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Abstract: In this paper we study the nature of composition operators on the 

Bergman space over the upper half plane +H  in the complex plane C. We 

discuss conditions for the composition operator to be bounded, compact and 

Hilbert-Schmidt. Moreover, we have shown that if 
++ → HH:φ  is analytic and 

has angular derivative at some point of the real line then φC  cannot be compact. 

In this paper we study the nature of composition operators on the Bergman 

space over the upper half plane in the complex plane C. Let +H  denote the upper 

half plane in C and suppose that  

CHfHLa →= ++ :{)(2  be analytic and 
2

( ) }
H

f x i y dxdy+ + < ∞∫∫ . 

We call )(2 +HLa  as the Bergman space over the upper half plane. The space 

)(2 +HLa  is a Hilbert space with respect to the inner product  

    ∫∫ + ++=
H

dxdyyixgyixfgf )()(,  

for )(, 2 +∈ HLgf a . The function ∞
=0)( nne  defined by 

   

 
+∈

+

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




+

−
+= Hz

iziz

iz
nze

n

n ,
)(

1
1

2
)(

2π
, 

serves as an orthonormal basis for )(2 +HLa . 
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1. Boundedness and Norm estimates 
 

Let ++ → HH:φ  be a function such that )(),( 22 ++ ∈∈ HLfHLof aaφ , so that the 

operator φC  defined by φφ offC =  is a bounded linear operator on )(2 +HLa . In this 

section we want to obtain a condition on the inducing function φ  so that φC  becomes a 

bounded linear operator and by the process we get some upper and lower bounds for the 

norms of φC .  

In this connection we note that if DD →:φ  is an analytic function then )(2 DLof a∈φ  if 

)(2 DLf a∈  and )(2 DHof ∈φ  if )(2 DHf ∈ . In other words, φC  is defined on )(2 DLa  

or )(2 DH  if the function φ  is analytic. However, in the case of )(2 +HLa  such assertion is 

not true. The following example proves that φC  is not defined on )(2 +HLa  even if the 

inducing function φ  from +H  into +H is analytic. 

Example 1.1: Let the function ++ → HH:φ  be defined by 
+∈

−

+
= Hz

z

z
z ,

1

1
)(φ . 

Let us take +∈
+

= Hz
iz

zf ,
)(

2
)(

2
. Note )(2 +∈ HLf a . Now, 

2
2 1

( )( )
z

f o z
i z

φ
−

=
+

. It is 

clear that 1))((lim
2

=∞→ zofz φ . Indeed, we can find 00 >r , such that 

   0
1

( )( ) 1
2

f o z for z rφ − < > , 

that is, 

  0
1 3

( )( )
2 2

f o z for z rφ< < > . 

Hence, 

  
2 1

( )( )
2H H

f o x i y dx dy dx dyφ+ ++ ≥ =∞∫∫ ∫∫ . 

This shows that φof  is not in )(2 +HLa . The above example proves our assertion that ψC  

cannot be defined on )(2 +HLa  for any analytic function ψ  on +H . However, it can be 

seen from the following theorems that ψC becomes a bounded linear operator under certain 

restriction on the inducing functionsψ . It is very interesting to note from Theorem 1.2 that 

the boundedness of ψC  depends on the boundedness of φβ CM , where βM  is the 

multiplication operator with symbol β  and φC  is a composition operator on )(2 DLa . 

Theorem 1.1: Let ++ → HH:φ  be a one-to-one conformal mapping with  

0)(inf >=′+∈ dz
Hz

φ .  
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Then φC  is a bounded linear operator on )(2 +HLa  with the norm 
d

C
1

≤φ . 

Proof: Substituting +∈+==+= Hyixzzviuw ),(φ , we have 

         
2

f  ∫∫ + +=
H

dudvviuf
2

)(  

     
2

( )
( )

H
f u i v dudv

φ +
≥ +∫∫  

     ∫∫ + ′=
H

dxdyzzf
22

)())(( φφ  

     ∫∫ +≥
H

dxdyzfd
22

))((φ  

     
22 fCd φ= . 

