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Abstract: Let Lf,(D) be the Bergman space of holomorphic functions in the unit
disc D={zeC: lzl <1}. For ge L™(D), let Sy be the little Hankel operator on
Lf,(D), A function GeLf,(D) is called an inner function (norm expansive
multiplier) in the Bergman space if "G!!l,f, =1 and “G&’“L}, Z”gn/; for all

ge H”(D). Let 4 be the set of those ge (D) for which there exists an

L
expansive multiplier GeL%,(D) such that ¢Ge(LL2,(D)) . In this paper we

show that ged if and only if kerS,={0} and if ¢gd then

S(},(GLf7 N L‘Z, )= L?, forany Ge Li(_D) that is a (norm) expansive multiplier in
; .

L2(D).
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1. Introduction
Let D={zeC :|z| <1} be the open unit disc in the complex plane C. Let d4(z) be
the area measure on D normalized so that the area of the disc D is I. In rectangular and
polar coordinates, dA(z)= ldx:a’y = ~1—rdrd9. Let L2 (D,dA) denote the Hilbert space of
n 7

complex-valued, absolutely square-integrable, Lebesgue measurable functions fon D with
the inner product < i ,g> =[f (z)EG dA(z). Let L™(D,dA) denote the space of

measurable functions f on D with |f]|_ = esssup {If(z)l izeD }< . Let H*(D) be the
space of bounded analytic functions on D. Let Lf,(D) (the subscript “a” stands for

analytic) be the subspace of Lz(D,dA) consisting of analytic fuinctions. The space L?,(D)
is called the Bergman space. Since point evaluation at z € D is a bounded linear functional
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on the Hilbert space Li,(D), the Riesz representation theorem implies that there exists a

unique function K in L2 (D) such that
£ = [, FOOK () did(s)

for all fin Lf,(D) - Let K{z,w) be the function on Dx D defined by K{z,w)=K_.(w).

The function K(z,w) is thus the reproducing kernel for the Bergman space L‘E,(D) and is
called the Bergman kernel. It can be shown that the sequence of functions
{en(D}eo ={Wn+1:"},,0 form the standard orthonormal basis for sz([)) and

K(z,w)= Zﬁ;len(z)am. The Bergman kernel is independent of the choice of

orthonormal basis and K(z,w)=

1 , ; s
0 __—)—2«. Since Li(D) is a closed subspace of
- ZW

Lz(D,dA‘) ' there exists an orthogonal projection P from Lz(D, dA) onto Lf, (D). For
¢ L”(D), we define the Toeplitz operator T; on L(ZI(D) by T4/ =P )), fe Lf,([)).
The big Hankel operator Hy is a mapping from Li([)) into (Lf,(l')))“" defined by
Hyf =U-PYe 1) fe L‘?;(D). The litile Hankel operator hs is a mapping
from Lf,(D) into ZZG_FZ;) defined by hgf = F(qﬁf), Je L?,(D), where P is the projection
from Lz(D, dA) onto E?E) There are also many equivalent ways of defining little
Hankel operators. For example, define the map Sy from Lf,(D) into L(Z,(D) by
S¢S =P(J($[)), where ] is the mapping from Lz(D) into Lz([)) defined by
J(h(z)) = h(Z). It is easy to see that the operator Sy is unitarily equivalent to the little

Hankel operator h¢ for some ¢ e L*(D).

Let L%(D) be the subspace of functions in 1’ {D) that are harmonic. The space
L%,(D) is a closed subspace’ of L2 (D)  with  orthonormal  basis
Wn+12"2, U Wn+ 12"} . Moreover Ly = L5 ® (L2),, where (L2), is the space of
all complex conjugates of functions in Lf,( D) which vanish at the origin. It is to be noted
that functions of the type |z!2"z'" e (L3t and lz!znf”’ e (L2)* for m > 0. Note that the
orthogonal complement of L?, in LZ(D, dA) is much bigger than the space (ZZ’)O. For
example, the function f(z)=iz]23 is in LZ(D,dA). It can easily be checked that

fe (Lf,)l, but fis not an element of (Zg)o .
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Let T denote the unit circle in C. Let Lz(T) be the space of complex-valued,

absolutely square integrable, Lebesgue measurable functions on 7. Let H 2(T) be the
corresponding Hardy space of functions on 7 with vanishing negative Fourier coefficients.

