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Abstract: Let D be the open unit disk in the complex plane C, dA(z) be the 

normalized area measure on D and )(2 DLh  be the subspace of functions in 

),(2 dADL  that are harmonic. For )(DL
∞∈φ , define φH  from 2

hL  into ⊥)( 2
hL  

such that ))(( fPIfH φφ −=  where P is the orthogonal projection from 2L  onto 

2
hL . In this paper some algebraic properties of the Hankel-like operators φH  are 

derived. 

2000 AMS Subject Classification Number: 47B35. 

 

1. Introduction 
 

Let }1:{ <∈= zCzD . Let dA(z) be the area measure on D normalized so that the 

area of the disk is 1. In rectangular and polar coordinates,  

   θ
ππ

ddrrdydxzdA
11

)( == . 

Let ),(2 dADL  be the Hilbert space of Lebesgue measurable functions on D with the inner 

product  

∫ ∈=
D

DLgfzdAzgzfgf )(,),()()(,
2

.  

The harmonic Bergman space 2
hL  is the space of harmonic functions on D which are in 

),(2 dADL . The space 2
hL  is a Hilbert space with the inner product that it inherits from 

),(2 dADL . The sequence of functions ∞
=+ 0}1{ n

nzn  and ∞
=+ 1}1{ n

nzn  together form an 

orthonormal basis for )(2 DLh . The Bergman space )(2 DLa  is the set of those functions in 

),(2 dADL  that are analytic on D. The Bergman space )(2 DLa  is a closed subspace of 

),(2 dADL . Let 0
2 )( aL  is the subspace of ),(2 dADL  consisting of all complex conjugates 

of functions in )(2 DLa  which vanish at the origin. That is, 
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}0)0(),(:{)( 2
0

2 =∈= fDLffL aa . Thus 0
222 )( aah LLL ⊕= . Let )(Dh∞  be the space of 

bounded harmonic functions on D. Let ),( dADL∞  denote the Banach space of Lebesgue 

measurable functions f on D with  

∞<∈=
∞

}:)(sup{ Dzzfessf . 

Let ( )H D∞  be the space of bounded analytic functions on D. Let P be the orthogonal 

projection from 2L  onto 2
hL . We define the Hankel-like operator 

⊥→ )(:
22
hh LLHφ  with 

symbol ∞∈ Lφ  as ))(( fPIfH φφ −= . Notice that the operator φH  is well-defined. 

 

2. The Hankel-Like Operator φH  

 

The following observations are immediate. 

(i) The operator φH  is linear, bounded and 
∞

≤ φφH . 

(ii) The adjoint operator 
22*

)(: hh LLH →⊥
φ  is defined by )(

*
gPgH φφ = . 

This is so because for ⊥∈∈ )(, 22
hh LgLf , 

    gfPIgfHgHf ),)((,,
* φφφ −==  

    = ∫∫ ==
DD

zdAgfzdAgfgf )()(, φφφ  

    = )(, gPf φ . 

Proposition 2.1: The Hankel operator 0≡φH  if and only if φ  is a constant function. 

Proof: Suppose 0≡φH . Then 0≡fHφ  for all 2
hLf ∈ . That is, 0))(( =− fPI φ  

for all 2
hLf ∈ . Hence 2

hLf ∈φ  for all 2
hLf ∈ . In particular, taking f = 1, we obtain 

2
hL∈φ . Thus φ  is harmonic. Since ∞∈ Lφ , hence ∞∈ hφ . Now 2

hLf ∈φ  for all 2
hLf ∈  

implies 2φ  is harmonic. Now φ  is real valued, )(Dh∞∈φ , )(2 Dh∞∈φ  implies
1
 that φ  

is a constant. Otherwise (if φ  is not real valued) since )(Dh∞∈φ , 2
hLf ∈φ  for all 

2
hLf ∈  it follows

1
 that either φ  is holomorphic or φ  is holomorphic.  

If ( )H Dφ ∞∈  and 2
hLf ∈φ  for all 2

hLf ∈
 
then it follows that 2

hLp ∈φ  for all 

polynomial p  in z . Thus  

pp ′′=∆= φφ )(0   

where φ ′  is the derivative of φ  with respect to z, and p′  is the derivative of p  with 

respect to z . That is, either φ ′  or p′  vanishes identically. Hence either φ  or p is a 

constant. Since 2
hLp ∈φ  for all polynomial p in z hence c≡φ , a constant. Similarly, if 
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)(DH ∞∈φ  and 2
hLf ∈φ  for all 2

hLf ∈
 
then 2

hLp ∈φ  for all polynomial p in z. This 

implies, c′≡φ , a constant.  