Hence, f
d

fC
1

≤φ  which implies that 
d

C
1

≤φ . 

Suppose that h is the linear fractional transformation defined by  

(1.1)   
+∈

+

−
== Hz

iz

iz
wzh ,)( . 

The function h maps the upper half plane into the unit disk. Let L be its inverse 

defined by 

(1.2)   Dw
w

w
iwhwL ∈

−

+
== −

,
1

1
)()(

1
. 

Lemma 1.1: The function 2 ( )af L H +∈  if and only if )()( 2 DLLLof a∈′ . 

Proof: Notice that )(2 +∈ HLf a  if and only if  

∞<+∫∫ +
H

dudvviuf
2

)( .      

This is true if and only if 

       ∞<+′+∫∫ dxdyyixLyixLf
D

22
)())((  

and the lemma follows. 

With the above notation and definition we proceed to prove the following theorem. 

Theorem 1.2: Let the map DD →:φ  be analytic and L be the linear fractional 

transformation from D into +H  defined by (1.2). Suppose  )()( 1 zLooLz −= φψ , so that 

ψ   is an analytic map from +H  into +H . Then ψC  defines a bounded linear operator on 

)(2 +HLa  if and only if φβ CM  is a bounded operator on )(2 DLa , where 

2

1

)(1
)( 









−

−
=

z

z
z

φ
β . 

Proof: To prove the theorem, let )(2 +∈ HLf a  and put ψofg = . Then by 
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Lemma 1.1,  )(2 +∈ HLg a  if and only if )()( 2 DLLLog a∈′ . If yixz += , this is true if 

and only if 
2

4

4
( )( )

1
D

f oLo z dx dy
z

φ < ∞
−

∫∫ , that is, if and only if 

(1.3)      ∞<
−

−

−
∫∫ dxdy

z

z

z

zoLof

D 4

4

4

2

1

)(1
4

)(1

))(( φ

φ

φ
. 

Now if we write )())(()( zLzLofzF ′=  then 2 ( )aF L D∈  and hence )(2 DLoF a∈φ . So we 

can write the condition (1.3) as ∞<
−

−
∫∫ dydx

z

z
zF

D 4

4
2

1

)(1
))((

φ
φ . But the last condition is 

equivalent to ∞<FCM φβ . This completes the proof of the theorem. 

 

2. Compactness of φC  

 

In this section we want to study the Hilbert-Schmidtness and compactness of the 

composition operators on )(2 +HLa . In the following theorem we obtain a necessary and 

sufficient condition for φC  to be Hilbert-Schmidt. 

Theorem 2.1: Let φC  be a bounded linear operator on )(2 +HLa . Then φC  

is Hilbert-Schmidt on )(2 +HLa  if and only if ∞<∫∫ +
H

z

dydx

2
)(Imφ

. 

Proof: Let +
+ ∈→ ZnCHen ,:  be given by 

2)(

1
1

2
)(

iziz

iz
nze

n

n
+










+

−
+=

π
. 

We know that )( ne  forms an orthonormal basis for )(2 +HLa . Then φC  is Hilbert-Schmidt 

if and only if ∞<∑∞
=

2

0n neCφ . That is, if and only if ∞<∑∞
=

2

0n n oe φ . But we have, 

for yixz += , 

2

0∑∞
=n n oe φ  = 

4

2

0 )()(

)()1(4

iz

dydx

iz

izn
n

H
n ++

−+
∫∫∑ +

∞

= φφ

φ

π
 

  = 

2

4
0

4 ( )
( 1)

( ) ( )

n

H
n

z i dx dy
n

z i z i

φ

π φ φ
+

∞

=

−
+

+ +
∑∫∫  
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  = 
2 4

2

4 1

( )
( )

1
( )

H

dx dy

z i
z i

z i

π φ
φ

φ

+

+ − −
 +
 

∫∫  

  = 
2 2 2

4

( ( ) ( ) )
H

dx dy

z i z iπ φ φ
+

+ − −
∫∫  

  = 
2

4

16 Im ( )
H

dx dy

zπ φ
+∫∫  

  = ∫∫ +
H

z

dydx

2
)(Im4

1

φπ
. 

