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Abstract: The present paper deals with the study of the most general Lauricella
functions involving two integral operators, namely Laplace transform and Weyl
Fractional Integral transform. Theorems are established to show interesting
association between the two transformations. Some known and new results are
deduced to establish the applications of the results.
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1. Introduction

“Transformations” and “Representations” are important and ongoing topics of
research in special function theory. Enumerable number of researchers have contributed on
this topic. Recently, Jain and Pathan' have established interesting theorems to interconnect
Laplace Transform and Weyl Transform of Kampé de Fériet functions. They have verified
their results by specifying the parameters.
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and Weyl Transform
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By specifying the parameters in (1.1) Kampé de Fériet, Hy Hy, He, Hy, Hy, Hy, H, Hs, Hy,
Hy, Gy, Gy, G, G, G, Gj ete. can be deduced®. In this paper we shall study the effect of

the operators in (1.2), (1.3) on (1.1) and establish the co-relations between the two
transformations. The main results follow from the theorems in section 2,

2. Co-relation Between Laplace Transform and Weyl Transform

Theorem 1: Ler Q(my,my,...m,) be a sequence of arbitrary complex numbers,
Re(s) > 0, Re(19)>0,

and
0 mo,m m,
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Proof: Applying (1.2) and using the result’ (p. 137) in (2.1), we get (2.2). Therefore
2.9 Lh(x;z,,zz,...,z,,) = 8(s;21,23,...,2,)

Again from® (p.294), we have

(2.5) Lx* ' (x+a)™? ;8] = I“;Js(’l"‘_”/za(“"’l")/ze"“'/sz’m (as) =y (as)
1- H—= A H— A : . . 1
where £ = —y = ms= = Wi m is the usual Whittaker function and we have
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(2.6) L[(x—a)/‘—lx—’lH(x-—a);s] =e Py (as)
where H(x) is Heaviside’s function.

Now using Parseval-Goldstien theorem® in (2.4) and (2.6), we get

2.7 J'x_ﬂ (x - a)'“_] g(x;21,29, 2, ) H(x — a)dx = '[x_’q’ (x~ a)’”'l g(xizy, 25,002, )dx
0 0
= [e™y(ax)h(x;21,29,..., 2, )dx
0

which on simplification, with the help of result® (p.337) establishes (2.3).

General Theorem: Let Q(my,m,,....m,) be a sequence of arbitrary complex
numbers, Re(s) > 0, Re(1)>0, and
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then the Laplace Transform is

(2.9) 8n(8321,22,02,) = — Z Q(ml’mZv“"mn)(O')alm,Jr +a,m, %

while Weyl transform is
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!
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Proof: Following the logic of inductions

P(1) V& [P(k) - P(k+1)]= P(n), where P(n) is general theorem and using the
proof of the theorem (1), we can establish the proof.
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3. Applications
Case 1: If we take

n:z’A:p’B':q’B”: k,C:]’D': m,D”I ﬂ,ml :r,m2 21,9; = 1,0; = 1,

aswzy=zb=b;,4,=14q SUL G =uy by=cp g =1,

C/ :aj’ 1//; :l’ [//; :], d; :ﬂj’é‘_} :], d; :}/j, 6; :1
in equation (2.8), (2.9) and (2.10) then we get

- ﬂ(a )r+t n(b )r n(c )t !

h(x;w,z) = 3 —!lh&_.wﬁz_.x“lr*“z’*G‘l
rg=0

@) 118, HG), "
Jj=I J=1 J=1

then Laplace Transform is

e

¥ !
160,74 mb ), n(c i L (ij

( )ulr-f-uzt

1))y nw,), n(y,), noo

glsiw,z)= 1

S r

'ﬁMs
?:1~m

while Weyl Transform is
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If we choose u; =0 and uy =1 then after some calculation we get the results of
Pathan e, al'.

Case 2: If we take
n=3,4=3,B'=0,8"=0,B"=0,C=1,D'=1,D"= 0,D"'=0,my = q,my = r,my =1,
a =pB,6,=16 =16 —Oz]~vzz—wz3~.;,a2-,8,92—0,92"=1,¢9;=1,
a3 =a,0; =1,0; =165 =0,¢ =y p =0, ¥y =, i =1,d, =78 =1,

in equation (2.8), (2.9) and (2.10) then we get the transformations for H A-
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Further putting a; =0, a, =0, a; =1 in equation (3.1), (3.2) and in (3.3) then we get

h,(xv,w,z) = i (a)qu(ﬂ)zﬁr(ﬂ')rw _v_q_w_ril_xHa—]
e g,r=0 (}/)q (}"),H q 1

then Laplace Transform is
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and Wey! Transform is
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Again putting a; =0, a, =1, a; =1 in equations (3.1), (3.2) and (3.3), we get