For ¢ e L™(T), the space of essentially bounded measurable functions on T, we define the
Hankel operator Ly from Hz(T) into H2(T) as L¢f= ﬁ(](¢f)), where J is the
mapping from L*(T) into L*(T) defined by J(h(z)) = h(Z) and P is the projection from
LZ(T) onto Hz(T). For ¢ e L™(T), the Toeplitz operator By is defined from H2(T)
into itself as Byf = 15(¢ ). If His a Hilbert space, let £(H) be the set of all bounded linear

operators from # into itself.

2. Kernel of Big Hankel Operators

Theorem 2.1: If ¢ is analytic in D then H 7 is a finite rank big Hankel operator if

and only if ¢ is a constant.
Proof: Sufficiency is obvious. For the necessity, suppose H 3 is a finite rank
operator, where ¢ is analytic on D. Then
ker H = {f & Li(D):( - PX@) = 0} = {f € L3(D): 9 & L3(D))

has finite codimension and is invariant under multiplication by z. By the result of Axler and
Bourdon®, there exists a polynomial ¢ whose roots lie in D such that ker & i qu,(D) . Let

#(z) =Y ¢ =¥, then b(2)q(z) e L‘Z,(D) implies either ¢ is a constant or ¢ = 0. But g = 0
since H p has finite rank, so the result follows.

Theorem 2.3 below describes the kernel of a big Hankel operator. The following
theorem establishes that on the Bergman space L‘Z‘, (D) the Toeplitz operator Ty represents

a multiplication operator on a closed subspace of Lf,(D) if and only if the symbol ¢ is
analytic.

Theorem 2.2: Let S be a subspace of L™ (D) such that for $ € S there exists a closed
subspace M = {0} of Li(D) Sor which Tof=¢f forall feM. Then Sc H*(D).

For proof, the paper of N, Das* may be seen.
Theorem 2.3: For ¢ € L™(D) the Kernel of a big Hankel operator H. ¢ Is trivial.
Proof: The Kernel of a big Hankel operator is given by

kerHy ={f e Li:(I-PY$N)=0={f e L] :pfeL?}.
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Now if ker Hy #0 then g H *, by Theorem 2.2. Therefore the operator £ 4 is zero and
ker Hy = L%(D). Thus if Hy #0 then ker Hy = {0} .

An operator A € £(H) is said to be hyponormal if [4]=0 where [4]= A a-a4.

Theorem 2.4: If lT¢_| is hyponormal and ¢ is not a constant function then
ker Hy = {0}.

12

Proof: For f in [2, <f,[T¢]f> =”T¢f”2 —”Tafnz :“¢f“2 _“Hq)f” -
(||5f||2 _“HZ f]lzj = “Ha f"2 —"H¢ f"z.Thus a vector fin Lf, is in ker H 7 if and only

if 0=uH¢7 fﬂz =HH¢ f"2 +<f,[T¢lf>. If lT¢] is hyponormal, then [TAZ 0, and therefore
this equation holds if and only if f is in ker Hy and fis in ker lT¢]. It follows therefore
thatker Hy N ker|Ty] =ker Hy . Thus if ker Hy = {0} then ker Hz = {0}. If ker Hy =

Lf, then ker lT¢J =ker Hz. IfkerHy = L?, then it follows that ¢ and ¢ both belong to

H® (D) and hence ¢ is a constant. This contradicts our hypothesis. Thus by theorem 2.3,
ker H ;= {0}.

3. Common Zero Set and Invariant Subspaces

It is shown by N.S. Faour® that if T, is the Toeplitz operator on the Bergman space

Lf,(D) with symbol z then an operators S on Lf,(D) is a little Hankel operator if and only
if

7,8 =ST,.
Definition 3.1: A function Ge Lg(D) (GeH 2) is called an inner function in

L%(D) (respectively H? ) if |G|2 ~1 is orthogonal to H® . The above definition for inner
function on the Bergman space can be made®.

