Lleih) = HllchLleim - HlihLlelcm - HliclLvGile .
Multiplying above equation by y; , and using [(1.12)c] , we get

Vi [Ly(BmHin) = Bmn(LoHin)] = HinLvGlpm.

Again, multiplying above equation by y, , and using (1.12c), since y; # 0, we
get

(2.22) Ly(BmHin) — Bm(L,HE) = 0.
Which can be written as
(223) Ly(BmHin) = Bm(LyoHin) -

Multiplying (2.21) by y; , using [(1.12)c] and (2.22), then taking Berwald
covariant derivative of fifth order for the resulting equation with respect to
x™, x™ x!, x9and x°, we get

BsByBiBnBm(HinLvGiom) = BsByB BB (—HiLyGim) -
Since the h(v) —torsion tensor H., is skew-symmetric in its two lower
indices, so above equation can be written as

(2-24) BquBanBm (HlihLleim) = BquBanBm(HlikLvale )
Thus, we conclude

Theorem 2.6. In GBK — 5RF,, the Berwald covariant derivative of fifth

order for the tensor (H},L,GL,,) is symmetric in its two lower indices h and
k.

Using (2.16) and [(1.3)c] in (2.24),since v" # 0 ,we get
BBy BiBnBm(HinHicmr) = BsByBiBn B (Hix Himy).

Multiplying above equation by n and using (1.7 j,i) and (1.12a) in right side
of the resulting equation, we get
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n BquBanBm(HlihHIlcmr) = BquBanBm(yraharHlikHrlnr )
Using [(1.12)d] in above equation, then contacting i and h, using (1.14d) in
the resulting equation, we get
(2.25) BsBy BBy B (H Himny) = 0.

Thus, we conclude
Theorem 2.7. In GBK — 5RE,, the Berwald covariant derivative of fifth

order for the tensor (Hj,L,GL,,) is vanishing.
By applying [(1.3)a] on the deviation tensor R} , using (2.16), we get
L,R: = v™B,,R}, .
Using [(1.11)b] and (1.27) in left side of above equation, we get
9’ LyRjyn = v"ByRj, .
Using (2.6) and (2.16) in above equation, since v™ # 0, we get
97 BuRjin = BuRj, .
Taking Berwald covariant derivative of fourth order for above equation with
respectto x™ , x!, x9 and x*%, using (1.14b), (1.21), (1.7€) and (1.11b), we get
(2-26) BquBanBmRiil = asqlnmRiil
if and only if (1.23) holds. Thus, we conclude

Theorem 2.8. In GBK — 5RE, , the deviation tensor R}, behaves as fifth
recurrent if and only (1.23) holds good.

By applying (1.4) on the deviation tensor H}, using (2.16), since v™ # 0,
we get
Bm(0,H} ) — 0(BHE ) = 0
Using (1.12b) in above equation, we get
B (HL, ) = 0,(BnHYL ).
Multiplying above equation by y™ and using [(1.7)i] and [(1.8)a], then taking
Berwald covariant derivative of fourth order for result equation with respect
to x™, x!, x% and x5, we get
BB, BBy Bm (Hby" ) = 87 ( BsByB ByBrH; ) -
Using (1.19) in above equation, we get
(2-27) BquBanBm(Hlihyr ) = 5lr(asqlanii1 )
if and only if
(2-28) bsql1’tm(5}iLF2 - yiyh) =0.
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Contracting the indices i and h in (2.27) and using [(1.13)d,h], we get
BquBanBm(Hlyr) = (Tl - 1)6{(a5qlan )

Contracting the indices r and [ in above equation and using [(1.7)j], we get
BquBanBm(Hryr ) = n(n— 1)(asqlan )

Which can be written as

(2.29) BquBanBm(Hryr ) = asqlnm(HryT )

ifand only if H,y" = n(n—1)H.

Thus, we conclude

Theorem 2.9. In GBK — 5RF, , the tensor (H,y") behaves as fifth
recurrent if and only H,y” = n(n — 1)H , [provided (2.28) holds].