Proposition 2.2:  If ∞∈ Lφ  then ),( CdistH
L

φφ ∞≤ . 

Proof: It follows from proposition 2.1 that cHH −= φφ  for all constant Cc ∈ . 

Hence 
∞− −≤= cHH c φφφ  for all Cc ∈ . That is, 

∞∈ −≤ cH Cc φφ inf  

),( Cdist
L

φ∞= .  

Notice that the Hankel-like operator φH  can also be defined with symbol 

),(2 dADL∈φ . That is, given a function ),(2 dADL∈φ , we can define an operator 

⊥→ )(:
22
hh LLHφ  by ))(( fPIfH φφ −= . Clearly, φH  is densely defined for any 

),(2 dADL∈φ . The operator φH  in this case is unbounded in general. However, if 

),( dADL∞∈φ , then φH  is bounded with 
∞

≤ φφH .  

Theorem 2.1: There exists no nonconstant 
2
aL∈φ  such that φH  is of finite rank and 

there exist no nonconstant  
2
aL∈ψ   such that ψH  is of finite rank. 

Proof: Suppose 2
aL∈φ , φH  is of finite rank and Rank 1≥= nHφ . Then Range φH  

is a finite dimensional subspace of ⊥)( 2
hL . In fact dim Range nH =φ . Hence 

12
,...,,

+n
zHzHzH φφφ  are linearly dependent. Thus there exist constants c1, c2, ·  ·  ·  , cn+1 

not all zero such that 0)...(
1

1
2

21 =+++ +
+

n
n zczczcHφ . That is, there exists a nonzero 

polynomial p in 0)0(, =pz  such that 0=pHφ . Hence 2
hLp ∈φ . Since 2

aL∈φ  and 

2
hLp ∈φ  hence either c≡φ , a constant or cp ′≡ , a constant. But p is not a constant. 

Hence c≡φ . Now let 2
aL∈ψ  and Rank nH =ψ . Then 

12
,...,,

+n
zHzHzH ψψψ  are 

linearly dependent. Hence there exists a nonzero polynomial q in z, q(0) = 0 such that 

0=qHψ . That is,  2
hLq ∈ψ . Since   2

aL∈ψ ,  2
hLq ∈ψ , hence either  1b≡ψ , a constant 

or 2bq ≡ , a constant. Since q is not a constant, therefore 1b≡ψ , a constant.  

Theorem 2.2: If )(DC∈φ , then φH  is compact. 

Proof: First we shall show that the operators n
z

H  and n
z

H  are Hilbert-Schmidt. The 

reason is as follows: 

 

2

1

2

0

)1()1( ∑ ++∑ +
∞

=

∞

= k

k
z

k

k
z

zkHzkH nn  
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   = 

2

1

2

0

)1()1( ∑ ++∑ +
∞

=

∞

= k

k
z

k

k
z

zHkzHk nn  

 =

2 2

0 1

( 1) ( )( ) ( 1) ( )( )n k n k

k k

k I P z z k I P z z
∞ ∞

= =

+ − + + −∑ ∑  

   = 

2

0

)()()1(∑ −+
∞

=k

knkn zzPzzk . 

It is not so difficult to verify that 

  








≥
+

+−

≤
+

+−

=
−

−

.
1

1

;
1

1

)(

nkifz
k

nk

nkifz
n

kn

zzP
nk

kn

kn
 

Hence 

 
2

0 ( 1) ( )
n k n k

k k z z P z z∞
= + −∑  

  = ∞<∑
+++

+∑
+++

+ ∞
+== 1

2

0 2

2

)1)(1()1)(1(

)1(
nk

n
k knk

n

nnk

kk
. 

Thus n
z

H  is Hilbert-Schmidt. Similarly, one can check that n
z

H  is Hilbert-Schmidt. Thus 

n
z

H  and n
z

H  are compact operators for all Nn ∈ . It is well known
2
 that polynomials are 

dense in )(DC . 

Hence if )(DC∈φ  then there exists a sequence of polynomials np  such that 

0lim =−
∞∞→ φnn p . Thus φHH

npn =→∞lim . Since the set of all compact operators 

from 2
hL  into ⊥)( 2

hL  is closed in the norm topology and 
npH  are compact operators, hence 

φH  is compact.  

