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Abstract: This paper deals with the analysis of a two identical units cold standby
system. Assuming the concept of preventive maintenance (P.M.) i.c. when unit is
not completely failed but needs a minor repair. The operation of only one unit is
sufficient to do the job. When a unit fails totally the standby unit becomes
operative instantaneously. Each unit of the system has two modes-Normal (N) and
total failure (F). Initially, one unit is operative and the other is Kept as cold
standby. A single repairman is always available with the system to repair all types
of fault. The discipline of repair of failed units is first come first serve (FCFS).
However, the P.M. gets the priority over the repair of failed unit. When one of the
units is under repair and the other needs the P.M.. in such a situation. the repair of
the failed unit is discontinued and the repairman starts the P.M. Each repaired unit
works as good as new. Also. the failure & repair times of each unit are assumed 1o
be correlated by taking their joint distribution as bivariate exponential with
deasity function as follows:

f(x, ) =af(l—r)expl-ax - ByUo2JaBrxy) ix.y.a.8>0. 0=r<l

© (7/2)*
where /g(2) = e
k=0 (K1)~
order zero, The distribution of the PM. and residual repair times of units are
taken to be negative exponential with different parameters. Using regencrative
point technique in the Marko-renewal process. the following economic measures
of svstem effectiveness are obtained:

is the modified Bessel function of ©vpe one and

i The reliability of the system and MTSE.

il Expected up-time of the system in (0. t] and in steady state.
iii. Expected busy period of the repairman (0. 1} and in steady state.
iv. Net expected profit earned by the system in the interval (o. t] and in

steady state.

The behavior of MTSF and cost-benefit analysis of the system have also been
studied.
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1. Introduction

Two unit redundant system models have been analysed widely in the literature of
reliability by various authors including Gopalan and Naidu, Gupta et al. Murari and Goel,
Goyal and Murari, Gopalan et al, Gupta and Goel. Gupta and Chaudhary, Mohmoud and
Esmail, under the assumption that a failed unit once repaired becomes as good as new.
Further, they have also assumed that all the variables representing life times/repair times
are mutually independent and uncorrelated. Goel et al, Goel and Gupta, Goel and
Shrivastava'?, Tyagi V. K, Gupta R.S.Z. Mumtaz', Quamber, Jhang J.P. and Shele®,
Guinter, Leoanidas & Kapranis6 incorporated the concept of correlation between life time
and repair time of a unit and analysed the models pertaining to two unit standby system by
taking the joint distribution of failure and repair times as bivariate exponential.

In the present study, we analyse a two identical unit stand by system model, assuming
the concept of preventive maintenance (P.M.) i.e. when unit is not completely failed but
needs a minor repair and also the concept of correlation is introduced between the failure
times and repair times. Initially one unit is operative and the other is kept as cold standby
because the operation of only one unit is sufficient to do the job. Each unit of the system
has two modes-normal (N) and total failure (F). When a unit fails totally the standby unit
becomes operative instantaneously with the help of perfect switching device. When the
P.M. is given to any unit, it is kept off-line. Single repairman is always with the system and
repair is done on FCFS basis. Priority is always given to P.M. over the repair of failed unit.
P.M. always starts a fresh. After repair every unit works as good as new. Time to P.M. and
P.M. to complete are taken to be negative exponential with parameters a and b. When the
repair of a unit is re-started after interruption, his repair time are assumed to be uncorrelated
random variable having the negative exponential distribution with parameter $, and f§;

The failure and repair times of each unit are jointly distributed having the bivariate
exponential density function of the form:

f(an)-'-a.B(]‘V)CXP[—ODC~ﬁ,V]IO(Z,/aﬁrxy) X, y,0,f>0,0<r<1,

2 (z/* . : :
where [4(z) = IEOW is the modified Bessel function of type one and order zero.
2. Notation and States of The System
No : Unit in N-mode and operative.
Ns : Unit in N-mode and cold-standby.
Npm . Unit in N-mode and under P.M.
Nwpm : Unit in N-mode and waiting for P.M.
Fr ; Unit in F- mode and under repair.
Fwr’ Unit in F-mode and waiting for restarted repair.
Fr i Unit in F-mode and under restarted repair and repair is

continued from the earlier state
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a,b : constant rate of time to P.M. and P.M. to complete.

Y,,Y; . constant rate of residual repair time.

XY s Random variable denoting the failure and repair times.

fx,y) g Joint p.d.f. of f(xy,y1).

g1(x), Gi(x) Margina! p.d.f. and ¢.d.f. of random variable X,
i.e. gi(x) = oy (1-r) exp [-o (1-1) X]

ki(y), Kiyy ¢ Marginal p.d.f. and c.d.f. of random variable Y
i.e. ki(y) = 1 (1-1) exp [-B1 (1-) Y]

ki(ylx) : Conditional p.d.f. of y; given X; =x
= By exp[-Biy+arxllo [Zm ]

Ki(ylx) : Conditional c.d.f. of y; given X; = X.

