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Abstract: The aim of the paper is to investigate steady three-dimensional laminar
flow and heat transfer of an incompressible viscous fluid along an infinite hot
vertical moving porous plate in the presence of uniform free stream and sinusoidal
suction velocity. The governing equations of motion and energy are soived by
using the regular perturbation technique. The velocity components, pressure
distribution and temperature distribution are derived, discussed numerically and
shown through graphs. The expressions of skin- friction coefficient and Nusselt
number at the plate are derived, discussed and their numerical values for various
values of physical parameters are presented through Table.

1. Introduction

Lachmann' reported importance of laminar flow control in the field of aeronautical
engineering in view of its applications to reduce drag and hence the vehicle power
requirement by a substantial amount. Transition from laminar to turbulent flow which
increase drag coefficient, may be prevented by removing the decelerated particles from the
boundary layer through the porous or slits of the wall. The effect of different arrangements
and configurations of the suction holes and slits on the drag coefficient have been studied
extensively both experimentally and theoretically. Out of them some of the investigations
were confined to two-dimensional flows discussed by Pai’, Schlitching3, Bansal® etc. If
variation in the suction velocity distribution is transverse to the potential flow, then the
situation of the flow fields will convert to three- dimensional.

Gersten and Gross® studied the effect of a transverse sinusoidal suction velocity
distribution on flow and heat transfer over a plane wall. Three-dimensional free convection
flow and heat transfer along a porous vertical plate was discussed by Singh et.al. %7 studied
three-dimensional fluctuating flow and heat transfer along a plate with suction. Muhuri and
Gupta® considered on free convection boundary layer flow on a flat plate due to small
fluctuations in surface temperature. Kafousias et. al.’ investigated free convection effects
on the flow past an accelerated vertical porous plate in an incompressibie dissipative fluid
with variable suction and injection. Free convective effect on the flow past an infinite
vertical porous plate in the presence of constant suction and constant heat flux-I was
presented by Sharma'®. Singh'' analyzed three-dimensional viscous flow and heat transfer
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along a porous plate. Free convective flow along a vertical plate with constant heat flux was
studied by Burak et.al.”’. Das et.al." discussed transient free convection flow of a viscous
incompressible fluid past an infinite vertical plate with periodic heat flux. Steady three-
dimensional flow and heat transfer along an infinite porous wall in the presence of heat
source, uniform free stream and variable suction have been presented by Sharma and
Gupta'. Soundalgekar et.al.'s investigated transient free convection flow of a viscous
incompressible fluid past an infinite vertical plate with periodic heat flux. Shahnaz'® studied
heat transfer in three-dimensional viscous flow over a porous plate moving with harmonic
disturbance.

Aim of the paper is to investigate three-dimensional laminar flow and heat transfer of
an incompressible viscous fluid along an infinite hot vertical moving porous plate in the
presence of uniform free stream and sinusoidal suction velocity.

2. Formulation of the Problem

Steady three-dimensional laminar flow of an incompressible viscous fluid along an
infinite vertical moving porous plate with the velocity U*, is taken in x*z* plane. The
direction of the fluid flow is taken along x*-axis in upwards and y*-axis is taken along
normal to the plate. A sinusoidal suction with mean cross-flow velocity F, is applied
normal to the surface so that flow of the fluid remains three-dimensional. Al physical
quantities except body force are taken to be independent of x* (see figure 1).

A x*
AU
Ut T,
v¥=y(z*)
0 y*

Z*/ T*=T(z*)

vE=y(z¥) - /

Fig- 1: Physical Model

The governing equations of continuity, motion and energy including the viscous
dissipative term are given by :

Equation of Continuity
v*  ow*
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Sy*  az*

k

@.1)



Steady Three -Dimensional Flow and Heat Transfer 43

Equations of Motion
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where g is the acceleration due to gravity, S coefficient of volumetric expansion,
v kinetmatic viscosity, p coefficient of viscosity, p the density of fluid, 7, reference
temperature, T,, free stream temperature, T* temperature of the fluid, p* pressure, u*, v¥,

w* are velocity components along x*, y*, z* -axes respectively, C, specific heat at constant
pressure and k thermal conductivity.

