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Abstract: Two general Tauberian theorems have been established, which extend
the famous 'O’ Tauberian theorem of Littlewood and are companions to a general
Tauberian theorem recently proved by the author.
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1. Definition and Notations

2]
Let 3 a, be an infinite series of real terms, and let us write

n=0

S, =apg+a +..+a, n=0,1,2,...).

Let 47 be defined by

(1-x)" 1= iA,‘fx" (<1

n=0
for a > -1, we write
n

a a-1
Sp = 2 A sy,
v=0

sZ=82/42, 50 =s,.
Then so is called the Cesaro mean of order @ or the (C,a) mean of {s,} and we

say that Y a, or {s,} is summable (C,x) to s if

lim s =+
n—»w0

We write
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- and define 7 as the (C,) mean of {r,}. Thus

| Gy
% = — > Ag_vlvav (n=12,..),
An v=1

oo H
If > a,x" isconvergent for 0 < x <1 » we see that the sum-function f(x) is given by

n=0
Hl) = io:a,,x" =(1-x) isnx" .
n=0 n=0
If lim f(x)=s,

x>0
then we say that > a, is summable by the Abel method, or summable (4), to 52,

A generalization of both the (C, ) and the Abel methods is provided by the ‘product
method’ (A4)(C, ), defined for the first time by Széasz in 19523, _

If, for 0 < x <1, with s% =0,
[« 2] o0
gx)= 2 (sy —sTx" =(1-x) >six",
n=0 =0
and lim g(x)=s, ther we shall say that 3 a, is summable (AXC,a) to s. Thus the
x—1-0
(AXC,a) summability of 2.a, or {s,} is the (4) summability of the sequence {sZ3,
which is the sequence of (C, &) means of {s,}.

_ It is useful to note that, using the notation PcQ’ to mean that summability P
implies summability Q, we have the following important results" *:

Cayc(C,pB>a> ~L(C,a) c (A4) forevery a , however large (>0);
(A) z (C,) forany a , however large (>0);

(C,0) is the same as convergence; (A)(C,0) is the same as (A4);

(A) c (AXC,a) forevery a >0; (4)(C, a)c (ANC.B), B>a>-1.

A different kind of generalization of the method (4) has been introduced by
Littlewood® in 1967.
0 i
Let us assume that 3 a,x” is convergent to f(x) for 0<x <] . and that [ f(¢)dt
n=0 0

&
exists as lim [ f(r)dt.
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Let us write

!
fl(x)=l-'-—ff(t)dt.

1 <
Suppose that | f,(z)dt exists as lim [f@yde.
0 ¢=lp
Let us write
1!
1-x
X
and so on, so that, for positive integral £,

1
fil) = ,—j; [ i dr,

! !
assuming that all the integrals _[f,H ()dr, j'fk_g (#)dt, ..., which have gone before exist as
0 0

¢ ¢
lim ffkﬁl ()dt, lim j'f,(mz a, ...
&1, £l
Then, following Littlewood, we call Ji(x) the ‘k-tuple average® of fas x — 1
w0
Now, if for an infinite series Y a,, , for some positive integer 4.

n=0

lim f, (x)=s,
x—-!

o0
then we shall say that 3 a,, is summable (4% tos.
n=0

We have ‘coined’ this definition for convenience., If.for 0<x<1,and a > -1,
o]
gx)=(1-x) X spx",
n=0
and, for some positive integer %,

limg,(x)=s,
x—l

&8
we shall say that ¥ a,, is summable (4)X(C.a) tos.
n=0
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Evidently summability (4)? is the same as summability (.4) and summability

(A)(k)(C,O) is the same as summability (A)(k). We follow Landau and write g, =0y’
to mean that {6,} is bounded sequence, and 8, =o(1)” to mean that {6} converges to
zero. “f, =0(g,)’ means that f,/g, =O() and ° Ja =0(g,)’ means that
Inlgn =0().* f,, ~ g, means that Sn!8n—>1,as n— . We shall write

6, = o()(C,a)
to mean that
0% =o(l),

o0
where 87 is the (C,a) mean of {6,} . Generally, we shall write 2.a, for Ya, .
n=0

2. Introduction
A fundamental theorem due to Abel is® :
Theorem A: If " a, is convergent to s, then 2.a, is summable (4) (o s.

The converse of Theorem A is not necessarily true, as can be seen from the example of
the series

1
which, although summable (A ) to 5 , Is not convergent.