Hence φC  is Hilbert-Schmidt if and only if ∞<∫∫ +
H

z

dydx

2
)(Imφ

. 

The next theorem gives a characterisation of compact composition operators 

on )(2 +HLa . Before that we want to prove the following inequality. 

Lemma 2.1: If )(2 +∈ HLf a  and +∈ Hz  then 

(2.1)   
z

f
zf

Im2
)( ≤ . 

Proof: We know that
1,2

 if  )(2 DLg a∈  then Dw

w

g
wg ∈

−
≤ ,

1
)(

2
. 

By Lemma 1.1, we have )(2 +∈ HLf a  if and only if )())(()( ' wLwLofwg =  

)(
)1(

2
)

1

1
(

2

2
DL

w

i

w

w
if a∈

−−

+
= . Hence 

  
z

f
f

iz

iz

iz

iz

f

w

w
zf

Im
1

1

1

1
)(2

2

2

2

2

=

+

−
−

+

−
−

=
−

−
≤  

and the result follows.  

Theorem 2.2: A composition operator φC  on )(2 +HLa  is compact if and only if for 

every norm bounded sequence )( nf  in )(2 +HLa  which converges to zero uniformly on 

compact subsets of H
+
, the image sequence nC fφ  converges to zero in norm. 

Proof: Let φC  be compact and )( nf  be a sequence of norm bounded functions in 

)(2 +HLa  converging uniformly to zero on every compact subset of H
+
. 
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We shall show that nfCφ  converges to zero. To do so we prove that the sequence )( nf  

converges weakly to zero. That is, 

   0)()(lim =∫∫ +

∞→
dydxzgzf

H n
n

 

for every )(2 +∈ HLg a  and yixz += . 

Let ∞<= 1sup Mf nn  and )(2 +∈ HLg a . Since H
+
 is locally compact for 0>ε , 

we can find a compact subset K of H
+
 such that 

   
1

2

1

2

2
)(

M
dydxzgC

K

ε
<





 ∫∫ . 

Here cK  denotes the complement of K in H
+
. Further since g is analytic in H

+
, it is 

bounded on every compact subset of its domain. Let ∞<<∈ 2)(sup MzgKz . We take the 

case when the two dimensional Lebesgue measure of K is positive. Now since nf  

converges uniformly to zero on every compact subset of H
+
, for 0>ε , we can find an 0n  

such that 
2)(2

)(
MKm

zf n
ε

<  for 0nn >  and Kz ∈ , where )(Km  is the two dimensional 

Lebesgue measure of the set K. Hence for 0nn > , 

 ∫∫ +
H n dydxzgzf )()(  ≤  ∫∫∫∫ + c

K nK n dydxzgzfdydxzgzf )()()()(  

  ≤  2

1

22

1

2
2

2

)()()(
)(2












+ ∫∫∫∫ cc

KK n dydxzgdydxzfKmM
MKm

ε
 

  ≤  
1

2

1

2

2
)(

2 M
dydxzf

H n
εε






+ ∫∫ +  

  = 
122 M

f n
εε

+  

  ≤  ε
εε

=+
1

1
22 M

M . 

For the case when 0)( =Km , the proof is even simpler. Thus we have shown that nf  

converges to zero weakly. As φC  is compact, nfCφ  converges to zero. The converse is 

proved by usual normal family argument. We can show that a norm bounded family is a 

normal family by using the inequality (2.1). 

