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Abstract: Let D be the open unit disk in the complex plane C, dA(z) be the

normalized area measure on D and L%,(D) be the subspace of functions in
I? (D,dA) that are harmonic. For ¢e L™ (D), define H P from L%, into (L%,)J‘
such that Hy f = (I — P)(¢ f) where P is the orthogonal projection from I? onto

L%l . In this paper some algebraic properties of the Hankel-like operators H ¢ are
derived.
2000 AMS Subject Classification Number: 47B35.

1. Introduction

Let D={ze C: |z| <1}. Let dA(z) be the area measure on D normalized so that the
area of the disk is 1. In rectangular and polar coordinates,

dA(z) Zldxdy =lrdrdt9.
V4 V4

Let L2(D,dA) be the Hilbert space of Lebesgue measurable functions on D with the inner
product

(f.8)=],f()8(x)dAG), f.ge (D).

The harmonic Bergman space L%l is the space of harmonic functions on D which are in
L2(D,dA). The space L%, is a Hilbert space with the inner product that it inherits from
L*(D,dA) . The sequence of functions {/n+1z" Yoo and (Wn+1z" }oey together form an
orthonormal basis for L%l(D) . The Bergman space Lf, (D) is the set of those functions in
L2(D,dA) that are analytic on D. The Bergman space Lf, (D) is a closed subspace of
I’ (D,dA) . Let (g)o is the subspace of I’ (D,dA) consisting of all complex conjugates

of functions in Lﬁ (D) which  vanish at the  origin. That is,
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(I2)o ={f:feI2(D), f(0)=0}. Thus L2 =12 ®(12),. Let h™(D) be the space of

bounded harmonic functions on D. Let L”(D,dA) denote the Banach space of Lebesgue
measurable functions f on D with

7], = ess sup{|f(2)|: z€ D} <oo.
Let H™ (D) be the space of bounded analytic functions on D. Let P be the orthogonal
projection from I? onto L%l . We define the Hankel-like operator H :L%l - (Li)J‘ with

symbol g€ L as Hyf =(—P)¢f).Notice that the operator H, is well-defined.

2. The Hankel-Like Operator H ,

The following observations are immediate.

(1) The operator H 4 is linear, bounded and ”H ¢|| < ||¢||w .
.. .. * 2.1 2 . . * —
(i1) The adjoint operator Hy : (Lj,)™ — Lj, is defined by H g = P(¢g).
This is so because for f € L%l, g€ (L%)J‘ ,
N
(£ Hog)=(Hot. 8)=(1-P)6 1), 8)

= (0f.8)=[,0f T dA) =], f 9 g dA(z)
= (1. PG 2)-

Proposition 2.1: The Hankel operator Hy =0 if and only if ¢ is a constant function.

Proof: Suppose H;=0. Then H,f =0 for all fe L%,. That is, (/ -P)(@ f)=0
for all fe L%l. Hence ¢ f e L%l for all fe L%l. In particular, taking f = 1, we obtain
e L%l. Thus ¢ is harmonic. Since g€ L™, hence ¢ h™. Now ¢ f € L% for all fe L%l
implies ¢ is harmonic. Now ¢ is real valued, ¢e h™ (D), ¢> e h™ (D) implies' that ¢
is a constant. Otherwise (if ¢ is not real valued) since ¢e h™ (D), @f € L% for all
fe L%l it follows” that either ¢ is holomorphic or 5 is holomorphic.

If pe H(D) and ¢ fe L2 for all fe L2 then it follows that ¢pe L2 for all
polynomial p in z . Thus
0=A@P) =07
where ¢ is the derivative of ¢ with respect to z, and p” is the derivative of p with

respect to z . That is, either ¢" or p’ vanishes identically. Hence either ¢ or p is a

constant. Since @pe L% for all polynomial p in z hence ¢ =c, a constant. Similarly, if



Hankel-Like Operators in Lf,

¢pe H”(D) and ¢ fe L%, for all fe L%l then ¢gpe L%, for all polynomial p in z. This

implies, ¢ =c’, a constant.

Proposition 2.2: If g L™ then "H ¢|| < dist ;- (9,C) .

Proof: It follows from proposition 2.1 that Hy =Hy . for all constant ce C.
Hence ||H¢|| = ||H¢_C
=dist ;- (¢,C) .