Thus it is apparent that some restriction needs to be imposed on a, to ensure that
2.a, is convergent when it is known that 2.a, is summable (A). Tauber was the first to

investigate the problem of finding such restrictions. He proved the following two theorems
which are thus the first two Tauberian theorems and form the foundation of the whole of
Tauberian Theory, which today occupies a very important place in Mathematics.

Theorem BS; If 3 a, is summable (4) to s and
.10 na, =o(l),
then Y a, is convergent 1o s.

Theorem C®: [f Y a,, is summable (A) 10 s and
22) 7y =oll),
ie.

—l—(a] +2ay +...+na,)=o(l),
n+l

then Y a, is convergent.
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It is interesting that Theorem B is used in proving Theorem C.

It is easily seen that z',11 =o0(1) is not only sufficient but also necessary for

summability (A) to imply convergence to the same ‘sum’, because we have
I

and it is well knewn that *s,, — s implies that © S, —as,’, >, Thus ‘r,l, = o(1)’ is a necessary
condition for convergence per se. Therefore it is somewhat misleading to state that

r,l, = o(l) is necessary for summability (A) to imply convergence of > a, . However, it is

customary to say that ¢ ,l, = o(l) is a necessary and sufficient condition for the summability

(A) of 3 a, to s to imply the convergence of 2.ay, tos. This result is referred to in the

literature as Tauber’s Second Theorem and Theorem B is called Tauber’s First Theorem.
Tauber’s theorems were established in 1897. In 1910 Hardy proved the following
Tauberian theorem’.

Theorem D: If 3 a, is summable (C,k), k>0, tos, and, as h — o,
2.3) na, =0(1),
then Y a, is convergent tos.

The question whether, in Theorem D, summability (C,k) can be replaced by
summability (A) was settled by Littlewood in 1911, when he proved.

Theorem E: If 3 a, is summable (4) to s and (2.3) holds, then 2.a, is convergent
tos.

This is the famous ‘O’ Tauberian theorem of Littlewood and marked the beginning of
nearly thirtyfive years of collaboration between the two celebrated mathematicions Hardy
and Littlewood.

Soon afterwards, in 1914, the condition (2.3) in Littlewood’s Theorem E was replaced
by Hardy and Littlewcod by the ‘One-sided Tauberian Condition’. They proved®

Theorem F: If 3" a, is summable (4) to s and
(2.4) na, >-H
where H is some positive constant, then > a, isconvergent to s.

In his classic paper of 1911® Littlewood stated the following theorem, which has been
subsumed under the general Tauberian Theory, developed some twenty years later by
Wiener', for an elegant account of which one may turn to, where ihe theorems reffered to
above have been presented in a systematic manner.

Theorem G: If 3 a, is summable (4) to s and
2.5) s, = 0(1),

then Y a, is summable (C,1) tos.
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A sharper result was proved in 1935 by Szasz'' in the form of
Theorem H: If 3 a,, is summable (4) to s and
(2.6) th>-H,

where H is seme positive-constant, then ¥ a,, is summable (C.1) to s.

That's2.6) is lighter that (2.5) is clear from the identity: s, —s ,‘, = r,],, which shows
that (2.5} implies (2.6) and it is easiiv seen that the converse is not necessarily true,

Recently the present author has proved the following stili more general theorem'>",
Theorem I: If 3 a, is summable (A)(C,p) to s for some p>0, and

.7 tf>-H,

where H is a positive constant, then Y a,, is summable (C,p) to s.

In 1967 Littlewood® gave a generalization of Theorem F of Hardy and Littlewood by
proving .

Theorem J: If > a,, is summable (A)U" ) Jfor some positive integer k, to s, then (2.4) is
a Tauberion condition for the convergence of 3 a,, 10 s.
3. Aim of the Paper
The object of this paper is to proVe the following two theorems of which the first is
more general than both our Theorem I and Littlewood's Theorem J, and the second is more

general than Littlewood’s ‘O’ Tauberian Theorem E.

Theorem 1: if; for some positive integer k, Y a, is summable (A)(k) (Cp) to
5,220, and (2.7) holds, then Y a,, is summable (C,p).

Theorem 2: If, for some positive integer k. 3 a, is summable (AP (Cp) to
s p20, and

-G P =00,
then ¥ a,, is summable (C, p+8-1)forevery §>0,to0s.

