Vol. 11 (2007) Journa! of International Academy of Physical Sciences pp. 57-62

Linear Connections on F,(2v +3,3) Structure Manifold

Rashmi Mishra

Department of Mathematics and Astronomy. Lucknow University, Lucknow, India
(Received April 26, 2007)

Abstract: Structure defined by a tensor fleld F of type (1,1) satislying

F* L F =0 is given by Demetropoulou ~ Psomopoulou® and others. In the
present paper, we have defined a structure called Fo(2v + 3.3), on a manifold

and studied linear connections on such manifolds. Certain resuits related to such
structure have been obtained.

1. Preliminaries

Let M" be an n-dimensional differentiable manifold of class C*. Suppose there
exisison M "atensor field F(#0) of type (1,1) and of class C “ satisfying

(1.1 F¥3 L a2F? =0,
where v is a positive integer and a is a2 complex number not equal to zero. Let us put

2v 2v
(1.2) l=—F2 and m=1+F2
a a

where / denotes the unit tensor field. Then in view of the equations (1.1) and (1.2), it can be
easily shown that

(1.3) 12=1, m*=m, l+m=1 Im=ml=0.

Thus for the manifold M" equipped with the tensor field F satisfying the equation

(1.1) at the operators / and m defined by equation (1.2), a point of the tangent space of M"
are complementary projection operators. Thus there exist complementary distributions L
and M" corresponding to the projection operators / and m respectively. If the rank of F is
constant everywhere and equal to  then the dimensions of L' and M" are r and (n—r)

respectively. Let us call such a structure on M7 as F,(2v +3,3) - structure of rank r.

Let us define the two operators V and V in terms of an arbitrary connection V on
M" by
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(1.4) Vx¥ =IV (Y)Y +mV y(mY),
and
(1.5) Vo ¥ =1V (1Y) +mV e (Y)Y + 1[m XY )+ m{IX mY ]

Then it can be easily shown that V and V are linear connections on the manifold M" .

Theorem 1.1: For the manifold M" with F,(2v +3,3)- structure and for the
operators | and m given by equation (1.2), we have

@) Fl=IF=F, (i) Fm=mF =0,
FV 2 /F'V 2
(1.6) (iit) [ ) =~ (iv) [..._] m=0.
a | _a

I/Flw
Thus, L———) acts on L as a complex structure and on M " as a null operator.
a

Proof : Proof of the first two parts of the theorem follows easily by virtue of the
equations (1.1) and (1.2). Also

/sz \}[ _ (FZVW 'Flv \i _ (Fh /FZL }
e vl )

a

= -/ by equation (1.2)

[39]

FY 2
Thus {—] 1=-1.
a

The last part of the theorem can also be proved in a similar manner.

2. Integrability Conditions

Let N(X,Y) be the Nijenhuis tensor of the manifold M” admitting F,(2v +3,3)-
structure. Then

2.1) N(X,Y) = [FX,FY]-F[FX,Y]- F[X,FY}+ F2X.Y].
Theorem 2.1: For arbitrary vector fields X and Y on M", we have
@) N(mX,mY)=IN(mX.mY¥) = Fl[mX,mY},
2.2) (ii) mN{X.Y)=m[FX.FY},

_p2v-l _ p2v-l ‘
i) N e x ey | = miix ),
a a J
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Proof : Replacing X by mX and Y by mY in equation (2.1), we get
(2.3) N(mX,mY) = [FmX, FmY]— F{FmX ,mY ]~ FimX,FmY]+ F2[mX,mY].

Since Fm=mF =0, hence the above equation (2.3) takes the form

(2.4) N(mX,mY) = F2[mX,mY].
Since /+m = I, hence we can write
N(mX,mY) = F2l[mX,mY]+ F*m{mX,mY],
or
2.5) N(mX,mY)= F*I[mX,mY],
as Fm = mF = 0. Also
IN(mX,mY) = F2I*[mX,mY}.
Since I = I, hence we can write above equation as
(2.6) IN(mX,mY) = F2l[mX,mY].
Thus in view of the equations (2.5) and (2.6), it follows that
N(mX,mY)=IN(mX,mY)= F*l[mX,mY],

which proves the first part of the theorem (2.1). Other parts of the theorem can aiso be
proved in a similar manner.