For ),(2 dADLf ∈ , Dz ∈ , let )(
~

zf  be the Berezin transform of f defined by 

  )())(()()()()(
~ 2

wdAwfowdAwkwfzf
D zD z ∫∫ == φ  

and 

1

2 22
( )( ) ( ) ( )MO f z f z f z = −  

ɶ . Let 

   }:))((sup{ DzzfMOf
BMO

∈=
∂

. 

Let ∂BMO  be the space of functions f with +∞<
∂BMO

f . Let 2
aL

P  be the 

orthogonal projection from 2L  onto }:{ 22
aa LffL ∈= . It is shown

3
 that if ∂∈ BMOφ  then  

∞<−≤
==

∈∈ ))((sup)(sup 2

1

22
1

2 fPIfP
afaafa LLfLLf

φφ  
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and  

2 2 22
1 1

sup ( ) sup ( )( )
a a af fa

f L f L LL
P f I P fφ φ

= =∈ ∈
≤ − < ∞ . 

If ),(2 dADLf ∈ , define the operator V on 2L  as follows: 

   )(
)1(

)(
)1(3)(

4

22
wdA

wz

wf
zzVf

D∫
−

−= . 

Further, recall that given ),(2 dADLf ∈ , the little Hankel operator 
22

:
~

aaf LLh →  with 

symbol f is defined by )(
~

2 fgPgh
aLf = . The operator fh

~
 is unbounded in general. 

However, fh
~

 is bounded if f is and we have 
∞

≤ fh f

~
. If ),(2 dADLf ∈  then it is 

shown
3
 that 

f
h
~

 is bounded if and only if V f(z) is bounded in D. Moreover, there is a 

constant C > 0 such that  

    
∞∞

− ≤≤ VfChVfC
f

~1
 

and zfz khkzVf
~

,3)( = , where 
2

2

)1(

1
)(

zw

z
wk z

−

−
=  is the normalized reproducing kernel 

of the Bergman space )(2 DLa . 

Theorem 2.3: If ∂∈ BMOφ  then φV  is bounded in D and there exist constants N > 0, 

M > 0 such that  

∂∂

≤+≤+−
∞∞ BMOBMO

NHHVVM φφφφ φφ)( . 

Proof: It follows
3
 that 

        ))((sup))((sup 2

2

1

2

2

1

fPIfPIHH
h

fa

h

fa

L
Lf

L
Lf

φφφφ −+−≥+

== ∈∈

 

                 = 





−−+−−

=∈

)())(()())((sup
0

22

0
22

2

1

)()(
fPfPIfPfPI

aaaa

fa

LLLL
Lf

φφφφ  

       





−−+−−≥

=∈

)())(()())((sup
0

22

0
22

2

1

)()(
fPfPIfPfPI

aaaa

fa

LLLL
Lf

φφφφ  

           = 
2

1

sup
a f

f L

H f h f H f h fφ φ φ φ
=∈

 − + −
 

ɶ ɶ  

          sup z z
z D

H k H k h hφ φφ φ
∈

 ≥ + − −
 

ɶ ɶ  

∞∞
∈

−−≥ φφφ VCVCzMO
Dz

~
))((sup  
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= )(
∞∞

+−
∂

φφφ VVM
BMO

 

for some positive constants C, C
~

, M. 

It also follows
3
 that 

  ))((sup))((sup 2

2

1

2

2

1

fPIfPIHH
h

fh

h

fh

L
Lf

L
Lf

φφφφ −+−=+

== ∈∈

 

  ))((sup))((sup 2

2

1

2

2

1

fPIfPI
a

fa

a

fa

L
Lf

L
Lf

φφ −+−≤

== ∈∈

 

  
∂

≤
BMO

N φ . 

The theorem follows.  

One can also define another Hankel-like operator as follows: For )(DL∞∈φ , define 

22
: hh LLS →φ  as ))(( fJPfS φφ = , where 22: LLJ →  such that )()( zfzJf = . We shall 

call φS  as the little Hankel-like operator on the harmonic Bergman space 2
hL . Let 2

aL
P  be 

the orthogonal projection from 2L  onto 2
aL  and 

0)( 2
aL

P  be the orthogonal projection from 

2L  onto 0
2 )( aL . Define  

  
22

: aa LLB →φ  as ))((2 fJPfB
aL

φφ = ; 

  0
2

0
2

)()(: aa LLD →φ  as ))((
0

2 )(
fJPfD

aL
φφ = ; 

   0
22

)(: aa LLh →φ  as ))((
0

2 )(
fJPfh

aL
φφ = ; 

    
2

0
2

)(: aa LL →Γφ  as ))((2 fJPf
aL

φφ =Γ . 