The boundary conditions are
yE=0:u¥=U*v*= W)= V(14 ecos(m*/ 1)) w*=0,
T*=T(z")=T, +(Ty =T M1+ € cos(z */ 1))
(2.6) y¥o iy > Uy v > -y, w* >0, p* > p;, Y -

where ¥, mean cross flow velocity and ¢ the wave length of the cross-flow suction
velocity.

3. Method of Solution

Introducing the following non-dimensional quantities

* - % * * * * -
}’=*—,Z=‘ ,u:_l_l___’vzv’ sw:'L: P= P s P = P ’
i ! U v, v, o) Wy
. !
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T#=T, g C
0:————”,]{5: Ol’Pr:.—._y p!
T,-T, v K
2 2
C = UOO Gr = gﬂl (To -Ty)
Cp(Ty—Ts) oU.,

*
G.1) x:(';j and U =2

w0 20

into the equations (2.1) to (2.5), we get

3.2) —t— =0,

2 2
(3.3) Re V—+w?ﬁ)=6r9+ﬂ+a ‘.

2 2
G4 Re v_ax+w@]:__a£+_(3_z+6 d

3 2 2
(3.5) Re vézwtw?ij:_a_pﬁ.a w0 w

dy 0z 0z 2 5%

20 80) 8% 8% ) (ow)?
(3.6) RePr[V—-—+w——J:-——+—2~-+2PrEcRez/12 (——) +(T)

oy 0z & & % oz

. 2 2 2
+PrEcRe2/12 %4»@)— +PrEc % +(_6_£ .
oy 0z oY \ Oz

where Re the cross- flow Reynolds number, Pr the Prandtl number, Ec the Eckert number
and Gr the Grashof number.

The corresponding boundary conditions in non-dimensional form are
y=0:u=U,y =—(l +8coszzz),w =0,0=1+gcosmz
(3.7) yo>oiu—->lvo>-Lw->0,p- p,,0-0.

In view of the boundary conditions (3.7), the physical quantities are assumed as given
by

(3.8) F(y,z)=Fy(y)»+ e F(y,2),
where F stands for any of u, v, w,por 6.

Here zeroth-order and first-order stand for two-dimensional flow and three-
dimensional flow, respectively.
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Substituting (3.8) into the equations (3.2) to (3.6) and equating the terms O ( e), we
get
Zeroth-order Equations
3.9) v, =0=>v, =-1,
(3.10) ug +Reug =-Gr@,,

(3.11) @ +PrRe 6} = ~PrEc ug.
where prime denotes differentiation with respect to y.
First- order Equations

vy, o

3.12 -0,
(3.12) >
d 2 2
(313) Relv 0 20 _0m O G
d.y ay 622 (7}}2

2 2.
(3.14) _Reé‘l:_ﬁﬂ+gﬂ_+§_}’
oy ¥y oy o

ow __op P 2w

3.15) -R
- Y &y ot ol

»

(3.16) PrRe(v,-qu-—?—Q—ljzgz—g-'—-rg—ﬁw»ZPr Ec—cﬁ&?ﬂ—.
dy 0Oy oz? Gyz dy oy
The corresponding boundary conditions are
y=0:uy =U,u; =0,v =-cosm,w =0,0p =1, =cosnz,
@3.17) y = xiug = Luy = 0,y > 0,w = 0,p 0,6y > 0,6, - 0.
Mean Flow and Mean Temperature

Equations (3.10) and (3.11) are coupled second order differential equations. Since for
incompressible fluids, the Eckert number Ec is very small, therefore uq and @y can be

expended in the powers of Ec as given by
(3.18) g=g,+Ecg +O(Ec?),
where g stands for any ug or 5.