Remark 3.1: A function GeLf,(D) is called a (norm) expansive multiplier if
llG“Lf, =1 and "68"1,: 2||g||L,” for all ge H®. If G is an expansive multiplier then G is
inner. The converse is also true®.

Theorem 3.1: If Sy is a liule Hankel operator on L%(D) and if
kerSy ={f € Lg(D) : f=00nb}, where b={b j-}jt;] is an infinite sequence of points in D

then there exists an inner function Gy, € Lf,(D) such that ker Sy = GbLf,(D)m Lﬁ(D).



Little Hankel Operators and Inner Functions 37

inner function in H*(T) and he H*(T) (for proof, see the paper of S. C. Power'®) and
the theorem follows.

__2__L R i

Corollary 3.1: If ¢ =y +y,, where y, € (L3) and y,(z) = Z?:O(//Z(—k)z_'k eH”

then ker Sy is nontrivial if W, * @ = zuh, where u is an inner function in H ®(T) an..

s ] ke v |
he H*(T), §#(e'®)=37  vy(-k)e ™ Q(e'g)zzfzome k0 and * denotes

convolution.

Proof: The proof follows from theorem 3.6, since S, =0ifye (Lf,)

Corollary 3.2: If ¢ = O, ® 2, Where @ and ®, are bounded analytic functions on D
and @y(z) = z‘;;@, (—-k)ik and O;5(z)= Zfso(i)z (k)zk then ker Sy is notrivial if
1/715)2 =zuuh, where u is an inner function in H*(T) and he H*(T)

| B

(') = IRt (~K)e™0, and (%) = T2, b, (k)™

Proof: The proof follows easily by observing that Sg = Srﬁ.‘% = S@l Ty,
= DzF,; &. D2, where T(;D2 is the Toeplitz operator on the Bergman space Lf,(D) with
172
symbol ®,and F,’;(B is the operator on L?,(D) having a classical Hankel matrix with
™2

respect to the standard orthonomal basis of Lf,(D) with symbol 1/71(52 ;

4. Norm Expansive Multipliers and Kernel of Hankel Operators

Let 4 be the set of those ¢ e L*(D) for which there exists an expansive multiplier

G e L2(D) suchthat ¢G e (L2(D))*.
Theorem 4.1: The following conditions are equivalent:
(1) e A.
(2) ker Sy #{0}.
(3) ranSy = L%.

Proof: (1) <> (2) Suppose ¢ A. Then by definition of A there exists an inner

function GeL‘Z‘,(D) such that ¢Ge(L3(D))l. Thus Ge kerSs; and hence ker

Sg # {0} . Now suppose ker Sy #{0}. Since ker Sy is an invariant subspace of z, there



36 Namita Das

Let W be the operator mapping from the standard basis {z"},.y of H 2 onto the
basis {Vn+1z"},en of L2(D),

W 2Z‘,f,,z" — Ef,,\/n+]z".

n=0 n=0
The map W is unitary and it induces a map from £(H2) into £(L(21) that sends
Te £(H2) to WTW *e £(L:3,). Note the matrix of the Hankel operator L,, y € (T

with respect to the standard orthonormal basis of H 2 s the same as the matrix of

F,=WL,W * with respect to the standard orthonormal basis of L‘Z‘, . We shall always refer
F, as the operator on Li(D) having a classical Hankel matrix with respect to the standard

orthonormal basis of L::',(_ D).

For y7=z‘,°(°=_,,oy§(k)eik‘9 e L*(T), let Fj (with symbol ), be the operator on
L‘2,(D) having a classical Hankel matrix (q&(~(i+j))) with respect to the standard
orthonormal basis of Lf,(D) . Here «p:(k) denotes the kth Fourier coefficient of 7 .

Theorem 3.2: Let ¢(z) =YL od(~k)Z¥ € H”. Then kerSy is nontrivial |
k=0 ¢

5*51 = zith, where J(e'”) = Zf=0;3(—k)e"k0,$1(ei9) = Zf=0—,(—LTe"ik€,u is an inner
+

functionin H®(T) and he H” (T). Here * denotes convolution.

