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Abstract. In this paper, we have defined various associated curvature tensors viz
associated Pseudo Projective curvature tensor, associated Pseudo Conformal
curvature tensor, associated Pseudo Conharmonic curvature tensor, associated
Pseudo Concircular curvature tensor, associated Pseudo H-Projective curvature
tensor and associated Pseudo Bochner curvature tensor in HGF-metric structure
manifold. Recurrence and recurrence symmetry of (1), (2), (3), (4), (12), (13), (14),
(23), (24), (34), (123), (124), (234), and (1234) kinds have been defined related to
various associated curvature tensors. Theorems of different kinds in recurrent and
recurrent symmetric HGF- metric manifolds involving equivalent conditions
related to various types of associated curvature tensors have also been discussed.

1. Introduction

Let us consider a differentiable manifold M, of differentiability class C*. Let there

exists a vector valued linear function F of class C* satisfying

(1.1) X=-a’X

for arbitrary vector field X, where X = FX and a is a complex number. Then {F} is said
to be a hyperbolic differentiable structure, briefly known as HGF - structure, defined by the
equation (1.1) and then M, is called HGF- manifold".

The equation (1.1) gives different structures for different Values of a.
(i) If a=0, itis hyperbolic 7 -structure.
(i) If a==l1,itis an almost complex or a hyperbolic almost product manifold.
(iii) If a =i, itis an almost productor a hyperbolic almost complex structure.
(iv) If a=0,itis an almost tangent or a hyperbolic almost tangent structure.

Let the HGF-structure be endowed with the Hermitian metric g, such that

(1.2) g(X,V)-a’g(X,)=0.
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Then {F, G} is said to be a Hyperbolic differentiable metric structure, briefly known as
HGF-metric structure and M,, is called a Hyperbolic differentiable metric structure
manifold or HGF-metric structure manifold. Let us put

(1.3) 'F(X,Y)=g(X,Y).

Then the following equations hold:;

(14 a) 'F(X,Y)=-"F(¥,X)
i.e., 'F is skew symmetric in Xand ¥ s

(1.4 b) '"F(X,Y)=-a> F(Y, X),
(14¢) 'F(X,Y)=-"F(X,Y).

A bilinear function B in HGF-metric manifold is said to be pure in the two slots, if
(1.5) B(X,Y)+a*B(X,Y)=0.

It is said to be hybrid in the slots, if

(1.6) B(X,Y)-a’B(X,Y)=0.

The equations (1.4 b) and (1.6) show that 'F is hybrid in X and Y.

2. Associated Curvature Tensors of Different Kinds

Agreement 1.1: The discussions which follow will hold for manifolds other than
almost tangent or Hyperbolic almost tangent manifolds.

In the HGF-metric structure manifold, Pseudo Projective curvature tensor W*,
Pseudo conformal curvature tensor C*, Pseudo conharmonic curvature tensor L, Pseudo
concircular curvature tensor ¥*, Pseudo H-projective curvature tensor P‘, Pseudo H-
conharmonic curvature tensor S™ and Pseudo Bochner curvature tensor B” are define by

Q.1) W*(X,Y,Z)=K(X,Y,Z) -—%[azkic(Y,Z)x -a?Ric(X,2)Y],

a“(n-1)

(12
n+2

(22) C*(X,Y,Z)=K(X,Y,Z)+ ( )[aZRic(X,Z)Y - a%Ric(Y,Z)X + g(X, Z)r(Y)

a’R
Y.Z —_—— Z)Y -g(Y,2)X],
&Y, Z)yr(X)] (n-1)\n-2) [g(X,Z)Y - g(¥,Z)X]
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aZ

23) [(X.Y.Z)=
23) rw«.v,2) K(X,Y,Z)+(n_2)

[a®Ric(X,Z)Y - a’Ric(Y,Z)X

+g(X,Z)r(V)-g(¥, Z)r(X)],

a2

24) V'(X,V,2)=K(X,Y,Z)+

R [g(X,2)Y -g(¥,2)X],
n(n-1)

1
a*(n+2)

2.5) P(X,Y,Z)=K(X.Y,Z)+ [a®Ric(Y,Z)X —a®Ric(X,Z)Y - Ric(Y, Z)X

+ Ric(X,2)Y - 2Ric(X,V)Z},

a2

2.6) S*(X,Y,Z)=K(X,Y,Z)-
(n+4)

[a®Ric(Y, Z)X - a* Ric(X,Z)Y - g(X,Z)r(Y)