<lp-d,, for al cecC. That is, [Hy|<infeclp—c],

Notice that the Hankel-like operator H, can also be defined with symbol
Pe L2(D,dA). That is, given a function ¢@e L2(D,dA), we can define an operator
Hy:Lp —(Lp)" by Hyf =(I-P)@f). Clearly, H, is densely defined for any
de LZ(D,dA). The operator Hy in this case is unbounded in general. However, if

pe L”(D,dA), then H is bounded with |[H 4] <[g] _ .

Theorem 2.1: There exists no nonconstant ¢ € L%l such that Hy is of finite rank and

. 2 ; i
there exist no nonconstant y € L, such that Hy, is of finite rank.

Proof: Suppose ¢ge lel » Hy is of finite rank and Rank H; =n 21. Then Range H 4
is a finite dimensional subspace of (L%)J‘. In fact dim Range H,=n. Hence

H¢Z,H¢22,...,H¢Z"+l are linearly dependent. Thus there exist constants ¢, ¢, * * + , Cnyy

n+l
) —

not all zero such that H (c12+c222 +..t+cpz 0. That is, there exists a nonzero

polynomial p in z,p(0)=0 such that Hyp=0. Hence ¢pe L%l. Since ¢e lel and
€ IZ hence either ¢ = ¢, a constant or p=c’, a constant. But p is not a constant.
PE Ly p p

Hence ¢=c. Now let ye Lﬁ and RankHy, =n. Then Hl/,z,Hl/,zz,...,H!,,z"Jrl are
linearly dependent. Hence there exists a nonzero polynomial g in z, g(0) = O such that
Hy,q =0.Thatis, Wyqge L%,. Since ye Lf, , Wqe L%, , hence either ¥ =b;, a constant
or g =b,, a constant. Since g is not a constant, therefore ¥ = b, a constant.

Theorem 2.2: If g C(D), then H ¢ is compact.

Proof: First we shall show that the operators H 7 and H oo are Hilbert-Schmidt. The
reason is as follows:

3] EEYSTENES ) OTEaE
k=0 k=1
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=3 (k+1)HHan"“ + Z(k+1)HHz,,Zk“
k=0 k=1

- 2@ +D|a-P)Ee* )||2 + 2(1( +D|a =Pz )||2

N 2
=5 (k+1)”(2"zk)—P(Z”zk)“ .
k=0

It is not so difficult to verify that
n—k+1_,_
ZI’Z k

. 1 if k<nm;
P(an ): n+
kontl kn g
k+1
Hence
I —n_k —n_k 2
Yo+ 772" =P(Z"z )H
; (k+1k> . n?

- k=n+1

_ <o
=0k n+D(n+1)2 (k+n+1)(k+1)

Thus H 7 is Hilbert-Schmidt. Similarly, one can check that H o is Hilbert-Schmidt. Thus
H_, and H . are compact operators for all ne N . Itis well known? that polynomials are
dense in C(D) .

Hence if ¢e C(D) then there exists a sequence of polynomials p, such that

lim,,_,., || Pn —¢||°o =0. Thus lim, ., H, =H,. Since the set of all compact operators

D
from L%l into (L%,)l is closed in the norm topology and H , are compact operators, hence

H j is compact.
For f e I’ (D,dA), ze D, let f(z) be the Berezin transform of f defined by

F@ =) k. )] dAw) = [, (fog.)(w) dA(w)

2 ~ 2 %
and MO(fxz):[lfl (z)—\ f(z)\ } Let
||f||13Moa =sup{MO(f)(z):z€ D}.
Let BMO, be the space of functions f with || f|| BMO, <40, Let PE be the

orthogonal projection from I? onto L(ZJ = {f i fe L%l }. It is shown” that if ¢e BMO, then

(I =Pp)@ )<=

su
PreLiina

P f)H < sup feLinHZI\
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and

2(¢f)

P ey =P rer H(l

If fe ? (D,dA) , define the operator V on I? as follows:
w
V@ =30y L dan.
Further, recall that given fe LZ(D, dA), the little Hankel operator n ! :Lﬁ - L%, with
symbol f is defined by };f g:I?( fg). The operator };f is unbounded in general.

However, Ef is bounded if f is and we have Hﬁf “ S"f"oo. If fe L2(D,dA) then it is
shown® that i 7 is bounded if and only if V f(z) is bounded in D. Moreover, there is a

constant C > 0 such that

.. <[fiz| < clr.

and Vf(z) = 3<1;Z,£ ]?kz>, where k,(w) = 0 _| |) is the normalized reproducing kernel
wz

2
of the Bergman space L, (D).

