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Abstract: Almost complex and almost contact submanifolds have been studied by
Mishra' and others. In this paper submanifolds of a generalized para structure
metric manifold have been studied and certain results related to such

submanifolds have been obtained.

1. Preliminaries

Let M" be a differentiable manifold of classC™ and there exists on M" a tensor

24
field F of type (1,1), r(C*) 1 - forms 4, r(C*) vector fields 7 and scalar functions
a

B
p, a,f=12.r, satisfying

a
2 2 y
(1.1a) Fc=-a“l,-nAQ®T,
a
B
(1.1b) F(T)=pT,
a a B

,a, f=1, 2...r} is known as

RT ™

a
where a and 7 are constants. Then the structure {F s ol T
a

generalized para structure and M " is known as generalized para structure manifold.

In generalized para structure manifold M " the following results hold:

a apf
(1.2) AoF=pA,
B

a 2& a 7
(1.3) I]A(T)=a d+pop,
B - B y B
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a
where g denotes kronecker delta.
Suppose that M" is endowed with a Riemannian metric g If
(1.4) F(X,Y)=g(FX.Y),

be skew symmetric then M" is called generalized para structure metric manifold. On
generalized para structure metric manifold, we have

[+4 [24
(L5)  g(FX.FY)~a’g(X,Y)-n A(X) A(Y) =0,

where

(1.6) 40x) = g(T,X].

2. Submanifolds

Let M2 be a submanifold of M2 and let b S MPT S M be the
inclusion map such that

ge M2n~r+l N bq € Man.
The map b induces the Jacobian map B such that

B Van-rity = Vaney»

where Viy, ..y and WK,y are tangent spaces at g of M and bg of M2

respectively.

Thus for X'in Vy,,_,,;) at ¢ = BX in Viansny at bg.

If g* is the induced metric tensor in M2""*! | then
@n (g(BX,BY))ob=g"(X,Y).

Let N,x =12...,r be the set of r mutually orthogonal normals to M?"""*' . Then
X

(2.2a) g(BX,N)=0,
and
v
(2.2b) g(N,NY=96.
x oy x

Let D be the induced Riemannian connection in M2"*'. Then Gauss and
Weingarten equations are given by
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X
2.3) EngBY = BDyY + H(X,V)N,

X
where H are symmetric bilinear functions in M 2n=r+ and

. ¥y
(2.4) Egy N=-BH (X)+{(X)N,
X X x y
where
(2.59) ¢ (H (X)) =HX.Y),
Yy x
(2.5b) t+0=0.
x y

Theorem 2.1: The necessary and sufficient conditions that M n-r+l pe generalized

. . a B
para structure metric submanifold with the structure {F AT, p, a. B=1 2. r} in
a o

M2n+l are
a a

(2.63) A(BX)ob | = A'(X),
and
(2.6b) F(BX)= BF' X,
where
(.7 T =BT'.

[24 a

Proof: Let us put

(2.82) F(BX)=BF'X +q(X)N,
X
(2.8b) T =BT +¢N,
a a g x
y
(2.8¢) F(N)=-BP+&N.
X X x ¥

Pre multiplying (2.8a) by F, we get
- X
F(BX) = F(BF X)+gq(X)F(N).
X

Using (1.1) and (2.8¢), we obtain
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a * # * x Y
~a’BX — A(BX)T = BF> X + g(F* X)N+ q(X){—- BP+ §N} .
a X

X ox

Using (2.8b), we get

a gx x X xy

) a X *» X * X y
~a"BX —n A(BXY(BT'+$N)= BF X + q(F* X)N+q(X}\ -~ BP+£N\
or

(29)  ~a?BX'—n A(BXYBT'+ $N) = BF*2x - Bq(X) P+ {;(F‘X) + ;(X)E} N.

a g x x y| x

Now pre multiplying 7 = BT by F and using (1.1b), we obtain
a a

8 .
pT=BF T,
a a
Also from equation (2.8b), we get
‘ B x .
(2.10) p| BT'+¢N |=BF T'.
a\ B px a

From (1.5), we have
a a
g(FBX,FBY)—azg(BX,BY)—nA(BX)A(BY) =0.

Using (2.8a) and the relation (g(BX, BY))ob = g' (X,Y), we get

@1 g F X F'Vy+ f;(){)cyI(Y)cyS~ a’g’(x,Y)- 77{ (Z(BX))obH(Z(BY))ob} =0.