Thus considering the above symbols under the assumption of the system model, the
possible states of the system are as follows:

Up States Down States Failed States
So = (No, Ns) S3 = (Npm, Nupm) S5 = (Fr, Fu)
S1 = (Npm; No) Sa = (Npm: Fo)

S, = (Fy, No) S = (Fars Npm)
Sy = (Fg, No)

3. Transition Probabilities and Sojourn Times

Evidently, P31 = Pa2 = Ps2 = Pe7 ™ 1. Using the conditional probabilities, one can write
the following unconditional transition probabilities as:

P20 = | P2ox §1(¥) =ﬂ1'(1—r)[1-ﬂ{r}1 L = - f:xc(l—r)'
p2s =0’1(1"f)[l —ﬂ{][{aﬂx](l—r’)}(l—rﬂ{)r,
pas =a(l- P )[{a+a,(l -I1-rBy )Tl,
st.po+pistpe=l
The other unconditional direct — transition probabilities are:
Py, = a [ata; (1-0]" C Py = oy (1-1) [atay (1-0))
Po=bla+b+a (0] . pp=alatb+o (1D
Pu=a(I-)fa+b+a (0" Po=hlarhira (1-nr'

Pis=o (1-)[a+Ps T (-nr' : Pi=ala+ P+ -yt
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Hence the steady state transition probabilities through non regenerative states are:

o (2 _ (13 _ (25 _ ,
Poy = PoiPus Poo = PoaPrsPoi = PorPrzsPoz = PoaPos
a4y __ (2.6) __ 3 __ (A 5y _
Pos = PoiPuasPor = PP Py = PPy = PP = Ps
(6) (5) 6

— — -
P = Py P T Prss D = P
These transition probabilities are seen to satisty the following relations:

(2) (1.3

i ( 2.5) (1.4
Pop + Poo + Poy

SRC} (26) _
+ Py Po: 1

+ Pu -

(3 4 _
Pt oy o =1

(

(5) 6) _
Pt Pn + Py =1

6
{ :1

(G.) Pyt Pu t P
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The sojourn times in various states are:
oy =la+all AN o =lavbra(l -~r)}”‘,
02 = [omy g0 =la e (=1 T1= B A==

where gay = | K x) e”‘“Gl(r) dt

7. <) -1 | =)
(3.2) Q. =@, =0 @5 =Py g =b »(/77:{:(""/;34”0{1(1“’”)]
4. Analysis of Reliability and MTSF

Assuming the failed states and down states as absorbing, by renewal process
arguments one has;
1 -, 2 .
@ Re(0)= Mo +aih @) © Ry(n+ai (0 © Ro(0),
o B, NGO
where M (1) = Vo (1) + Qg (1) 2/ 110 + Lo th) L2415 (1)
and V() = p [system started from state S, does not transits to any other state till time t]

Taking the Laplace transformation (L.T.) of relation (4.1) one can obtu.n:

Mg (s) _Ny(s)

N

(4.2) Ro(s) = -
1-g¢q (s)~c10(0‘)(s) Dy(s)

Taking the inverse Laplace transformation (1. L.T.) of (4.2), one can get the reliabilitv of
the system, when the system initially starts from S,.

To get the MTSE, we have

% . & A/' 0) 1\']3
(4.3) E(Ty) = [ Roleyd = tim Ro(s) = 24 3
b 550 D(0)  D;

where Ny oo+ pyr oyt pop @92 and - Dy =l=ropio— pozpac

5. Availability Analysis
With the usual definitions of Zi(t) and Vi(t), we have
740 = VA E Qi !S V(1) + Qoa(t) {'g_} V(b)) .
Z{ = Vi), Zo() = VD). Zo(t) = VA
with Vo(t) = exp [~ {a+ a; (1)} t]: Vi=exp[-{a+tb+a (1-n} ],

Va(t) = Iexp[—{a +a(1-r); 1]?1 (ixyg(x)dx,
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Vot)=exp[- {a+ B+ o (1-0} t].

By simple probabilistic arguments we observe that
A0 =200+ 00 +a2 0} © 4,0+aP 0 © 40+EETO+a% O
4 O+95% 0 © 40,
A ()= Zi(O)+q10(D) © A0(1)+q1 (t) © Al(t)+q12)(t) © Ay(1),
Ay (1) = Zo(O) +20(D) © Ag()+45) (1) © A (D) +q3%) (1) © 4;(0),

(5.1) A7 () = Z7()+q70() © A +4%) () © AH0O+¢0 ) © 4,0).