+ gV, Z)r(X) + Ric(X, Z)Y - Ric(Y,Z)X - 2Ric(X,Y)Z
+g(X, Z)r(¥) - g(¥, Z)n(X) - 28(X, )r(Z)),

02
(n+4)

.7 B*(X,Y,Z)=K(X,Y,Z)~- [a2Ric(Y, 2)g(X,T) - a®Ric(X, Z)g(Y,T)

- g(X, Z)r(Y)+ g(¥, Z)r(X) + Ric(X, Z)Y - Ric(Y, X
_2Rie(R1)E +g(X, ) (F) - gV, Z)r(X) - 2g(X, Y)r(Z)

a’R
—
(n+2)(n+4)

The associated tensors of W*,C*,L*.V*,P*,8" and B" are defined by

(2.8 a) "W(X,Y,Z,T)=gW*"(X,Y,Z),T),
(2.8b) 'C*(X,Y,Z,T)=g(C"(X,Y,2),T),
(2.8¢) ‘LN(X,Y,Z,T)=g(L"(X,Y,Z),T),
(2.8d) VXY, Z,T) =gV (X,Y,2),T),
(2.8¢) "PY(X,Y,Z,T)=g(P"(X,Y,2),T),
(2.81) 'S*(X,Y,2,T)=g(S"(X,Y,2),T),

(28¢g) 'B*(X,Y,Z,T)=g(B*(X,Y,Z),T).

[g(Y,2)X - g(X,2)Y +g(X,Z)Y -g(¥,2)X -2g(X,1)Z].

47
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Consequently
@9) W'(X,Y,Z.T)=K(X.Y,Z,T)~————[a? Ric(Y, Z)g(X.T)
a‘(n-1)
-a’Ric(X,Z)g(Y,T)],
az

(2.10) 'C*(X,Y.Z,T)="K(X,Y,Z,T)+ [aZRic(X,Z)g(Y,T)—azRic(Y,Z)g(X,T)

(n+2)
+8(X,Z)Ric(Y,T)—g(Y,Z)Ric(X,T)]

N
(- D(n-2)

a2
n—

(2.11) '[(X,Y,Z,T)=K(X,Y,2,T)+ - [@®Ric(X,Z)g(Y,T)

- a’Ric(Y,Z)g(X,T)+ g(X,Z)Ric(Y,T) - g(¥, Z)Ric(X, T)},

a’R :
" [g(X,2)g(Y,T)-g(Y,Z)g(X,T)},

2.12) v (X.¥V,Z.T)='K(X,Y.Z,T)+
n(n-1)

(2.13) 'PY(X, Y, Z)="K(X.Y,2,T) + > ) [a%Ric(Y,Z)g(X.T) - a® Ric(X,Z)g(¥,T)

a‘(n+2)
- Rie(Y,Z)g(X,T) + Rie(X,Z)g(Y ,T) - 2Ric(X,YV)g(Z, T)),

a?

[azRic(Y, )g(X,T)- azRic(X,Z)g(Y, )
(n+4)

(2.14) 's*(x,v,Z. TV = K(X,Y.Z,T) -

+ Ric(X,Z)g(Y,T) - Rice(Y,Z)g(X,T)-2Ric(X,Y)Z
- g(X,Z)Ric(Y,T)+g(Y, Z)Ric(X,T)+g(X,Z)Ric(Y,T)
-g(Y,Z)Ric(X,T)~2g(X,Y)Ric(Z,T)],

a2
(n+4)

(2.15) 'B*(X,Y,Z,T)="K(X,Y,Z,T) - {a*Ric(Y,Z)g(X,T) - a® Ric(X, Z)g(¥,T)

- g(X,Z)Ric(Y,T)+ g(Y, Z)Ric(X,T)+ Ric(X,Z)g(Y, Z)
~ Ric(Y,Z)g(X,T)~2Ric(X,Y)g(Z,T)+ g(X,Z)Ric(Y,T)
- g(Y,Z)Rice(X,T)-2g(X,Y)Ric(Z,T)).

Using 'K(X,Y,Z,T)=-"K(Y,X,Z,T) in (2.9), we have



On HGF- Structure Metric Manifold 49

T]—————[azRic(Y, Z2)g(X,T)- aZRic(X, Z)Yg(Y, M1
a“(n-1)

=-"W*(¥,X,Z,T).

"WX,Y,Z,T)=—"K({,X,Z,T)-

Thus, we get
(2.16) "WrX,Y,Z,T)=-"W*(Y,X,Z,T),

Which shows that 'W™ is skew-symmetric in first two slots.