Substituting (3.18) into the equations (3.10) and (3.11), and equating like powers of
Ec, we get

(3.19) uly + Reuty = -Gréy .
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(320) u6l + Re u{)] = —Grg()] 3
(3.21) B4 +PrRefyy =0,
(3.22) Bo; +PrRefy, =—pr(u'00)2.

where dash denotes differentiation with respect to y.
Now, the corresponding boundary conditions are reduced to
y=0:ugy =U,ug; =0,6y =1, 8y, =0,
(3.23) y—=rwiug = Lugy = 0,8y — 0,65 >0

The equations (3.19) to (3.22) are ordinary second order differential equations and
solved under the boundary conditions (3.23). The expressions of ugy(y), ug1(»), ()

and 6y, (v) are known and given by

(3.24) ugy =1- Ay TREY 4 4,07 Rey,

(3.25) ug = A le—-Rey . A_]e»—PrRey " Age—z PrRey | Age—-ZRey _ A]Oe—(l+[’r) Rey’
(326)  Gyp =e TTReY,

(327) 901 s Aée“PfRe)*‘ _ A3e‘2Pf Rt‘)’ . A4e-2RC)’ +Ase*’“+Pl’)RCy .

Here A, to A, are constants and their expressions are given in Appendix.
Cross-flow Solution

It is observed that the equations (3.12), (3.14) and (3.15) are independent of main flow
u; and temperature distribution 6,. In view of the boundary conditions (3.17) and equation
of continuity (3.12), it is assumed that

(3.28) vi(y, z) = mv (v) cos 7z, wy (), 2)
=-vsinz, p (3,2)=p, (y)cosm

Here prime denotes differentiation with respect to y. Substituting (3.28) into the
equations (3.14) and (3.15), resulting a pair of ordinary differential equations given by

. ; L,
(3.29) Vn”‘”n‘“”zvn:;ml»

” 2 4
(3130) \?rl +Rev” ~“ V| =P
whete dash denotes differentiation with respect to y.
The corresponding boundary conditions are

y»—:O:v” :“l/ﬂ'.\’{l = (),
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(3.31) y >y =0y, >0

The equations (3.29) and (3.30) are solved under the boundary conditions (3.31), the
expression of is vy1(») known and given by

(3.32) v“(y)=—7;(——l———)(7ze_;‘y —ze"o’).

A-7r

Hence the expressions for velocity components vy, wy and pressure p; are known
and given by

(e_”y - )cos 7z,

(333 w(,2)= = 1_ )

(3.34) wi(y,2)= —;L/l (e’”y e )sin nz.

/4

335  plnz)= Re /;)e“”y cos 7z ,

(=~

e
where ,1=_}33+ Ef__+ﬂ2_
2 V 4

Main Flow and Temperature Distribution

Equations (3.13) and (3.16) are coupled second order differential equations. Since the
Eckert number Ec is very small for incompressible fluids, therefore u, and 9,can be
expanded in the powers of Ec as given by

(336)  h=ho+Ech +0[E?)

where h stands for u,or 9, .

Substituting (3.36) into the equations (3.13) and (3.16) and equating the like powers
of Ec, we get

2 ~2
Gan L0, 20 g, +Re(-~«-—-ag° - L‘OO],

8}12 oz dy

4 2 \
(3.38) 9«%& + i—%‘l = ~Groy + Re[a AT I

oy 0z & dy

"2 2 |
(3.39) iﬁ&+,‘?_€&= PrRel - 86,9 ¥, dbyo ’
o ot Ay dy

2 2
(3.40) M@ Al +--—~—a 41 a-~2Pr-cilf-g—(l»~—~6m-‘O + PrRe ——LQH + vy Mdﬁm )
oy ozt dy oy o dy
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The corresponding boundary conditions are
y= 0: g = O,Zl]l = 0,910 = COosnz, 811 = 0,
341h Y > 0 lupg ——)O,u“ —-)0,4910 —)0,9“ - 0.