(a) +t(:B) +r(ﬂ‘) + v" wr z‘
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then Laplace Transform is
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r t
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Also putting @, =1, a, =1, a; =1 in equations (3.1), (3.2) and (3.3), we get

hA (x;v, w,z) — i (a)q-H (ﬂ)qw(ﬂ')rﬂ v_q__"‘ifi_xq+r+l+a-—l
g,r =0 (y)q(}l’)rﬂ q! ol

then Laplace Transform is
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and Weyl Transform is
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Some more deductions are possible by setting a,, a,, a;.

Case 3: If we take

n=3,4=3B=0,B"=0,B"=0,C =0,D'=1,D"=1,D"'=,m, = q,m, = r,m; =t,
a =40 =16 =16 =0,z, =v,z, =w,z; =z,a, = §,6, = 0,6, =16, =1,
ay=a,0y =103 =1,0;=0,d) =y, 8, =l.d} = 72,8, =L, d| =y3,8, =1

in equations (2.8), (2.9) and (2.10), we get the transformations for H 4

h (X'V w Z) = i (a)qﬂ (ﬂ)(ﬁr (ﬂv)rw Zii:_Z_lxalq+azr+axl+o-‘]
e ¢ra=0 (}’1)4(72),(}’3), g r
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then Laplace Transform is

P q r !
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and Weyl Transform is
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v 7 w 4 zZ !
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Some more deductions are possible by setting a,, a5, a;.

Case 4: If we take
n=3,4=3,B'=0,B"=0,8"=0,C=1,D'=0,D"=0,D""=0,m; =q,m, =r,m; =t,
a=B,6,=16=1,6] =0,z; =v,z, =w,z; =z,a, = #,6, = 0,0, = 1,6} =1,

a; =a,0:; = 1,6; =0,0; =lc =y, y/]' =1,(//1" =1,y/1m =1

in equations (2.8), (2.9) and (2.10) then we get the transformations for H..

h(_v (x; v, W, Z) = i (a)q”((y’;)‘l*" (ﬂ')"“ _‘f__“i__zlxa,qmzﬂa}na—l ,
g+r+t

4urid=0 q 1

then Laplace Transform is

E G E)
go(s;v,w,2) = I“_;r_ i (a)q+l(ﬂ)q+r(ﬂ')r+l (U)a,q-mzr-ra_‘l 59 s 5™

S qra=0 (7)q+r+! q' r! fn
and Weyl Transform is
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WHx g (xv,w,2)55] = ()#74° x

Some more deductions are possible by setting a;, a5, a.
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Case 5: If we take
n=2A4=2,B=0,8'=1,C=0,D'=1,D"=0,m =r,m; =1,
a, = a,6, =1,6, =-l,z,=w, 7, =z, a =f,6, =16, =1,

b =y.¢ =1,d, =6,6 =1

in equations (2.8), (2.9) and (2.10) then we get the transformations for H,,

o (a)r—t(ﬂ)rﬂ(}')t )’ (Z)t ar+ay+o-t
meawd = BTG, ’

and then Laplace Transform is

@i ) ()

e &
(s;w,2) = —
£ s° ,?20 (), rl 1

and Weyl’s Transform is

Ty . Lol = H=A-C I“o-l"(,l —u+ o) 2 (a)r—l (ﬂ)r-w (7)!
WHx ™" g, (x;w,2);5] = (5) TGro)  r2o (5)r x

r t
YA
9 (O')a,r+azt (A-u+ U)a,r+azt (sa' ] (Sa’ )

(A+0)grrap r! rn

Some more deductions are possible by setting a;, a;.
Case 6: If we take
n=2A4A=1,B=1,B"=2,C=0,D'=1,D"=0,m =r,my ={,
a=a,0 =10 ==Lz =w 2 =z,b = Bh=Nb =7,

& =Lby =8,y =1dy =£,8 =1

in equations (2.8), (2.9) and (2.10) then we get the transformations for H,

hy (5w, 2) = % (a)r-l(ﬂ)r(}/)t(a)t W' @) car+atto-l

rt=0 (5 )r rl !

and then the Laplace Transform is

=)
gz(S;w,z) — I;% {'Z (a)r—l(ﬁ)r(}/)‘(5),(0')ulr+azl < @

=0 (g)r r! /!

and Weyl Transform is
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WH[ 4 W, z):5] = u-2-c TN (A -pu+o) & (a)r—t ('B)r (7)1 (5)1
[X gZ(x w Z),S] (S) F(l+0') rJzzo (E)r X