Now,

(2.17) WXV, Z, T WY, Z, X, T+ W (Z,X,Y,T)

=K(X,Y,Z,T)+'K(Y,Z,X,T) +K(Z,X.Y, T)———Z——]——[azRic(Y,Z)g(X,T)

a“(n-1)
~a?Ric(X,Z)g(Y,T)+a’Ric(Z, X)g(Y,T)-a’ Ric(Y, Z2)g(Z,T)
+a? Ric(X,Y)g(Z,T)—-a*Ric(Z,Y)g(X,T)).

Using Bianchi’s first identity for 'K in (2.17), we have
(2.18) WXV, Z, W'Y, Z, X, T)+'W*(Z,X,Y,T)=0.
Using 'K(X,Y,Z,T)=-"K(Y,X,Z,T) in (2.10), we get

a?

o [a® Ric(X,Z)g(Y,T) - a*Ric(Y,Z)g(X,T)
P

(2.19) 'c*(X,Y,Z,Ty=-"K(¥, X, Z, T)—(

+g(Y, Z)Ric(X,T) - g(X, Z)Ric(Y,T))]

a’R
+m[g(Y ,Z)g(X,T)—g(X,Z)g(Y,T)]

=-'C*(Y,X,Z,T),
i.e., 'C* is skew-symmetric in first two slots.
Now,
(2.20) "CHXLY,Z T CT (Y, Z, X, T CH(Z,X,Y,T)
=K(X,Y,Z,T)*'K(Y,Z,X,T)+' K(Z,X,Y,T)

a2

D) [a®Ric(Y,Z)g(X,T)-a’ Ric(X,Z)g(¥,T)+g(X,Z)Ric(Y,T)
n...

+

- g(Y,Z)Ric(X,T)+a*Ric(Z, X)g(Y,T)-a* Ric(Y, X)g(Z,T)
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+ (Y, X)Ric(Z.T)~ g(Z, X)Ric(Y,T)+a’ Rie(X,Y)g(Z.T)
—a®Ric(Z,Y)g(X,T)+ g(Z,Y)Ric(X,T) - g(X,Y)Ric(Z,T))

a’R .
—En—m[g()(’ 2)g(Y, T)-g(Y,Z)g(X, T)+g(Y,X)g(Z.T)
-g(Z,X)g(Y,T) +g(Z,)g(X,T)-g(X,V)g(Z,T)}.

Using Bianchi’s identities for 'K and g(X,Y)=g(¥,X) in(2.20), we have

.21 CHXLY,Z,T)HCH(Y,Z,X, T+ C(Z,X,Y,T)=0.
Using g(X,Y)=g(¥,X) in(2.11), we have

aZ

(n-2)

(2.22) '1*(X,V,Z.T)=—"K(Y,X,Z,T) - [a2Ric(V, Z)g(X.T) —a’Ric(X,Z)g(Y.Z)

+g(Y, Z)Ric(X,T) - g(X, Z)Ric(Y,T)]
=LY, X,Z,T),
i.e., 'L" is skew-symmetric in first two slots. Now
(2.23) LNXLY,Z, T+ INY,Z, X, T+ L(Z,X,Y,T)

= ‘K(X,Y,Z,T)+‘K(Y,Z,X,T)+‘K(Z,X,Y,T)

22
(n-2)

+ [a2Ric(X.Z)g(Y,2Z)

—a*Ric(Y,Z)g(X,T)+ g(X,Z)Ric(Y,T) - g(¥, Z)Ric(X,T)].
Using Bianchi’s first identities for ' K in the equation (2.23), we get
(2.24) LNXLY,Z TR LY, Z,X, T L(Z,X,Y.T)=0.
Using 'K(X,Y,Z,T) = ~'K(X,Y,T,Z) in (2.12), we obtain

ol

a“R

(225) 'V*(X’Y’Z’T)=~‘K(X,Y,T,Z)—‘
n(n-1)

g(X,Tg(Y,2)-g(Y,T)g(.X,Z)]

=-V*(X,Y,T,Z).
ie. 'V* is skew-symmetric in last two slots. Now
(2.26) VXY, Z, TV Y, Z,X TV (Z, XL YT)
= K(X,Y,Z,T)+K(Y,Z,X,T)+'K(Z,X,Y,T)
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a’R
n(n-1)
-8(Z,X)g(Y.T)+g(Z,Y)g(X,T) - g(X,V)g(Z, T}
Using Bianchi’s first identity for 'K and g(X,Y)=g(¥,X) in (2.26), we get

+

[g(X, 2)g(Y,T)-g(Y,2)g(.X,T)+g(Y,X)g(Z,T)