Proof: The matrix of Sy with respect to the standard orthonormal basis

(e} %0 = (n+12"Y g of L3(D) is given by

<S¢ej,e>—J,:;— /+ ¢( (1+./))’ aJZO

Thus S4 = Dy F Dy, where W(e'o) = Zf:o;l—&(-—k)e"w , 1.e. i is the convolution on

the circle of ¢ Py 0¢( k)e"w with the function ¢,(e ) P g , Fy is the

k=077
k

operator on L%(D) having a classical Hankel matrix with respect to the standard

orthonormal basis of Lf,(D) with symbol ¢ and Dse; = ,}j+1ej forall j20.Nowifg

belongs to ker F; then Dig belongs to kerSy; where Dye; = for all j20.

e 3
j+1 !
Further, if f ekerSy then D, f e ker Fj; . Thus ker Sy is nontrivial if and only if ker Fj

is nontrivial. But ker £z is nontrivial if and only if @ is of the form z@h, where u is an



Little Hankel Operators and Inner Functions 39

{b} is dense in LL and Lg, the functional Q can be continuously extended to LL. Since

("' =1®, it follows from Hahn-Banach theorem that Q can be extended to (L)’

without increasing the norm. Thus it follows that there exists e L™ such that
jz//fdA =0 for all fe L' Hence w =0. This implies GG} =0 and therefore either
G =0 or Gy =0. But this is not possible as both G and G, are inner functions. Further
note that™!" if A is a subspace of Lg(D), Z(N)={zeD:f(z)=0Y f e N} ={{;},G the

corresponding canonical divisor and G, € H” is the canonical divisor of the finite subset
{1,y then G,(2) — G(z) uniformly on each compact subset of D and

”Gn _an —>0asn—ow.
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exists”®!! an inner function G e ker Sg. Thus ¢G € (L%,(D))‘L and ¢e A4 as every inner

function is an expansive multiplier.

(2) & (3) Note S; =S84, and f € kerSy if and only if /7 e ker Sy, , where
()= () and ¢*(2) = @(Z) . Thus ker S # {0} if and only if ker S, # {0} . Further,
ker Sy, = kerSy = (ranS;)". Hence ker Sy, #{0} if and only if ranSy = Lg. The
theorem follows.

Theorem 4.2: If p¢ A then S4(GL; A12y=12 for any Gel:(D) that is a
(norm) expansive multiplier in Li(D) .

Proof: Suppose the function ¢ ¢ 4. By theorem 4.1, ker Sy = {0} . Hence there exists

no inner function G such that GekerS¢. Thus for all inner functions G we have
#G ¢ (12)*. Thus S, # 0. This follows from the fact that if y L then S, =0 ifand

only if y e(Li)L. The function ¢G need not be bounded as inner functions can be
unbounded. Therefore the operator Sy is densely defined. The operator Sy is a closed

operator and ker Sy is closed. Thus ker Sy < H ® s an invariant subspace of T, .

1

Now if ker Sy # {0} then there exists™'' an inner function Gy e H™ such that

S4GGy = 0. Therefore $GG) & (Z)i. Note GG € L2 . Further, $GG € (Z?,—)L implies
($GG,. k) =0 forall he L. Hence (GG, § ) = <GGI,PJ(¢+h+)> - <GG1,S¢+h+> -0
for all he L%, where h*(z)=h(z) and ¢"(z)=¢(Z) . It can easily be verified that as
¢ ¢ A, the function ¢* & A. By theorem 4.1, ker S4+ ={0} . Hence ranSy, is dense in

Li. Thus it follows that GG, € (Lf,)l . This implies GG} =0 and therefore either G =0
or Gy =0. But this is not possible as both G and G, are inner functions. It foilows

therefore that ker Sy = {0} . Thus ranS;g = L?, . Thatis, Sy (GL‘2, s Li) = Lg, :

Remark 4.1: It may be noted that there does not exist inner functions G and G; in

L%, such that GG G(Li)’]'. Suppose to the contrary that G and G) are two inner

2
1-lg] . s
2 ¢ ze D.Itis known’ that span {b_}
3 5
(1-¢2)

is dense in LL and Lf,. Further "bg Hl <c¢, ¢e D and cis a constant. Define Q: Li - C

functions such that GGy L Lf,. Let b.(z) =

as Q(f) = ij(}, dA . Note that ©Q is a bounded linear functional on Li. Since span