By applying [(1.3)b] on the Ricci tensor Hy, using (2.16), we get
L, Hye = v™ By, Hp.
Using [(1.13)c] and [(1.9)a,b] in left side of above equation, we get
LyHjir = LyKjir + Ly (9 Hiy ) = v By Hjge.
Contracting the indices i and h in equations (2.1) and (2.19), using the
resulting equations, (2.16) and [(1.10)a] in above equation, we get
UmBm ij = vam I<jk

Taking Berwald covariant derivative of fourth order for the above equation
with respect to x™ , x!, x9 and x5, using (2.16), we get
(2.30) BB, BBy Bm Hjx = BsByBByBm Kji. -
Thus, we conclude

Theorem 2.10. In GBK — 5RE,, the Berwald covariant derivative of
fifth order for the Ricci tensors Hj;, and Kj, are equal.

By applying [(1.3)b] on curvature vector H, , using (2.16), we get

LU Hk = vam Hk'
By applying [(1.3)b] on Ricci tensor Kj;, then using the resulting equation,
(2.16), (1.13f) and (1.6) in the left side of above equation, we get
ijm Kjk = By Hy.
Multiplying above equation by g% , using [(1.14)b] and [(1.10)c], we get
ijmK = gjkBm Hy,.
Taking Berwald covariant derivative of fourth order for above equation with
respect to x™ , x*, x4 and x¥, using [(1.8)a], [(1.14)b] and (1.18), we get
BquBanBmej = asqlnm(gijk)
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if and only if

(2.31) bsqlnm(n — 1Dy, =0.
Which can be written as

(2.32) BBy BBy B (Ky?) = asquum(Ky’)

if and only if Ky’ = g/* H, . Thus, we conclude

Theorem 2.11. In GBK — 5RE, , the tensor (Ky’) behaves as fifth
recurrent if and only Ky’ = g’% H,, , [provided (2.31) holds].

By applying [(1.3)b] on Ricci tensor Rj; , using (2.16), we get

Lv R]k = UmBm R]k
By applying [(1.3)b] on Ricci tensor K, then using the resulting equation,
(2.16) and [(1.12)d] in the left side of above equation, we get
LvC}‘sHﬁk = vam R]k - vam I(jk'
Taking Berwald covariant derivative of fourth order for above equation with
respect to x™ x!, x9 and x¥, using [(1.11)d] and (2.16), we get
BquBan Ly (C;sHﬁk) =v™ BquBanBm(C}stk)-

By applying [(1.3)b] on tensor (C}SHTSR), using the resulting equation and
(2.16) in above equation, we get
(2.33) BsByB/B Ly (C};ka) = BquBanLv(ersH:k)-
Thus, we conclude _

Theorem 2.12. In GBK — 5RF, , the Lie - derivative for tensor (CjsH;})
behaves as fourth recurrent.

Multiplying [(1.9)c] by g’* a}nd using [(1.11)b] and (1.27), we get

lestik =0.

Taking the Lie - derivative for above equation, using [(1.11)d], we get

UmBm R]k - vam I<jk =0.
Taking Berwald covariant derivative of fourth order for above equation with
respect to x™ , x!, x4 and x¥, using (2.16), we get
(234) BSBquBan R]k = BquBanBm I<jk .
Thus, we conclude
Theorem 2.13. In GBK — 5REFE,, the Berwald covariant derivative of fifth

order for the Ricci tensors R;;, and Kj, are equal.
From Theorem 2.10 and Theorem 2.13, we conclude
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Corollary 2.4. In GBK — 5REF,, the Berwald covariant derivative of fifth
order for the Ricci tensors R;, and Hj, are equal.
In view of (2.30) and (1.20), we get

BquBanBm ij = Asqinm Hj
ifand only if Hj = Kj .
Similarly, in view of (2.34) and (1.20), we get
BquBanBm Rjk = Asqinm Rjk
if and only if Rj, = Kj,. Thus, we conclude
Corollary 2.5. In GBK — 5RE,, the Ricci tensors Hj;, and R;, behave as

fifth recurrent if and only if each of them equals the Ricci tensor K,
[provided (1.22) holds].

3. Conclusions

This paper investigates the properties of the Lie derivative in generalized
fifth-order recurrent Finsler spaces. We established conditions which the Lie
derivative and Berwald covariant derivative of the fifth order commute for
certain curvature and torsion tensors. Also, we proved that the Lie derivative
behaves as a fifth recurrent operator for Cartan's fourth curvature tensor and
the h(v) —torsion tensor under specific conditions. The relationships between
the Lie derivative of various tensors and Berwald covariant derivative of the
fifth order have been discussed. These results contribute to a deeper
understanding of how the Lie derivative interacts with geometric structures
in generalized fifth-order recurrent Finsler spaces.
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