Now, to reduce the partial differential equations (3.37) to (3.40) into ordinary
differential equations, applying variables separation technique as given by

uyo(y,2) = w30 () cos 72,1y (v.2) = 1y (y)cos 2z,
(342)  Go(y.2)= Oy (y)cos m & 0y (p z) = 0y (y)cos z= .
Using (3.42) into the equations (3.37) to (3.40), we get
(343) u§0 + Re 11'20 - 7[21120 =-0r 920 + 7 Re Vi lubo 5
(3.44) u3) + Reu), —nzum =-Gr 0y + mRe v ugg ,
(3.45) 65 +PrRe &g — 7265 = 7 PrRev; 85,
(3.46) 03y +PrRe®y; ~ 726, = 7 PrRev; 00 - 2 Prupy uby
where dash denotes differentiation with respect to y.
Now, the corresponding boundary conditions are
y= 0: Uy = 0,u21 = 0,920 = l, 92] = 0,
(347) Y = XUy, ——)0,1421 —)0,020 “)03921 - 0.

The equations (3.43) to (3.46) are solved under the boundary conditions (3.47), the
solutions of u,u 020 and 92’ are known and given by

(348) gy = Ajge™ = Ajg ™™ 4 g e AP _ g p-rePrRe)y

(349)  uyy = Agze Ar2PIREY _ g o~(Ae2Re)y | 4 o =(A+Re+PrRe)y
+A369‘(A+PrRe))’ + A, o -(m+2Re)y ~ Ay o~ (n*Re+PrRe)y
-A”e“(m«PrRe)y + Agg o~ lm+PrRe)y Ay o ~(m+Re)y

_A42e~(l+Pr+PrRe)y -(A+Pr+Re)y + Agy o~(A+Re)y

+Agze
— Agse™™ + Ayq e—(;r+2PrRe)y + Ay e~(n+Re)y +A48e";'y,

(3.50) O30 = Ajge™™ ~ Ay, e‘(i+PrRe)y + Ap3 e—(rr+PrRe)y’

(3.51) 65, = Alge—(MZPrRe)y + A o~(A+2Re)y - o~ (A+Re+PrRe)y

sl o (A+PrRe)y & A3 o7 +2PrRe)y ~ Ay o-(r+2Re)y
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~{m+PrRe)y

x+Re+PrRely
27¢

7+PrRe)y — A

+A25€—( +‘426 L’—(

~{A+Pr+PrRe) ~(m+Re)y —(A+Pr+Re
W gy e )y

+ Azse Y + Az() e
- A}lem(iﬁ&Re)‘y + A32 emmy 5

where to 4, to Ay are constants and their expressions are given in Appendix.

Finally, the main velocity and the temperature distribution are obtained in the
following form

(3.52) uly.z,t) = ug(y)+ e uy(y,z,1) and 0y, z,1)= 6y (»)+ € 6 (3, z,1).

where

u) = uyp(y)cosmz + Ecuy(y)cosnz

and 6 = 60,9(y)cosm + Ecy(y)cosnz.

4. Skin- Friction

Skin- friction coefficient at the plate is given by

Tyt yn 1 {ou
PVove ¢ 5) y=0

u* .
] is the shear stress at the plate.
y*=0

6)/,*

Hence, the expression of skin-friction coefficient at the plate is given by

where 7,s» = #L

42) C; = —Ele—[PrRe A; ~Re 4y + Ec(PrRe A7 — PrRe g —2Re 4y

+(1+ Pr)Re 4jg — Re Ay )+ € {mAjs — (A + P)4g + (m + PrRe) 4y,
- Adyg}cos m— € Ec{As3(A +2PrRe)+ (4 + 2Re)As,

+ (ﬂ. +Re+ PrRe)dss + (4 +Pr Re)Azq + (7 +2Re)A37 + (7 +Re
+PrRe)Asg + (7 + PrRe)dsg + (m + PrRe)dyg — (m + Re) Ay,

—(A + Pr+ PrRe)Ady; + (A + Pr+ Re)Ady3 + (4 + Re)Ayy —m Ays

+{(m +2PrRe) Ay + (7 & Re)A 7 + Adyg }cos 7zz] ;

5. Nusselt Number

The rate of heat transfer in terms of the Nusselt number at the plate is given by
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(g ae)
5.1 Nu=——>q - 1271
¢ ) ! K(T0~Too) (6)’ y=0

(aT *}
where g=-x T .
a.y y*_o

Hence, the expression of the Nusselt number at the plate is given by

(5.2) Nu = PrRe~ Ec{2PrRe 43 + 2Re 4, - (1 + Pr)Re As—PrRe Ag }
~e[{(4+PrRe)d;; - (7 + PrRe)d;; — m Ajg + Ecl-(1+2PrRe) 4
~(2+2Re)dyq + (4 + Re+ Pr Re)dy; ~ (4 +PrRe)dy; + (7 +2Pr Re)Ay;
+(7 +2Re)Ayy ~ (7 + Re+ PrRe)dys - (z + Pr Re)dyg +(m + PrRe)A,,

= (/1 + Pr+Pr Re)A28 ~(m+ Re)A29 + (,l +Pr+ Re)A30— m A32]coszzz.