.27 VXY Z, TV, Z,X, T+ VNZ,X,Y,T)=0.
3. Recurrence and Recurrence Symmetry of Different Kinds

Let 'A be any of the curvature tensors "WrCH, L,V P* 'S and 'B*. Then
we define recurrence of different kinds in ' 4 as follows :

Definition 3.1: A HGF- metric structure manifold is said to be (1)- recurrent in A, if
GB.1)  @*(V'AYX,Y,Z,T,U)-A(VF)X,U),Y,Z,T) = a’ B{(U) A(X,Y,Z,T),
where Bj(U) isa C® function, called recurrence parameter.
Definition 3.2: The HGF- metric manifold is said to be (2)- recurrent in'4 if
(32) aX(V'AXX.Y,Z,T,U)-'AX,(VF)Y,U),Z,T) = a’ B{UY A(X,Y,Z,T).
Definition 3.3: The manifold is said to be (3)- recurrent in ' A if
(3.3) a®(V'AXX,Y,Z,T,U)-"A(X,Y (VFXZ,U),T) = a*B{(UY A(X,Y,Z,T).
Definition 3.4: The HGF- metric manifold is said to be (4)- recurrent in' A4 if
(3.4) a*(V'AXX,Y,Z,T,U)-"A(X,Y,Z,(VFXT,U),Z,T) = a®B(UY A(X,Y,Z,T).
Definition 3.5: The HGF-metric manifold is said to be (12)- recurrent in '4, if
(3.5a) aZ(V'A)()?,Y,Z,T,U)—'A(/?,(VF)(Y,U),Z,T)+ aZ'A((VF)(X,U), Y,Z,T)
=a’By(UY A(X,Y,Z,T),
or equivalently
(3.5b) aX(V' AN X, 7, Z,T,U)- A(VFXX,U),¥,Z,T) + a> A(X,(VF)Y,U), Z,T)
=a?By(Uy A(X,Y,Z,T).
Definition 3.6: The HGF-metric manifold is said to be (13)- recurrent in '4, if
(3.6 2) aX(V'AXX.Y,Z,T,U)-" A(VF)X.U).Y.Z.T) +a* A(X.Y,(VFXZ,U).T)

=a’By(U)Y A(X,Y,Z,T),
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or equivalently
(.6 b) a2 (V' ANX,Y,Z,T.U)=" A(X.Y (VF),(Z.U).T) + a** A(VF)(X,U). Y. Z.T)
=a?By(U) A(X,Y,Z,T).
Definition 3.7: The manifold is said to be (14)- recurrent in '4, if
(3.7 2) AA(V'AYX,Y.Z.T,U)-" A(VFYX.U)Y.Z,T) +a* AX .Y Z(VF)T.U))
=a’By(U) A(X,Y,Z,T),
or equivalently
(3.7b) &> (V' AYX.Y, Z,T,U)= ARV, Z(VF).(T.U) + a** A(VFXX,U).Y. Z.T)
= a?B|(U)Y A(X,Y,Z.T).
Definition 3.8: The HGF-metric manifold is said to be (23)- recurrent in 'Aif
(3.8 2) (V' AYX.Y.Z.T.U)=" A(X (VF)T. UYL Z.T) + a* A(X.Y,(VFXZ.U).T)
=a’Bj(UY A(X,Y,Z,T),
or equivalently
(3.8b) a2 (V' AYX. . Z.T,U)= A(X,Y,(VF)Z,U).T) + @' AX(VFXY. U, Z,T)
= a?By(UY A(X,Y,Z,T).
Definition 3.9: The HGF-metric manifold is said to be (24)- recurrent in'4,if
(3.9a) aZ(V'A)(X,Y,Z,T,U)—’A(X,(VF)()_’,U),Z,f)+az'A(X,Y,Z,(VF)(T,U))
= a?B(U) 4(X,Y,2.T),
or equivalently
(3.9b) a?(V' AXX.V.Z,T,U)-" A(X. Y. Z(VFXT,U) + a?  A(X (VFXY,U).Z,T)
= a?B(UY A(X,Y,Z,T).
Definition 3.10: The HGF-metric manifold is said to be (34)- recurrent in "4, if
(3.10 a) az(V'A)(X,Y,Z,Y—“,U)—'A(X,Y,(VF)(Z.U),T“)+a2'A(X,Y,Z,(VF)(T,U))
= a?B(U) A(X,Y,2,T),
or equivalently
(3.10b) a>(V' A(X.Y,Z, T.U)= AX.Y,Z(VF)T,U) + a*' A(X,Y,(VF)Z,U).T)