From Theorem 2 we deduce the following corollaries.

Corollary 1: If, for some positive integer k, 3" a,, is summable (A)(k ) (C.!) tos and
3.2) 7, = O(),

then 3 a,, is summable (C, &) forevery § >0, to0s.
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Corollary 2: If, for some positive integer k and 0<p<l, Y a, is summable
(DH® cp)tosand

(3.3) 5 =0() ;

then y a,, is convergent to s.

Corollary 3: If, for some positive integer k, 3 a, is summable (A)(k) to s and (2.3)
holds, then 3 a,, is summable (C,6 1) to s for every > 0.
Remarks: The Tauberian condition in Theorem 2 is stronger than the Tauberian

condition in Theorem 1. However, in compensation, the result of Theorem 2 is sharper than
that of Theorem 1.

In Corollary 1 of Theorem 2 our hypothesis: 3 a,, is summable (A)(") (C,1) is lighter
than that of Szasz’s Theorem H: 3 a,, is summable (4), while our Tauberian condition is
stronger than that of Theorem H. Our result: ) a,, is summable (C,&8), § >0, is stronger
than that of Theorem H: )" a,, is summable (C,1). In Corollary 2 the hypothesis: Y a,, is

summable (A)(k) (C,p), 0 <p <1, is evidently lighter than the hypothesis of Littlewood’s
Theorm E, and our Tauberian condition is lighter than the ‘O’ Tauberian condition of
Littlewood. We still get the convergence of Y a, . Corollary 3 is more general than the

sharper form of Theorem E which is obtained by replaciy)g convergence by summability
(C,8 -1) by virtue of the result', (Theorem 45): If 3 a,, is convergent and na,, = O(l),

then Y a,, is summable (C,&8 -1) forevery 6 >0.

4. Certain Lemmas
Lemma 1'*"*": For a > -1,
i a a I 2
() nsy —sp1) =75,

(i) (@ +1)(sZ -sF Ty =704

Lemma 2%: All the Cesaro methods of positive order are equivalent for bounded

sequences. More precisely, if s,, = O(1)and sj —> s as n— ®, for some o >0, then

sf —> sas n—>w forevery $>0.

Lemma 3': (Notes on Chapter V, 5.8). If s5 — s(C,p), i.e., the (C, B) mean of
{sF}—>s, then S,‘f+ﬂ —>sfor a 20, §20, and conversely.

9

Lemmad': [f s% >sasn—wo, a>-1, then s"‘+ — sas n— o for every

§5>0.

This is the familiar ‘consistency theorem’ for Cesaro summability.
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5. Proof of Theorem 1
Without loss of generality, we assume that s = 0. Then our hypothesis is that, as

¥ =1, ge(x)=o0(l), where 8 (x)is the ‘k-tuple average’ of

a0
gX)=(1-x)YsPx" 0<x<1.
n=0

Now

8(x)= X(sf ~sk x".

n=0

By Lemma 1(i),
n(s? —sr‘f’_l Y=t >-H

for some positive constant, by hypothesis. Hence, by the result of Theorem J, we get

S(s2=52) (57 =0)
n=0

is convergent ie.,
5P =o(1),
which means that > a, issummable (C, p) to zero.

This completes the proof of Theorem 1.
6. Proof of Theorem 2
Since 7} = O(1) = r? > ~H for some positive constant H, by Theorem 1 we obtain
(6.1) sP=o().
Hence, by Lemma 4,
sPH = o))

and by Lemma 1 (ii),

o = (s - 5Py = o).
By Lemma 3, this is equivalent to

tf =o0(1)(C,)).
But, by hypothesis,

=0 .
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Hence, by Lemma 2,

tf =o(C,9) forevery 6>0.
This, by Lemma 3, is equivalent to

TP = o(1) .
By Lemma 1 (ii) this means that
6.2) sPHO 5P = o1y
Now, by (6.1),

sP =o()),
and hence, by Lemma 4,

sP*9 = o(1) forevery 6>0.
Hence, from (6.2), we get

s'}17+5—l - 0(1) ,

which is the same as the statement that Y a,, is summable (C, p+ & —1)to zero.

This completes the proof of Theorem 2.

7. Proof of Corollaries

For proving Corollary 1, we take p = 1 in Theorem 2.

For proving Corollary 2, we take § =1~ p (0 < p <1)in Theorem 2.

For proving Corollary 3, we take p = 0 in Theorem 2.
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