Taking the Laplace transformation of the above set of equations, one can obtain
A(; (s) . Using this result, the steady state availability of the system is:

(52)  Ap = Ag(o) = lim s 45(s) = N2[Dy]7!
50
where
1.3 5 5
(53) Ny = {((/’0 +Ppo191 +P02¢2)(1—P”))+¢1P( )}{onp( : +P7o(1*P§2))}
6 1 1,
o2 1- P91+ (075 W1 - Y- pl - P2 - 1o v}

2,6
+P07 (1~ p“))((mpzo ®2P70)»

(54) Dy =g+ poiP1 + P02®2 + Por (@3 P13 +PaP14)+ P02 (@5 P2s +P6P26) -

The expected up-time of the system in (0, t] is
t
- Hup ()= I AO (w)du,
0
so that
* _1 *
Hup (s)=s""Ay(s).
6. Busy Period Analysis

Bo) - 40 0 +a@ 0} © B+l ®) © BO+al 0+ 0 ©
B, (1) +95% (1) © By (1)

Bl(1)=W1(t)+ql0(t) © Bo(f)+q )(f) © B](t)+q12)(t) © Bz(f)
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: 5 6}
By (1) = Wa (1) +d20() © Bo(D)+453 (1) © By(+43 (1) © By ()

6.1) Ba(t) =Wy 0+ () © B +a D) © B0+ @) © By®)
with
MO =R+ a0 @ O+ @ Va®,
W) =V> 0+ 0250 @ VsO+4260) § Vs,
Wo(1)=V7(t)+q76(1) @ Ve (1) +g95() @ Va(t).

Taking the L.T. of the above set of equations (6.1) one can obtain Ba (s) and the steady
state probability that the repairman is busy is given by

(62) By = lim Bo(1) = lim sBy(s) = N3()[Dy (O] = N;3[D317",

where

1,3 6 5 6 5
(63) N3 = (01 + paos + praen) P10~ S (- )= P9 P

6 1.3 4 1.4 2.5 3
(03 + pasos + Prswe )= PN PEY b3 + (0% + P> W1 - P

(3))

(1,3 (4, (6)
Py

2,6) (5
(20 py+0- 14 (@7 + 1696 + P7595)Po1 P12 P27

+Py7 Pm

6 1,4 2,5) {3 2,6 3 5
+ POl + pENa- pi)+ o (- - P
and D, is same as in equation (5.4).

The expected busy period of the repairman in (o, t] is

t
pp(0) = Bo(uydt
0

so that
;1; (s)= s7! Ba(s) .

7. Cost Analysis

We obtain the profit function of the system, by considering the expected up-time of
the system and the busy period of the repairman in (0, t]. The expected net gain incurred in
(o, t] is
7.1 P (t) = expected revenue in (o, t] — expected repair cost in (0, t]

= Cypp ()= Coup (1),

where C, is the revenue per unit up-time and C; is the repair cost per unit time. Therefore,
the expected gain per unit time is P (t) = P (tyt.
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8. Particular Case
In particular, when failure and repair times are independent, i.e. f (x. y) = g(x) h(y) (or

r = 0) then all the states will become regenerative. The followiny relations among various
probabilities are also observed:

0} (=04 () (5) %),

so that Q( )(s)-Q,k(s) @ ékj(s),

Also 08 ()] oo = PN = P Py
(k) d k), .| d [ 2
and m,"" =~ o 2y ()] s=0= T [Qik (S)Qk,'(s)]! 50 = Wik Py + My Pi; -

Using the above relations, we have
-1
5= N7 ot |

-1
P _NnPlpP
and RO —N2 [Dz] s
then
P _NnPrpP1!
Ay —N3 [D3 1,
P nPrpPi-l
By =N, [D3] ,
where

1,
NY = paollpo + po1 o1 + o2 92) (1= PH )+(/’1P( H]

(1

1.3
+¢,[(1- Poo — 1700))(1 PH)) pIOP( )]

DY =g+ poi191 + Poa®2 + Po1 P1303 + 94 (Po1Pia + Po2 P2a) + P02 P25 05 -

(L3 ‘
NI =(pi+p1303+ Pra®a)py;” P20 +(02 + P25 @5 + P24 04)

(1.3 4 1.4) 2.5,
[f"’m) Gk f}ll))(p( +f’é° +p;‘,2 1.

9. Graphical Study

For studying the impact of correlation(r) between failure and repair times on MTSF
and availability, the MTSF and the availability are plotted with respect to correlation
coefficient (r). In fig 2 and fig 3 only positive values of r are considered as the joint pdf of x
&yistrueonlyfor0<r< 1.
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From fig 2, it is clear that the MTSF increases as r increases in all three curves for
different values of failure and repair rates as given in tablel. In curve 11, MTSF increases
rapidly as on increasing repair rates but in curve I, MTSF increases slowly as compare to
curve II1 on decreasing the repair rate. In curve I, MTSF increases very slowly with
increasing the failure rate. Same case arises in case of availability i.e. in Fig -3. From both
the graphs it can be observed that the MTSF and availability are increasing function of r.
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Table 1 — Numerical values of Failure Rates & Repair Rates for MTSF & Availability
Graphs against correlation coefficient

Failure Rates * Repair Rates )
- o a b Bi B2 Bs
Curve I 4 3 2 3 3 4
Curve 11 2 . 2 3 3 4
Curve III 2 .1 3 4 4 5
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