Table-1: Values of Crand Nu at the plate for various values of physical parameter

Pr Gr Re Ec a z Cs Nu
0.71 5 0.5 0.01 05 0 | -56.11651 | -1.02083

7 5 05 0.01 0.5 0 -3.40941 3.52232
0.71 10 0.5 0.01 05 0 | -275.68368 | -5.18434
0.71 5 1 0.01 05 0 -7.99395 0.56258
0.71 5 05 0.02 05 0 | -83.54765 | -2.43019
0.71 5 0.5 0.01 2 0 | -54.23325 | -0.92735
0.71 5 0.5 0.01 0.5 1 -66.79853 | 0.09120

6. Results and Discussion

It is observed from figure 2 that the fluid velocity increases due to increase in the
Grashof number, the Eckert number or plate velocity, while it decreases due to increase in
the cross-flow Reynolds number or the Prandtl number. It is noted from figure 3 that the
fluid temperature increases due to increase in the Grashof number or the Eckert number,
while it decreases due to increase in the plate velocity, cross-flow Reynolds number or the
Prandt] number.

It is observed from Table-1 that the skin-friction coefficient at the plate increases due
to increase in the Prandtl number, the cross-flow Reynolds number or plate velocity, while
it decreases due to increase in the Grashof number or the Eckert number. 1t is also noted
from Table-1 that the Nusselt number at the plate increases due to increase in the Prandt|
number, the cross-flow Reynolds number or plate velocity, while it decreases due to
increase in the Grashof number or the Eckert number,
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7. Conclusions

Fluid velocity increases due to increase in the buoyancy force i.e. density variation
in the neighbourhood of the plate and decreases due to increase in the Prandtl
number or more fluid withdrawn through the plate which are in full agreement
with physical phenomena.

Fluid temperature increases due to increase in the buoyancy force or addition of
heat due to viscous dissipation, while it decreases due to more fluid withdrawn
through the plate.

Skin-friction coefficient at the plate increases due to more fluid withdrawn through
the plate, while it decreases due to increase in the buoyancy force or addition of
heat due to viscous dissipation.

Nusselt number at the plate increases due to more fluid withdrawn through the
plate, while it decreases due to increase in the buoyancy force or addition of heat
due to viscous dissipation.

160
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0 {
0 ]
0 1
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0 \%
80- 0 Vi
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u(y,t)
40
0 e et |

0 05 10 1§ 20 25 30 35 40 45 S0

Y cmncsmnsndy

Fig- 2: Velocity distribution versus y
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Fig- 3: Temperature distribution versus y
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D 2
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4.0

5.0
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1
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Gr A14 Gr AIZ Gr A13
A5 = ; i = N S , Ay =g — e % Avs
15 Rem(pr—1)° ‘116 D, 17 Ds 18 =Ajs — Ajg + Ap9
2Pr? Re? z43 2Pr? Re? 74, PrRe(1+ Pr)ms
Alg =—————=, A=A 4y = ,
Dg D Dg
2 5.2
Pr“ Re“ 4
A22 =—-1—— —r—-“(’”—ZPrz Re/lAl./ﬁglq
DQ (’l—ﬂ-) i
5 5 2 B o 2
2P AA 2Pr“ Re“ A4
Ay = ! F PR i3 | g Re(z + PrRe)d; dyy 1, dyy =1 28 244
Dy (A-7) Dy,
2
PrRe“ (1 + Pr)A4s 1
Ars = +2PrRel7 + PrRej)4, 4 —_—
- (i er (e ey |1
2Pr? Re(4 + Pr)4, 4
o =ELRE@, Ay =Prd ds,  Apg =t e )4 16
(A -7) Dy3