We shall define the angular derivative of a function φ  in the upper half plane as 

follows: 

Definition 2.1: Let ++ → HH:φ  be holomorphic. We say that φ  has an angular 

derivative at a point 0x  if 
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yi

xyix

y

)()(
lim

00

0

φφ −+

→
 

exists. 

Remark: This under the Cayley transform reduces to the angular derivative 

x

x
x

−

−
→

1

)()1(
lim 1

φφ
 as defined by Caratheodery

3
. We shall try to get an analogue of the 

result of Shapiro and Taylor
4
 for )(2 +HLa . 

Lemma 2.2: Let CDf →:α  be defined by 

   

2

1

)1(

1
)(

+

+

−
=

αα
α

z

zf  

for 10 << α . Then )(2 DLf a∈α  and αα Mf ≤ , where αM  is a constant depending on 

α . 

Proof: Let θirez =  and Dz ∈ . Then 

         
2

)(
θ

α
i

ref  = 

2

1

2
1

1

+






 +

−
α

α

z

 

.     = 

[ ] 2

1
2

cos21

1

+

++

−
α

θ

α

rr

 

   = 

2

1

22

2
cos4)1(

1

+









+−

−
α

θ

α

rr

. 

Hence, 

 θ
π

π

θ
α dref i

∫
−

2
)(   = θ

θ

απ

π
α

d

rr

∫
−

+









+−

−

2

1

22

2
cos4)1(

1
 

      = 

[ ]
dt

trr

∫
−

+

+−

−2

2
2

1
22 cos4)1(

)1(2

π

π
α

α
 

    = 

[ ]
∫ +

+−

−
2

0
2

1
22

cos4)1(

)1(4

π

α
α

trr

dt
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   = 

[ ]
∫ +

+−

−
2

0
2

1
22

sin4)1(

)1(4

π

α

θ

θ
α

rr

d
 

  ≤  )
2

0sin
2

(

16
)1(

)1(4
2

0
2

1

2

2
2

π
θθθ

π

θ

π

θ

θ
α

π

α
≤≤<<












+−

− ∫ +
foras

r
r

d
 

  = ∫
−

+











 −
+−

−
−

)1(2

0
2

1

2

22
2 )1(16

)1(

)1(
)1(4

r

trr
r

dtr

π

α

π

α  

  = ∫
−

+












+

−

− )1(2

0
2

1

2

216
1

)1(

)1(4 r

rt

dt

r

π

αα

π

α
 

  = 
2(1 )

1
10 2 2

2
2

4(1 )

(1 )
1 16

r dt

r
t

r
r

π

α α
α

α

π

−

+
+

−

−
 

+ 
  

∫  

  ≤  ∫
∞

++












+

−

−

0
2

1

2

22

1

16
1

)1(

)1(4

α
α

α

π

α

t

dt

rr

 

  ≤  ∫
∞

+++












+

−

−

0
2

1

2

22

1

2

1

16
1

)1(

)1(4

ααα

π

α

t

dt

rr

 

It is easy to see that the integral 

∫
∞

+












+

0
2

1

2

216
1

α

π

t

dt
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converges and let us write 

  2
αC  = ∫

∞

+












+

0
2

1

2

216
1

α

π

t

dt
 and 22 8

αα
π

CM = . 

So we get, 

  dtref it
∫

−

π

π
α

2
)(  ≤  

2

2

1

2

1

)1(

)1(4
ααα

α
C

rr

++

−

−
. 

Therefore, we have 

  rdrdtref it
∫∫

−

π

π
α

π

21

0

)(
1

 ≤  ∫ ++

−

− 1

0
2

1

2

1

2

)1(

)1(4

ααα
π

α

rr

drr
C  

      = ∫ +

−

−

− 1

0
2

1

2

1

2

)1(

)1(4

α

α

α
π

α

r

drr
C  

     ≤  ∫ +

−

− 1

0
2

1

2

)1(

)1(4

αα
π

α

r

dr
C  

     = 228
αα

π
MC = . 