EARER
« (O')a,r+azt ('{‘ —H+t G)alr+gzt sal saz

(A+0)array ! 1

Some more deductions are possible by setting ay, a,.
Case 7: If we take
n=2,A=18=0,8"=1,C=1,D'=0,D"=0,m, = romy =t,
a =a,b = 2,6 = Lzj=w,z,=2b =B,¢ = Le =y, = Ly, =1

s

in equations (2.8), (2.9) and (2.10) then we get the transformations for A 3

by (3w, 2) = i (a)Zr-H (ﬂ)z (W)’ Qxalr-#aleT—l
ri=0 (7)r+( r! ?!

El

and then the Laplace Transform is

=&
g3(S;W,Z) = I—g i (a)2r+1(ﬂ), (a)a,ma:l s 9

s° ri=0 (7)r+1 rl 1

and Weyl Transform is

2);5] = sh—A-o Tol(A-u+0) 2 (a)zr,r,(ﬂ),(cr)a’,mzt

W x gy (x;w, x
! T(A+0)  rico #)res
wY (zY
X (A-p+ o)al’+“z’ (S—a'—j (EJ .
(A+0)aprsay r t!

Some more deductions are possible by setting a,, a,.

Case 8: If we take
n=24 =1,B'=0,B"=1,C=0,D'=l,D"=1,m, =r,m, =1,
@ =0,00=2,0 =lzy=wzy=2,b =@ =1,d, =y,6, =1,d; =5,6, =1,

in equations (2.8), (2.9) and (2.10) then we get the transformations for H 4

( )2r+t(l )t ( I)r (2)’ ar+a,t+o-1
h ; s = i S S ] 2 s
4(x W, Z) r,tz ——T—: )r )I I 7 X
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and then the Laplace Transform is

=)
To & (a)2r+1W)t(o-)a,r+azl 59 s

gaswd) = T 20 ) R

and Weyl Transform is

FToT(A-u+o) & (a)2r+t (,B), (U)alr+a2t

WHx g, (xw2)s] = s47470

X
I'(1+0) rt=0 (7)r (5)1
wY ( z f
X(A‘—'u—*_o-)al"'*‘az’ (;E:) (Saz j
(A+)arran r! o

Some more deductions are possible by setting a;, a; .
Case 9: If we take
n=2,A=2,B=0,8"=0,C =0,D'=0,D"=1,my =r,m; =1,
a =a,6, =26 =z, =w, 2, =28, = 8.0, =-1,6, =1d, =7,8, =1,

in equations (2.8), (2.9) and (2.10) then we get the transformations for H g

h5 (x; W,Z) = i (a)2r+l (ﬂ)l—r K:_zl_xalrﬂ:zua—l ,
rg=0 (7)1 rtof

and then the Laplace Transform is

=)
o & (a)2r+r(ﬂ)r(a)a,r+azl s 50

(ssw,2) = —
& ) A

and Weyl Transform is

jg ToT(A—pu+ o) & (a)2r+t (ﬂ)t—r (O')a,r+azl

W x " gs(x;w,z)is] = ()

T(A+0)  ri=0 ),
—‘1)— r . !
A-p+ O-)alr+azl 4 59
(A+0)arsay r! N

Some more deductions are possible by setting a;, a;.

Case 10: If we take
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n=2,4=2,8=0,B"=1,C=0,D'=0,D"=0,m =r,m, =t,
a=a,0 =20, ==Lz =w,z,=z,a, = 5,6, =-1,6, = 1,b =y,4 =1,

in equations (2.8), (2.9) and (2.10) then we get the transformations for H

© ro_t
h6 (x; W, Z) = Z (()a)2r~t (ﬂ)[—r (7)t l:,,_zt_, xa.r+azt+cr—1 2

rt=

and then the Laplace Transform is

T'o 2
8¢ (s;w,z) = ';;" r,tzzo (a)2r-t (ﬂ)t—r (7)1 (U)a,r+a2t i 1 s

and Weyl Transform is

[@I(A-puto) & x
[(A+0o) r’fzz(()a)Zr—t B),- ),

r t
w
y (O’)al,«.,.az( (/1 —Ht G)alr+azt (sa' ] [Saz )

(A+0)grian rl f!