LN

Equations (2.9), (2.10) and (2.11) imply

a
(2.12a) F? =-a%1,-nae®T",
a
% B,
(2.12b) Fr@=pT1,
a a P
and
* * LI 2 * a, a,
(2.12¢) g (F X, F'V)-a’g" (X,Y)-nA'(X)A'(Y)=0,
where

a »
A(X)=g (C’X)’
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if and only if

(2.13a) (ABXYob) = A'(X)
(2.13b) n 008 = G X)+ GOE,
a ¥
2.130) G(X)P =0,
2.13d) $=0,
.
and
(2.13¢) 2X)a(¥)8=0.

a
Since A(BX) # 0, equations (2.13) are consistent if and only if

[24 a
(2.143) (A(BX))ob = A'(X),
(2.14b) a(X)=0,
(2.14¢) $=0.

Substituting fromA (2.14) in (2.8a) and (2.8b), we obtain (2.6b) and (2.7).

3. Some Other Results

75

In this section we shall prove some more theorems on the submanifold M2 of

the manifold M 2™,

Theorem 3.1: Let M*™ ™' be a generalized para structure metric submanifold of a

generalized para structure metric manifold M 2n4l Then

a

(3.1a) AN)=0,

and

(3.1b) F(N)=—2‘02N.
X x zV

Proof: Using the relation "F(X,Y) = ~F(Y,X), we have

'F(N,BX)=-F(BX,N),
X x
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or
g(F N,BX) = ~g(FBX,N).

By virtue of (2.8¢) and (2.6b), we get
y *
g(-BP+EN,BX)Y=-g(BF X,N).
X x ¥ X

Using (2.1) and (2.2a), we obtain
g (P,X)=0 = P=0.
X X
Pre multiplying (2.8¢) by F and using (1.1), we get
5 a g
~a " N-n A(N)T = EF(N).
x X a y
Using (2.7) and (2.8c), we get
2 74 , ¥ z
~a" N-nA(N)BT =E{-BP+¢&NY,
x x a oy Y oy oz
which yields (3.1a) and

(3.2)

S gt
<

e Wy =
i
|
{

(]

S

From (1.5), we have
a a
g(FN,FN)~a’g(N,N)~n ANN)A(N)=0.
x y Xy x Y
Using (2.2b), (2.8¢) and (3.1a), we get

y z Y
g(-BP+EN-BP+EN)=a%s,
X ¥ x

Yoy s

zz 2)!
old=a"6.
»r d

which implies /

" U

Let us put z = v, then we get

yoyy ooy Y/
tobd=a"6 =¢é=a"8
x oy ¥ x x x

Hence from (2.8¢), we get

¥
(3.3) F(N)=a* 6N,
X Xy



Submanifolds Immersed in a Generalized Para Structure Metric Manifold 77

z ¥y
which is equivalent to F(N) = -£0éN,
x x zy

by making use of the relation (3.2).

Theorem 3.2: Let N and N* be Nijenhuis tensor in the generalized para structure
metric manifolds M*"™"*" and M 4l pespectively. Then

N(BX,BY)= BN (X.Y).
Proof: We have
F(FIBX,BY1) = F(F(Egy BY - Egy BX)).

Using (2.3) and the fact that H are symmetric, we get
F(F[BX,BY))= F(F(BD,Y - BDyX)).
Also (2.6) implies
F(F[BX,BY]) = F(BF'(DyY)- BF'(DYX))
= BF'2 (DY)~ BF (D, X)
= BF[X,Y] and soon.
Hence, we have

N(BX,BY) = F(F([BX,BY]) +[F(BX),F(BY)] ~F(IF(BX),(BY)) - F({BX, F(BY)])
= BF[X,Y]+B[F'X,F'Y]-BF'[F"X,Y] - BF'[X, F'Y]
= B(FX, Y)+[F X, F'Y]-F[F X,Y]-F'[X,F'Y]
= BN'(X,Y).

Theorem 3.3: Let M2"™*' be a generalized para structure submanifold of the
2n+1

generalized para structure metric manifold M 2+ omd the affine connection E in M
be such that

(34 (ExyF)Y)=0.

Then the condition that the induced connection D in M n=r+lalso satisfies the similar
condition, i.e.

(3.5) (DyF' ) =0,

is

X » ¥4 X
(3.62) H(X,F'Y)=-£o EH(X,Y),
v

e Uy ™

or equivalently
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X . X
(3.6b) H(X,F'Y)=q? 513(X,Y).
Y

Proof: We have
Es{F(BY)) = (EgxF)(BY)+ F(EpxBY).
In consequence of (3.4), (2.6b) and (2.3), we get

BD (F'Y)+ H(X,F V)N = F{BDXY + iX{(X,Y)N}

= D.(F'Y)=F'(D,Y)

or (D, F)¥)=0

=N ;I(X,F'Y)N = ;I(X,Y)F(N)

X . X X
< H(X,F'Y)=a’5§H(X,Y),
y
by using the equation (3.3)

X . F4 X X
S HX,FY)==¢0lH(X,Y).
y =z
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