Theorem 2.3: If ¢ BMOjy then V¢ is bounded in D and there exist constants N > 0,
M > 0 such that

oo, =M Avel.. + 1Vl <[Eol + | 5] < My, -
Proof: It follows® that
[Hol+|ts]z sw Ja-rexen|+ sup [a-Py@ 1)

feLya el
:f:LuEH | )(¢f) (LZ )(¢ - (L2 @ f)‘H
> ; sLup | 04 _PLf, )(¢f)H_‘P(Lz) +H(1 _PLf, )(‘/;f)u_‘ P(E) ((Zf)‘u
€= " h
- oo [tk

e ["W‘z”*“’%"z | b1

> sug MO(9)(z) - C"V¢”w - 6"‘/5"00
ze
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= [ pas0, M Ve +[v4])

for some positive constants C, C , M.
It also follows® that

o]+ 15| = up =2 )+ o _I“(I ~P2)@ 1)

hlrl=t

< swp Ju-pp)@n|+ s |0 -P2)G £

el feLiysm
< Mél o, -
The theorem follows.
One can also define another Hankel-like operator as follows: For ¢e L™ (D), define
SpiLy —> Ly as Syf =P(J(9f)), where J: L* — L* such that Jf(z) = f(Z) . We shall
call Sy as the little Hankel-like operator on the harmonic Bergman space L% . Let PLf, be

the orthogonal projection from I? onto Lﬁ and P( 3 be the orthogonal projection from
)0

L? onto (L%)O . Define

B¢:L§ — 12 as Byf=Pp(J(91));

Dy (2 > (2)g as Dyf = Ps (J@T):

Pi
(@),

hy 12 = (I2)g as hef =P (J@1);

P=
(Lo
T, ((I2)y > L2 as F¢f =Pp J@1).
Define 7 1L, > L, by Tolf 8} =Tolf + 8} =Byf + Dy ={Byf.Dyg} it
fell.ge(2),.
Similarly define Ry : Lj — Lj, by Ry{f.Z}=Ro{f +8}=J hyf +JTsg ={Jhy[.JTsg}.
Then T¢ +R¢ = S¢,T¢ = B¢ (‘BD¢ and R¢ = Jh¢ @Jl"¢ .
Let
csisod s
and
d= sup{"J h¢||,||J F¢||} < ||¢||c>o

1
Now 10181 = 1o + = 18- Do = ] By +[ o] 1
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1
<(dZ 1A +1eZ & 12 =02 17 +21° =[0l2 Jr.8)7. So T, is bounded with

o] <[], - Further for fe 13, g€ ).

[8o5] =iz -01] = [rs 00 <[l o = o1

and [Dyz] =[10. 0y = [rot0. )| <o ffi0. 2N = [l Thus [ <[] ana
||D¢||S||T¢||. Hence CS||T¢|| and so ||T¢||:cs||¢||m. Similarly one can show that
[Rol= <ol

Theorem 2.4: If g L™ (D), the operator Sy is compact if By,Dy,hy and Ty are

compact.
Proof: Suppose T, is compact. Let {f,}e L%,"fn"zScl and {§n}e(L§)0,

_ — 12 2 = 112 2,2 2 =
||gn||2 <c,. Then ||fn +gn||2 =||fn||2 +||gn||2 <S¢ +c5 =c” (let). Hence {T(f, +8&,)}
has a convergent subsequence {T¢( fnk + gnk )} and suppose {T¢( f,,k + §nk )} converges to
f+ g . Thus it follows that

[Boo, ~ 1[, +[Po%n, 5l =|(Bosi, + Do) -7+ 0.
Therefore By f”k — f and D¢§”k — g . Conversely, let By and D, are compact. Let

(fu+Za)e L2+U2)y and |f, +8,l, <c. This implies [f,[3 +[g,[ <c> and
therefore ||fn||2 <c and ||§n||2 <c. Since By and D, are compact, {Byf,} and {Dyg,}
have convergent subsequences {B¢ fnk } and {D¢ gnk . Hence
Ty(fo, + §nk )={Byfn, + D¢§nk } converges. Thus T is compact if and only if B, and
Dy are compact. Similarly one can show that Ry is compact if and only if 4y and I’y are
compact. Therefore it follows that if B;, Dy, hy and I'; are compact then 7j + Ry = Sy

is compact.
The Bloch space B of D is defined to be the space of analytic functions on D such that

"f”B = sup{(1—|z|2)‘f'(z)‘ iz€ D} <oo.

|| f || B is a complete semi-norm on B. B can be made into a Banach space by introducing the
norm
A=l @l+ 111
The little Bloch space of D, denoted By, is the closed subspace of B consisting of
functions f with (1—|z|2) £ (z)>0 as || —17.
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Proposition 2.3: If g By,¢#0, then S 7 is not compact.