WHx g (x;w,2);5] = (s)# 4

Some more deductions are possible by setting a,, a,.
Case 11: If we take
n=2,A=1,B=0,8"'=2,C=0,D'=1,D"=0,m; =r,m, =1,
a =a,0,=2,0 =-hz=w,z, =2,b, = f,4 =1,b, =y,¢, =1,d, = 6,6, =1,

in equations (2.8), (2.9) and (2.10) then we get the transformations for H,

2 (@), (B),(r), w 2 N
h W, - ______r_____l___ﬁ______‘ ayr+a,+o
o2 r,lz=0 (6), R

and then the Laplace Transform is

]

w " 2 !
. _ o & (a)2r—t (IB)I (7)1 (G)a|r+azl (;;'—-J (Saz)
gr(sim2) = F%O (), P

and Weyl Transform is

W”[x'1g7(x;w,z);s] = (S),u—l—cr Mo)(A-u+o) 2 (a)Zr—t(ﬂ)t(V)t "

T(A+o) 0 (6),
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wY ([ zY
. (a)a,r+azl (A-u+ O')a,r+azt (;;'—) (S—a;]

(A+)grran r! r

Some more deductions are possible by setting a;, a,.

Case 12: If we take
n=3,4=2,8=0,8"=1,8"=0,C=1,D'=0,D"=0,D"=0,m; =q,my =r,m; =1,
ay=a,0 =-1,6] =1,6; =l,z; =v, 7y =w,z3 =z,ay = B,6, =1,0, = 0,0 =1,
G = }/’W; = —la(//]" = l"//lm = Lb]" = ﬂ.s¢|" =1 s

in equations (2.8), (2.9) and (2.10) then we get the transformations for G 4

h,q (X;V, w, Z) = i (a)r“_q (ﬂ)q“(ﬂ )r ﬁz':—z—:—x”xqwzrmgua—l
q,rg=0 (}’),.H_q q rit

and then the Laplace and Wey! Transforms are respectively

B

w

v i F Z !
@)r01-g (BB )@ agsanpea H [“‘) U

. g

I'o &
gA(S;V,W,Z) = T Z
S rg=0

1o L@ (-pt0) 2 (@) 41— 8), 8} §

WHx™ g J(x;v,w,2);5] = ()4
! F(A+0)  gra0 (Preig

v g w F Z !
X (0)a|q+azr+a,t (A-p+ a)alq*az""’as’ (Sal ) [Saz ) (Sa“ )

(A+0)agraysay ¢
Some more deductions are possible by setting a,, a,, a; .
Case 13: If we take
n=3A=1LB8=1,B8"=1,B"=1,C=1,D'=0,D"=0,D""=0,m; =q,m, =r,m3 =t,

aq=0,0=-1,0 =1,0) =,z =v,zy =w,z3 =2, =%,

“

wi=-Ly, =Ly =Lb =B,8 =Lb =f.¢ =1b =ps.¢ =1,

in equations (2.8), (2.9) and (2.10) then we get the transformations for G 5

i (a)r+1—q (ﬁl )q (ﬂZ )r (ﬂS )l vl w' _Z_'_ixal‘l*‘az""al’*a"'

hH(x;V,W,Z) = N ’
q.r=0 (}/)M-l-q q' rt
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and then the Laplace and Wey! Transforms are respectively

I'o
gu(svw,z) = —

q ey
(a )r+t—q (ﬂl )q (182 )r (ﬂ3 )1 (a)alq+azr+a3t (;’T] (;—&;) (ST‘J

s qrt=0 (?’)r+1—q q' r! t!

M8

- (s)'u*ﬂ_d FToUT(A-u+o) °2°: (a)r+t—q (ﬁl )q (ﬂZ )r (153 )1 N

w# [x"’lg,, (x;v,w,2);5]

[(A+0)  gra=0 (#)rs1-g
q r t
v w z
y (U)alq+a2r+a‘t (A-p+ O-)alq+a2r+alt (sal j [3(12 j (sa’ ]
(A+ U)a,q+azr+a,l q! rt 1!

Some more deductions are possible by setting a,, a;, a;.

Case 14: 1f we take
n=3,4=38=0,8"'=0,B"=0,C=1,D'=0,D0"=0,D"=0,m =q,my =r,m3 =1,
g =6 =16, =0,6 =1z, =v,z, =w.z; = 2.0, = f,6, = 1,6, = 1,6 =0,
ay = .6, =0,6, =1.6; ==L, =y, =Ly, =Ly =-1,

in equations (2.8), (2.9) and (2.10) then we get the transformations for G

h( ( § ) - il (C{)q-}[ (/ )q+r ([)")r—[ ‘,(/ W" gl a|1]+"2’+‘13’+0 -1
v'  J s b z z —_— ——e— x
q,r(=0 () )r+t—q q! 4 ' t'

and then the Laplace Transform is

(V o w r( z f
g & (a)q+'(ﬁ)q+r(ﬂ )r~t(0-)a,q+alr~+a31 K:;'J [Sazj kszj
gelssvwz) = — X