2PrRemd, 45

2PrRe(A + Pr)d, 44 4. _2PrReAd) A
= 3 3 :M7
Dyy

Ay = I
Dy3 Dy

30

A3y = —Aig = Ay + Ay + Agy + Ap3 + Ay — Ags = Agg +Ag — Agg — Agg + Azg + A3

2 2
2PrReZzdg | | 2Re> 74y | 1
Azz =1Grdyg + ———72 4 — | Arg = Gradnpy +— o 9 ,
33 { rdig G=x) D 34 { 205700 Dis
2 2
Re“{l1 + Pr)z4 i PrRe“ 74 1
Azs ={Grdy, +_f_(_+—_i_12 ——, Ay = GrA22 + i 5
) (2-7) Dyg (A-7) | Dy
2, [ 2
2Re® Adg | 1 Re*(1+Pr)idyy | 1
Ay =3GrAsg + ———Z b Are = dGrdye + : ;
37 { 24 (;L&”) }DZI 38 { 25 (/1—72‘) Ds,
») 3
PrRe” id; | 1 Grdyy Grayg .
Azg =< Grd-¢ + R Ay = i Ay = ;
¥ { R P }023 ? " Dy Dys
2
Re” 74 1
gy = Ordas 3= Sy ; Aga —J Grdy - =L~
Dy Dy; | (A-7) | Dyg
Gras, 2PrRe? Adg Re A4,
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Agg = A3z + A3q — A35 — A6 — A37 + A3y
+Azg — Agg + Agy + Agy — Ag3 — Aga + Ags — Age — Ay,
Dy =Pr? Re?-PrRe?, D, =4Pr? Re?-2PrRe?, Dy = (42 + APrRe- 7)1 - ),
Dy =Pr?+24Re?-PrRe,  Ds =(r+PrRe)> - Re(r + PrRe) - 72,
Dg = (A -m){(A+2PrRe)? —PrRe(4 + 2PrRe) - 72},
Dy = (A~ 7){(A+2Re)? —PrRe(A + 2Re) - 72},
Dg = (A - 7){(A + Re+ PrRe)? - PrRe(4 + Re+ PrRe) — 72},
Dg = (A +PrRe)? - PrRe(4 + PrRe) - 72,
Dyg =(7r+2P1rRe)2 -PrRe(n+2PrRe)—7r2,
Dyy = ( + 2Re)? —PrRe(z + 2Re) - 72,
Dyy = (7 + Re+PrRe) - PrRe(z + Re+ PrRe) - 7[2,
Dy3 = (A +Pr+PrRe) - PrRe(A + Pr+ PrRe) - 72,
Dy4 = (m+Re)~PrRe(m +Re)~ 72, Djs = (A+Re+Pr)~PrRe(4 + Re+ Pr)—z2,
Djg =(A+Re)-PrRe(4+Re)-72,  Diy =(,1+2Re)—15rke(,1+2ke)—n2,
Dyg =(A+2PrRe) - PrRe(4+2PrRe) - 72,
Dyg = (A4 +Re+ PrRe) - Re(4 + Re+ PrRe) - 72,
Dyg = (4 + PrRe) —Re(4 + Re) - 72,
D,y = ( +2Re) - Re(x + 2Re) - 72,
Dy, = (7 + Re+ PrRe) - Re(r + Re+ PrRe) - 72,
Dy3 =(z+PrRe)-Re(r+PrRe)-z2, D,y = (m+PrRe)~Re(m+PrRe) - x2,
Dy = (m+ Re) - Re(m + Re) - 7:2, Dhg = (4 +Pr+ PrRe) —Re(4 + Pr+ PrRe) - ”2’

Dy; = (A +Pr+Re)—Re(A+Pr+Re)- 72,  Dyg =(A+Re)~Re(d + Re)- 72,

P Re+VPr2 Re? + 472

2

Dyo = {7 +2PxRe) - Re(x + 2PrRe) ~ 22 4 - ),
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