Proof: We have already seen that S¢ = T¢ + R = (B @ D )+ (Jh @ JF ).

Notice that for f € La,JB f= (J(¢f)) (Lz (@) =h; 5/ -

It is shown®, if ¢< B, then h¢ is compact. Hence if ¢@e BO’Ba is compact. If

@< By, it is not difficult to check that Dﬁ =0 . Further, if ¢€ B, thenfor fe 5

hsf=F3 (J(@ 1) =P, 1(1(¢f)) JP, (¢f) JLGf

(Lo
where L¢7 f = L ((,/7 f) . Hence Jh¢7 = L¢3' The operator L¢7 :L%, - L%, is compact if and
only if ¢ =0 . Further if g B, f € @0,

JFf J(¢f)—J (¢+f+),

where ¢*(2)=¢(2) and f*(2)= f(2).
Notice that f* e L2 and ¢* € By and 11"5} = JL¢+f+. That is, JF(;Jer = JL¢+f+

and hence J F5] = JL¢+ .

But L¢+ is compact if and only if ¢ =0. That is, if and only if ¢=0. It follows
therefore that JI' 3 is compact if and only if ¢=0. Suppose ¢ By,¢#0 and S 3 is

compact. Since B(; is compact, Dy =0, we obtain 55 is compact if and only if

Jha :Lf, - (L%z)o and Jl"a :(Lfl)o - Lfl are compact. But Jh@,]l"a are compact® if

and only if ¢ =0. This is a contradiction since ¢ #0 . Hence S p is not compact.

3. Characterization of Hankel-Like Operators

Define L, L2 - L2 such that L f =z f . The operator L, is called the Bergman

shift operator. Define M ; (L2 )o — (L )o such that Mg =zg for ge (L )o - It is easy

to verify that LZ =Lz, where L;f =P (zf) and ME =M,, where M g = (z8).

(Lz Jo

The last statement can be verified as follows: For g € (L%l )o Jhe (L%, )o»

(Mig.h)=(g.Mzh)=(7.2h) = |, gehdaz) = (z5.h) = < P (@), h>
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Notice that
(L, ®M3)(By ®Dy) =L, By ®M:Dy =ByL, ® DMz =(By ® Dy)(L, ®M?3).
Let
g

1—-
kg(z)=—§

1) ,E.zeD.

Definition 3.1: A collection of points {&;}i2; in D is called an 7 -lattice if the
hyperbolic balls {z:p(z,&;) <n} cover D, and the ¢&; are separated in the sense that
P(&;.&;) = con,i# j. Here ¢ is a constant associated with the 77 -lattice and

2= v

Plaw) = |1 —Wz| '

Theorem 3.1: Let {&;}72 be an 1 -lattice with 1) sufficiently small, then for g e Lla
(that is, g is analytic in D and jD|g|dA <o), there exist {A;} in 1Y such that (i)
g=2 liké (ii) > |/7,l-| < (Z”g"l, where « is a constant which depends only on 7).

Proof: For the proof, the paper of N. Faour® may be seen.

Theorem 3.1, is also true® for ge Li - Thus we obtain span {k¢ } is dense in Lla and

Lfl . Further it is known* that ”kf"1 <a,£e D and a is a constant.

For ¢e L™ (D), let Spef (L%) be the little Hankel operator on the harmonic
Bergman space L%, defined by S f = PJ(¢ f). We have seen above that if S¢(L§) c Lfl
and S¢((E)0) c (L_fl)o sie.,if S5 =B; @ Dy then

(L, ®M3)(By ® Dy)=(By ® Dy)(L, ®M>).
The converse of this statement is also true as the following theorem shows.

Theorem 3.2: Suppose Se £(13),S(I2)c1? and s@m c @)0. That is,
S=T,®T,, where T| € £(L%l) and Ty € £((g)0). Further, assume that

(L, ®M )T, ®T,) = (T, ®T,)(L, ®M>3).
Then there exist @,,¢, € L” (D) such that Ty = By and Ty =Dy . If ¢y =¢, =@, then
S =S, is a little Hankel-like operator on the harmonic Bergman space L%l .