Define 
22

: hh LLT →φ  by },{}{},{ gDfBgDfBgfTgfT φφφφφφ =+=+=  if 

0
22 )(, aa LgLf ∈∈ . 

Similarly define 
22

: hh LLR →φ  by },{}{},{ gJfJhgJfhJgfRgfR φφφφφφ Γ=Γ+=+= . 

Then φφφφφφ DBTSRT ⊕==+ ,  and φφφ Γ⊕= JJhR . 

 Let 

  
∞

≤= φφφ },sup{ DBc  

and 

  
∞

≤Γ= φφφ },sup{ JhJd . 

Now 2

1
22

][},{)(},{ gDfBgDfBgfTgfT φφφφφφ +==+=  
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22

[ f
∞

≤ φ 2

1
22

]g
∞

+ φ 2 2 2 2
{ , }f g f gφ φ

∞ ∞
= + = . So φT  is bounded with 

∞
≤ φφT . Further for 0

22 )(, aa LgLf ∈∈ , 

  fTfTfTfBfB φφφφφ =≤== }0,{}0,{}0,{  

 and gTgTgTgDgD φφφφφ =≤== },0{},0{},0{ . Thus φφ TB ≤  and 

φφ TD ≤ . Hence φTc ≤  and so 
∞

≤= φφ cT . Similarly one can show that 

∞
≤= φφ dR . 

Theorem 2.4: If )(DL∞∈φ , the operator φS  is compact if φφφ hDB ,,  and φΓ  are 

compact. 

Proof: Suppose φT  is compact. Let 12

2
,}{ cfLf nan ≤∈  and ,)(}{ 0

2
an Lg ∈  

22
cgn ≤ . Then 

2 2 2 2 2 2
1 22 2 2n n n nf g f g c c c+ = + ≤ + =  (let). Hence )}({ nn gfT +φ  

has a convergent subsequence )}({
kk nn gfT +φ  and suppose )}({

kk nn gfT +φ  converges to 

f + g . Thus it follows that 

    
2

2

2

2
ggDffB

kk nn −+− φφ 0)()(
2

2
→+−+= gfgDfB

kk nn φφ . 

 Therefore ffB
kn →φ  and ggD

kn →φ . Conversely, let φB  and φD  are compact. Let 

0
22 )(}{ aann LLgf +∈+  and 

2n nf g c+ ≤ . This implies 
22

2

2

2
cgf nn ≤+  and 

therefore cfn ≤
2

 and cgn ≤
2

. Since φB  and φD  are compact, }{ nfBφ  and }{ ngDφ  

have convergent subsequences }{
knfBφ  and }{

kngDφ . Hence 

}{)(
kkkk nnnn gDfBgfT φφφ +=+  converges. Thus φT  is compact if and only if φB  and 

φD  are compact. Similarly one can show that φR  is compact if and only if φh  and φΓ  are 

compact. Therefore it follows that if φB , φD , φh  and φΓ  are compact then φφφ SRT =+  

is compact.  

The Bloch space B of D is defined to be the space of analytic functions on D such that 

∞<∈−= }:)()1sup{(
'2

Dzzfzf
B

.  

B
f  is a complete semi-norm on B. B can be made into a Banach space by introducing the 

norm  

B
fff += )0( .  

The little Bloch space of D, denoted B0, is the closed subspace of B consisting of 

functions f with 0)()1(
'2

→− zfz  as −→ 1z . 
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Proposition 2.3: If 0,0 ≠∈ φφ B , then φS  is not compact. 

Proof: We have already seen that )()( φφφφφφφ Γ⊕+⊕=+= JJhDBRTS . 

Notice that for fhfPfJJPfJBLf
aa LLa φφ φφ

~
)())((,

)(

2
22 ===∈ . 

It is shown
3
, if 0B∈φ , then φh

~
 is compact. Hence if  φφ BB ,0∈  is compact. If 

0B∈φ , it is not difficult to check that 0≡φD . Further, if 0B∈φ , then for  2
aLf ∈ , 

  fJLfJPfJJJPfJPfh
aaa

LLL φφ φφφ ==== )())(())(( 22

0
2 )(

,  

where fLφ  = )(2 fP
aL

φ . Hence φφ LJh = . The operator 22: aa LLL →φ  is compact if and 

only if 0≡φ . Further if 0B∈φ , 0
2 )( aLf ∈ , 

   )()( 22
++==Γ fJPfJJPfJ

aa LL
φφφ , 

where )()( zz φφ =+  and )()( zfzf =+ .  