It is well known that the distribution M* is integrable if and only if
2.7 ImX,mY]}=0,

for arbitrary vector fields X, Y on M " Hence, we have

Theorem 2.2: A necessary and sufficient condition for the distribution M* to be
integrable is that

2.8 N(mX,mY)=0,
or equivalently
2.9) IN(mX,mY)=0.

Also the distribution L* is integrable if and only if
(2.10) mll X,lY]=0.
We also have another theorem:

Theorem 2.3 : A necessary and sufficient condition for the distribution L* to be
integrable is that

@2.11) mN(

_ vl -l
i)
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Jor arbitrary vector fields X, Y on M"
Proof : Proof follows easily by virtue of equations (1.2), (1.3) and (2.2).

3. Distribution's Parallelism
In this section we have the following definitions :

Definition 3.1: The distribution L'is V -parallel if for X e L’ and Y e T( ”) the
vector field VX e L', or equivalently V, is a transformation of L' for each Y e T( "),

where T(M ") denotes the tangent bundle of the manifold M” .

Definition 3.2: The distribution L'is V -half parallel if for X e L'and ¥ & T{m")
the vector field (AF)(X,Y)e L', where

3.1 (AFXXY)=FV Y -FV, X -V Y+V,(FX),
Fbeing (1,1) tensor field on M " satisfying equation (1.1).

In a similar manner parallelism and half parallelism of the distribution M~ can also be
defined.

Theorem 3.1: In the F,(2v +33) - structure manifold M" the distributions L and

M are V- parallel as well as V- parallel.

Proof : Since /m = m! =0, we have by equations (1.4) and (1.5)
mVxY=0, mVyV=0, XeT(M"), YelL .
Consequently, L'isV - parallel as well as v - parallel.

. . * . . .
A similar result for M can also be proved in a similar manner.

Theorem 3.2 : In the F,(2v +3,3) -structure manifold M" , the distributions L and

M are V- parallel if and only if the connection V and V are equal.
Proof : If L' and M are V -parallel, then
mV x(IY)=0,IV y(mY)=0, for X,YeT(M").
Therefore, since [+m =1
VU =IVy(1Y),Vy(mY)=mV y(mY).

Since by equations (1.4) and (1.5), V and V are equal. The converse of the theorem can
also be proved easily.
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Theorem 3.3: In the F,(2v+33)- structure manifold M", the distribution L is
Ve half parallel if mV ;. (mY)=0 for X el and Y T(M")‘
Proof: Since mF = 0, according to equation (3.1)
m(AF)X,Y) = -mV exY +mVy (FX) for X e L and ¥ e T(M").
Thus, by equation (1.4),
m(AFYX,Y)=-mV gy (mY),
which proves the theorem.

Theorem 3.4: In the manifold M" equipped with F,(2v+33)- structure the
distribution M" is V - half parallel if FV ,(IY)=0 for XeM" and Y T( g )

Proof : According to equation (3.1) since /F = F/,
IAFYX,Y)=FVxY - FVy X IV iy Y +IVy (FX),
for XeM", Ve T(M" ) Thus, by equations (1.4) and (1.3) we have
HAFXX,Y)=FV x(IY),
which proves the theorem.

Theorem 3.5: In the manifold M" equipped with F,(2v+3,3) - structure the
distribution L' is V -half parallel if the vector field [mY,FXle Ll for Xel and
YeT(M").

Proof: From equation (3.1) and since mF = 0, we have

m(AFYX,Y) = ~m¥ gy ¥ +mVy (FX), for Xe L', ¥ eT{M").
Thus by equations (1.5) and (1.3), we have
m(AFYX,Y)=-m[FX,mY],

which proves the theorem.

4. Geodesic in the Manifold M”

Let Cbeacurvein M", T be a tangent vector field and V be an arbitrary connection
on M". Then we have

Definition 4.1: The curve C is V -geodesic if V,T =0 along C.

Applying the above definition to the connection V and V, we have the following
results:
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Theorem 4.1: The curve C is V - geodesic if the vector field VT -V ,(mT)e M’
and V;(mT)e L.
Proof: In view of equation (1.4), we have
VT =IVP(T)+ mV7(mT)
and since /+m=1,
VT =I(V,T =V, (mT)) + mV - (mT),
which proves the theorem.

Theorem 4.2: The curve C is V- geodesic if the vector fields
Vi (AT +[mT,IT e M and Vur(mT)+[IT,mT)e L.

Proof: Proof follows easily like that of the theorem (4.1) using the definition of V
from the equation (1.5).

Theorem 4.3: The (1,1) tensor fields | and m are v -covariantly constant as well as
v ~covariantly constant.

Proof: We have
Vx(IY) = (VxD)Y +i(V xY).
Thus, by (1.4)
(Fxily =0, rer(mn).
Similarly

Vym=0,Vyl=0,Vym=0.
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