57 qri=0 rei-q I R

and Weyl Transform is
WHx *go(xv, w,2);s]

F(O’)F(/l —H+ o) i (a)q+l (ﬂ)(/+r (ﬁ')r—z (U)ulq+azr+a3(

= ("
r(ﬂ + O') q,ri=0 (}/)I'+I—(]
q r !
Y ki d
(l —u+ U)alq+azr+03' (Sa’ ) (Saz j (503 j
A+0)ageayreay @ 1M

Some more deductions are possible by setting a,, a;, a3 .
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Case 15: If we take
n=2,A=3,B'=0,B"=0,C=0,D'=0,D"=0,m, =r,m, =t,
a =a,0, =10, =,z =w, z, = z,a, =f,0,=-1,6, =1,
a,=f.,0,=1,60,=-1,,
in equations (2.8), (2.9) and (2.10) then we get the transformations for G;

o0

rot
h] (x;w,2) = Zo(a)”" (ﬂ)’_r(ﬂl)r_l lV’TZt_’xaxmazHo'—l ,

rl=

and then the Laplace Transform is

I" 0
_g- zo (a )r+l (ﬂ)l—r (ﬂ')r—l (a-)a|r+azl

N rd=

gl(s;W,Z) =

and Weyl Transform is

WHx g (x;w,2); 5]

= proLoli-p+a) 2 ,
@ I'(A+0) r,tz_:__(()a)"“" (ﬂ)’-r (ﬂ )r—t

X r t
L
(o')a,r+azt (A~u+ O')a,r+azt [sa‘ ] (sal )
A+ a)a,r+a2/ r! I
Some more deductions are possible by setting g, a,.
Case 16: If we take
n=2,A=2,B=1,B"=1,C=0,D'=0,D"=0,m =r,m, =t,
a =80 =16 =l,z,=w, 2, =z,a, = f,6, = 1,6, =1,
b =a,4 =1b=a,4 =1,
in equations (2.8), (2.9) and (2.10) then we get the transformations for G,
o , r {
mew) = Sa) (o) (8), ()., T e,
r=0 rr

and then the Laplace Transform is
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G
£265m2) = =2 5 (@), (& ) (B), (8),, (0)gp gy 5L N5" ).

ST re=0 r! ¢!

and Weyl Transform is

WH[x™* g,(x;w, 2);5]

= (yu-i-oc ToT(A-pu+o0) 2 : ,
- (S)# 4 Wr,ﬁga» (a )t (ﬂ)t-—r(ﬂ)r-—l

” Jr 2 {
(o')alr+a2t (A-pu+ C")a,M-aZI s4 5%

(A+0)grsay r 7

Some more deductions are possible by setting ay, ay.
Case 17: If we take
n=2,4=2,B'=0,B"=0,C=0,D'=0,D"= 0,m =r,m, =t,
a =a,l = -6 = 2,2 =w,2; =z,a, =a',6, =2,0, = -1,
in equations (2.8), (2.9) and (2.10) then we get the transformations for G
hy(x;w,z) = i(a)Zl-r (a‘)Zr—l wTrE"x e

rt=0 ! ’!

and then the Laplace Transform is

I'oc = .

8:65%.2) = =2 ¥ (@)@ et (0)reas
S rg=0

and Weyl Transform is

W‘“[x"lgg, (x;w,2);5]

_ paoToT(A-p+o) = :
’ T(i+0) ,,,Eg“)z'—r( b

=G
(o )a,r+a,: A-u+o )a,r+a,t s% 5%

A+ Dar+ay rl #!

Some more deductions are possible by setting a,, a,.



90

Jagpreet Kaur and D. Pandey

References

M. A. Pathan and Rashmi Jain, On the theorems involving Laplace Transform and Weyl
Fractional Integral Operator, Proc. Int. Conf. SSFA, 2 (2001) 51-56.

H. M. Srivastava and P. W. Karlson, Multiple Gaussian hypergeometric series, Wiley, New
York, 1985.

A. Erdelyi et al, Tables of integral transforms, I, Mc Graw Hill, New York, 1954.

A. P. Prudnikov et al, Integrals and Series, more Special Functions, Gordon and Breach,
New York, 1990.

M. A. Pathan. A theorem on Wey! (fractional) integral, Froc. Nat. Acad. Se. India, 36A
(1996) 885-888.

H. M. Srivastava and H. L. Manocha, A Treatise on Generating Functions. Wiley, New
York, 1984. .