Notice that 2
aLf ∈+  and 0B∈+φ  and +

+=Γ fJLfJ φφ . That is, ++
+=Γ fJLJfJ φφ   

and hence +=Γ φφ JLJJ .  

But +φL  is compact if and only if 0≡+φ . That is, if and only if 0≡φ . It follows 

therefore that φΓJ  is compact if and only if 0≡φ . Suppose 0,0 ≠∈ φφ B  and φS  is 

compact. Since φB  is compact, 0≡φD , we obtain φS  is compact if and only if 

0
22 )(: aa LLhJ →φ  and 2

0
2 )(: aa LLJ →Γφ  are compact. But φφ ΓJJh ,  are compact

3
 if 

and only if 0≡φ . This is a contradiction since 0≠φ . Hence φS  is not compact.  

 

3. Characterization of Hankel-Like Operators 
 

Define 22: aaz LLL →  such that fzfLz = . The operator zL  is called the Bergman 

shift operator. Define 0
2

0
2 )()(: aaz LLM →  such that gzgM z =  for 0

2 )( aLg ∈ . It is easy 

to verify that zz LL =* , where )(2 fzPfL
aLz =  and zz MM =* , where )(

0
2 )(

gzPgM
aLz = . 

The last statement can be verified as follows: For 0
2 )( aLg ∈ , 0

2 )( aLh ∈ , 

 hgzPhgzzzhdAghzghMghgM
aLDzz ),(,)(,,,

0
2 )(

* ===== ∫ .   
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Notice that 

))(())((
****

zzzzzzzz MLDBMDLBDMBLDBML ⊕⊕=⊕=⊕=⊕⊕ φφφφφφφφ . 

Let 

    Dz
z

zk ∈
−

−
= ,,

)1(

1
)(

3

2

ξ
ξ

ξ
ξ . 

Definition 3.1: A collection of points ∞
=1}{ iiξ  in D is called an η -lattice if the 

hyperbolic balls }),(:{ ηξρ <izz  cover D, and the iξ  are separated in the sense that 

jicji ≠≥ ,),( 0ηξξρ . Here 0c  is a constant associated with the η -lattice and 

    
zw

wz
wz

−

−
=

1
),(ρ . 

Theorem 3.1: Let 
∞
=1}{ iiξ  be an η -lattice with η  sufficiently small, then for 

1
aLg ∈  

(that is, g is analytic in D and ∫ ∞<D dAg ), there exist }{ iλ  in 
1l  such that (i) 

i
kg i i ξλ∑=  (ii) 

1
gi i αλ ≤∑ , where α  is a constant which depends only on η .  

Proof: For the proof, the paper of N. Faour
4
 may be seen.  

Theorem 3.1, is also true
5
 for 2

aLg ∈ . Thus we obtain span }{
i

kξ  is dense in 1
aL  and 

2
aL . Further it is known

4
 that Dak ∈≤ ξξ ,

1
 and a is a constant.  

For )(DL∞∈φ , let ∈φS £ )( 2
hL be the little Hankel operator on the harmonic 

Bergman space 2
hL  defined by )( fPJfS φφ = . We have seen above that if 

22
)( aa LLS ⊂φ  

and 0
2

0
2

)())(( aa LLS ⊂φ , i.e., if φφφ DBS ⊕=  then 

 ))(())((
**

zzzz MLDBDBML ⊕⊕=⊕⊕ φφφφ . 

The converse of this statement is also true as the following theorem shows. 

Theorem 3.2: Suppose ∈S £
222 )(),( aah LLSL ⊂  and 0

2
0

2 )())(( aa LLS ⊂ . That is, 

21 TTS ⊕= , where ∈1T £ )( 2
aL  and ∈2T £ ))(( 0

2
aL . Further, assume that 

   ))(())(( 2121
**

zzzz MLTTTTML ⊕⊕=⊕⊕ . 

Then there exist )(, 21 DL∞∈φφ  such that 
11 φBT =  and 

22 φDT = . If φφφ ≡≡ 21 , then 

φSS =  is a little Hankel-like operator on the harmonic Bergman space 
2
hL . 