Proof: We shall prove first that if Ce £ (Li) and LzC =CL, then there exists
we L™ (D) such that C = By . Let W = span{kézi }, where {&;} is an 7 -lattice. Define the
linear functional A on Wby A(f) = <C f ,1) . Notice that W < Li and hence is contained
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in L}l. From theorem 3.1, given fe€ W there exist {4;} in I' such that =2 liké and
Z|/ll~| < 0{||f||1 . Suppose 0 < r < 1, notice that ka (rz)”2 <b(r), a function depending only

on r. Thus, with f,(z) = f(rz) we see that

1 1

(cfr,1)=<c[lzziké (rz)}l> = X A4(Clky ra1)= T4 CUZ 0. (kG 0o*

Therefore,
o< 2la Ieswlks ),
Consequently, it follows that |
(c r.1]<adrlfc]-
But f, — f in L2. Thus, by the continuity of A it follows that NGEY: f||1 for some

constant S . Since span{ kg } is dense in Lla it follows that A extends by continuity to an

element of (Lla)*, and consequently, by the Hahn Banach theorem to an element of

(L"" = (D) . Therefore, there exists we L”(D), such that
(Cry=(wrn=(wnl
= (PUW ).1)=(By f.1).

Moreover, span{ ké }is dense’ in Lfl . Thus, it follows that <By,h, 1> = <Ch,1>,he Lfl .
Using the fact that

<Cpc1+ ,1> =(Cp.q)

(where p, ¢ are polynomials in z, p*(z) = %) ), it follows that <Cp,q> = <By,p,q> , and

hence, C = By,.

Similarly one can show that if there exists E € £ ((L%l)o) such that M ;E = EM; then
there exists ¥ e L™ (D) such that E = Dy .
Now since S =T, ®T,, Ty € £(I2), T» € £((I2),) and
(L, @ MI)T; ®T,) = (I; ® T, )(L, ® M)
we obtain that LTy =T\L, and M:T, =T,M .

Hence there exist ¢,¢, € L™ (D) such that T} = By and Tp = Dy .
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If ¢y=¢,=¢.then S=T;®T, =B, ®Dy =5, as S(L3) < L and S((L3)o) < (L3)p-

The theorem follows.
Theorem 3.3: If ¢ L” (D) and L%l is a reducing subspace for Sy then Sy is

normal in £(L%,) if and only if Sy 1> is normal and S l(E) is normal.
a a’/0
Here T |y means the restriction of the operator T to the Hilbert space H.
Proof: Since Sy(L3) < Ly and S4((L3)o) < (L) . hence Sy =By ® Dj.
o * _ + = *

Therefore, S¢ =B, @D¢ = B¢+ @D¢+ = S¢+ , where ¢ (2) =¢@(z) . Thus S¢ = S¢+ . Now
Sy is normal if and only if S;S¢ = S¢S;. That is, if and only if S¢+ Sy = S¢S¢+. Since
Sp(La)c Ly and  Ss((Lp)g) = (L3)g. hence it follows® that S 5 (I2)cI? and
S¢+((L§)O) c(L2), and PSyS +ﬁ=ﬁ5¢s¢+P=o, PS

4 +S¢P=PS¢+S¢P=O.

Hence Sy is normal if and only if

PS¢S¢+P B 0 RE PS¢+S¢P B 0 B
0 PS¢S¢+P 0 PSSy P

¢

[
Thus PS¢S¢+ P=PS¢+ S¢P and PS¢S¢+P:PS¢+ S¢P.
Therefore S¢S¢+ P:S¢+ S¢P and S¢ S¢+ ﬁ:SW S¢F. Hence S¢ is normal if and
only if Sy | I is normal and S I(E,)o is normal.
References

1. W. Rudin, Real and complex Analysis (third edition), McGraw-Hill, New York, 1987.

P. L. Duren, Theory of H? spaces, Academic press, New York, 1970.

K. Zhu, Operator theory in function spaces, Monographs and Textbooks in Pure and
Applied Mathematics, Marcell Dekker, Inc. 139, New York and Basel, 1990.

N. Faour, A factorization theorem for Bergman spaces, Indian J. Math., 30 (1988) 17-27.
5. R. R. Coifman and R. Rochberg, Representation theorems for holomorphic and harmonic
functions in LP | Asterisque, 77 (1980) 11-66.

6. N. I Akhiezer and I. M. Glazman, Theory of linear operators in Hilbert space, Monographs
and studies in Mathematics, 9 Pitman, 1981.