Hence )(2 DLf a∈α  and αα Mf ≤ . 

Theorem 2.3: If ++ → HH:φ  is analytic and φ  has angular derivative at some 

point of the real line then φC  cannot be compact. 

Proof: Let CHg →+:α  be defined by 

  )(wgα   = 
2)(

2

iwiw

iw
f

+









+

−
α  

So   = 
2

2

1

2

1

)(

2
1)1(

iwiw

iw

+









+

−
+−








 +
−

α

α  

   = ( )
2

2

1

)(

2
2)1( 2

1
2

1

+






 +
−

+

− 






 +
−

α

α
α

iw

w  
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   = 

1 1
2

2 2

11

22(1 ) 2 ( ) ( )w w i

α αα

α

+ +   
− −   
   

− 
− 
 − +  

   = 

1 3

2 2

11

22(1 ) 2 ( ) ( )w w i

α αα

α

+ −   
−   
   

− 
− 
 − + . 

So 

  
2

)(2
+CLa

gαπ  = 
22
αα Mf ≤  

which implies )(2 +∈ HLg aα . 

Without loss of generality we may assume that the point 0x  where the angular 

derivative exists on the real line, is the origin and  0)0( =φ . So the existence of angular 

derivative amounts to existence of M  >  0 such that 

    M
t

ti
Rt ≤∈

)(
sup

φ
. 

But we can show that 

         
22

αα fM ≥  = 
2

απ g  

    ≥  

1 2
1 21

10
1

(1 )
( )

2

r

r
r

r

t
g i t dt drα

+

−
−

+

+
∫ ∫  

    = 

1
1 1 11

10
1

(1 )2 (1 )

r

r
r

r

t t dt dr
α α αα

+
− − − −−

−

+

− +∫ ∫  

    ≥  drdt

r

r

tr

r

r

r∫ ∫ −

+

+

− −

−−
−










−

+
+

−
1

0

1

1

1

1 1

1

1

1
1

2)1(
α

α
αα  

    = 

1

1
1 1 1

0
1

1

1
(1 )

2

r

r

r

r

t r dt drα αα

+

−
− − −

−

+

−
−∫ ∫  

    = 
1

2 10

1 (1 ) 1

2 (1 ) (1 )

r r
dr

r r

α

α α

α

α −

 − + −
− 

− + 
∫  

    ≥  
1 1 2

0

1 1 1
(1 )

2 2 4
r dr

αα

α
−−  

− − =  
∫ . 

 

Now 
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2

αφπ gC  ≥  

1 1 2
1

1
1 1 30
1

(1 )2 1 (1 )

2( ) ( )

r

r
r

r

t
dt dr

i t i it

α

α α

α

φ φ

+ −
−
− + −

+

− +

+
∫ ∫  

        = 

1 31 1 2
1

1
1 1 30
1

(1 )2 1 (1 )

2 ( ) ( )

r

r
r

r

t i t i i t
dt dr

i t i i ti t i i t

α αα

α α

α

φ φ

+ −+ −
−
− + −

+

− + +

++
∫ ∫  

       ≥  

31 2
1 2( 1) 1

10
1

(1 )
( )

( ) 2

r

r
r

r

i i t t
M g i t dt dr

i i t

α
α

α
φ

−+
− + −

−

+

+ +

+∫ ∫  

       ≥  drdt
t

tigM r

r

r

r 2

)1(
)(

21

0

1

1

1

1

2)2( +
∫ ∫ −

+

+

−
+−

α
α

 

      ≥  
4

)2( +− α
M

. 

Thus we observe that )(wgα  converges uniformly to zero on every compact subset of 

H
+
 as 1→α  and αg  is bounded. But αφ gC  is bounded away from zero as 1→α . 

Hence φC  is not compact.  
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