Proof: We shall prove first that if ∈C £ )( 2
aL  and zz CLCL =*  then there exists 

)(DL∞∈ψ  such that ψBC = . Let }{
i

kspanW ξ= , where }{ iξ  is an η -lattice. Define the 

linear functional Λ  on W by 1,)( fCf =Λ . Notice that 2
aLW ⊂  and hence is contained 
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in 1
aL . From theorem 3.1, given Wf ∈  there exist }{ iλ  in 1l  such that 

i
kf i i ξλ∑=  and 

1
fi αλ ≤∑ . Suppose 0 < r < 1, notice that )()(

2
rbrzk

i
≤ξ , a function depending only 

on r. Thus, with )()( rzfzf r =  we see that  

     1,)(1, 









= ∑ rzkCfC

i
ir iξλ  ∑=

i
i rzkC

i

1)),((
ξ

λ = ∑ +

i
i rzkrzkC

ii

))(()),(( 2

1

2

1

ξξ
λ . 

Therefore, 

  
1

)(sup1, rzkCfC
i

ii
ir ξ

ξ
λ∑≤ . 

Consequently, it follows that  

CfafC r 1
1, α≤ .  

But ffr →  in 2
aL . Thus, by the continuity of Λ  it follows that 

1
)( ff β≤Λ  for some 

constant β . Since span{
i

kξ } is dense in 1
aL  it follows that Λ  extends by continuity to an 

element of *1 )( aL , and consequently, by the Hahn Banach theorem to an element of 

)()( *1 DLL ∞= . Therefore, there exists )(DL∞∈ψ , such that 

  1),(1,1, fJffC ψψ ==  

               = 1,1)),(( fBfJP ψψ = . 

Moreover, span{
i

kξ } is dense
5
 in 2

aL . Thus, it follows that 2,1,1, aLhChhB ∈=ψ . 

Using the fact that  

   qCpCpq ,1, =+
 

 (where p, q are polynomials in z, )()( zpzp =+ ), it follows that qpBqCp ,, ψ= , and 

hence, ψBC = .  

Similarly one can show that if there exists ∈E £ ))(( 0
2
aL  such that zz EMEM =*  then 

there exists )(~ DL∞∈ψ  such that ψ~DE = . 

Now since ∈⊕= 121 , TTTS £ ∈2
2 ),( TLa £ ))(( 0

2
aL  and 

  ))(())(( 2121
**

zzzz MLTTTTML ⊕⊕=⊕⊕  

we obtain that zz LTTL 11
* =  and zz MTTM 22

* = . 

Hence there exist  )(, 21 DL∞∈φφ  such that 
11 φBT =  and 

22 φDT = . 
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If  φφφ ≡≡ 21 , then φφφ SDBTTS =⊕=⊕= 21  as 22 )( aa LLS ⊂  and 0
2

0
2 )())(( aa LLS ⊂ . 

The theorem follows.  

Theorem 3.3:  If )(DL∞∈φ  and 
2
aL  is a reducing subspace for φS  then φS  is 

normal in £ )( 2
hL  if and only if 2|

aL
Sφ  is normal and 

0
2 )(

|
aL

Sφ  is normal.  

Here HT |  means the restriction of the operator T to the Hilbert space H. 

Proof: Since 
22

)( aa LLS ⊂φ  and 0
2

0
2

)())(( aa LLS ⊂φ , hence φφφ DBS ⊕= . 

Therefore, +++ =⊕=⊕= φφφφφφ SDBDBS *** , where )()( zz φφ =+ . Thus += φφ SS* . Now 

φS  is normal if and only if 
**
φφφφ SSSS = . That is, if and only if ++ = φφφφ SSSS . Since 

22
)( aa LLS ⊂φ  and 0

2
0

2
)())(( aa LLS ⊂φ , hence it follows

6
 that 22 )( aa LLS ⊂+φ  and 

0
2

0
2 )())(( aa LLS ⊂+φ  and 0== ++ PSSPPSPS φφφφ , 0== ++ PSSPPSPS φφφφ . 

Hence φS  is normal if and only if 

  














+

+

PSSP

PSPS

φφ

φφ

0

0
 = 















+

+

PSSP

PSPS

φφ

φφ

0

0
. 

Thus PSSPPSSP φφφφ ++ =  and PSSPPSSP φφφφ ++ = . 

Therefore PSSPSS φφφφ ++ =  and PSSPSS φφφφ ++ = . Hence φS  is normal if and 

only if 2|
aL

Sφ   is normal and 
0

2 )(
|

aL
Sφ  is normal.  
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