= a’B,(UY A(X,Y,Z,T).
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Definition 3.11: The HGF-metric manifold is said to be (123)- recurrent in '4 if
(G.11a) dX(V'ANX.Y,Z,T,U)-' A(VFYX,U).Y,Z,T)+a* AX,(VF)Y,U)Z.T)
+a? A(X,Y (VFYZ,U),T)=a*Bj(UY A(X,Y,Z,T),
or equivalently
(B.11b) &2 (V' AKX, Y, Z.T.U)-" AX,(VFXY U). Z.T) + a> A(VF) X, U)Y.Z.T)
+a? AX,Y (VF)Z,U).,T)= a’ Bj(UY A(X,Y,Z.T),
or equivalently
(3.11¢) a®(V' X, ¥, Z.T,U)=" AX. ¥, (VFXZ,U)T) + a®> A(VF)X,U),Y,Z,T)
+a? AX,(VFYY,U), Z,T) = a’ Bj(UY A(X,Y ., Z,T).
Definition 3.12: The HGF-metric manifold is said to be (124)- recurrent in '4 if
(B.128) a2 (V' AYX.V,Z, T U)- A(VFYX.U), Y. Z,T) + a* AX,(VF)Y,U). Z,T)
+a¥ AX,Y,Z (VFXT,U)) = a* By(UY A(X,Y,Z,T),
or equivalently
(B.12b) a2 (V' AYX, Y, Z, T U)= AX.(VEXT,U). Z,T) + a* A(VF)X.U).Y.Z.T)
+a> AX,Y,Z (VF)T,U)) = a*Bj(UY A(X,Y,Z,T),
or equivalently
(3.12¢) A3 (V' ANX, 7,2, T.U)~" AX, ¥, Z,(VF)T.U)) + a> A(VFXX,U),Y,Z,T)
+a AX,(VEXY,U),Z,T) = a* By(U) A(X,Y,Z,T).
Definition 3.13: The HGF-metric manifold is said to be (134)- recurrent in '4 if
(3.132) o (V' AXX, Y, Z, T, U)= A(VF)X,U),Y.Z,T) + a® A(X,Y,(VF)Z,U).T)
+ a2 AXLY,Z,(VEXT,U)) = a*By(U) A(X,Y,Z,T),
or equivalently
(3.13b) a>(V' AXX.Y, Z,T,U)=" AX.Y,(VFXZ.U),T) + a* A(VF)(X,U),Y.Z.T)
+ a2 AX,Y,Z(VFXT,U)) = a’B(U) A(X,Y,Z,T),
or equivalently
(3.13¢) a2(V' AXX,Y,Z,T,U)=" A(X,Y,Z (VFXT,U)) + a*' A(VF)X,U),Y,Z,T)

+a% AX,Y,(VF )(Z;U), T)=a’B(UY A(X,Y,Z,T).
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Definition 3.14: The HGF-metric manifold is said to be (234)- recurrent in'4if
(3.14 2) &> (V' (X, T, Z.T,U)=" AX,Y ,(VFXZ.U),T) +al AX(VFXY, UZ,T)
+a? ALY Z(VFYT,U)) = a*By(UY A(X,Y,Z,T),
or equivalently
(3.14b) a2(V' AX,Y,Z,T,U)~" AX (VF)T,U), Z.T)+a A(X,Y.(VFXZ,U),T)
+ a2 AX,Y,Z (VEXT,U)) = a®By(UY A(X,Y.Z,T),
or equivalently

(3.14 ¢) a>(V' AYX,V,Z. T,U)—'A(X,Y,Z,(VF)(T,U)+a2'A(x,(VF)(Y,U), Z.T)

+ a2 AX, Y (VF)Z,U),T) = a® By(U)Y A(X,Y,Z,T).
Definition 3.15: The HGF-metric manifold is said to be (1234)- recurrent in'4 if
(3.15 a) a2 (V' AXX,V,Z,T,U)-" A(VF)(X,U), V.Z.T)+a AX.(VFXY,U)L,Z,T)
+ a2 AX. T (VEXZ,U)T) +a> AX, T, Z(VF)T.U)) = a* ByUY AX. Y. Z,T),
or equivalently
(3.15b) a*(V' AXX.Y,Z,T,U)-" A(X (VF)Y,U), Z,T)+a* A(X,Y,Z (VFXT,U))

+a® A(VF)YX,U)Y, Z,T) +a® ACX,Y (VF)Z,U),T) = a?By(UY A(X,Y,Z,T),
or equivalently

(3.15¢) a*(V' AYX. ¥, Z,T.U)=" AX.V,Z (VF)T.U)) + a2 A(VFYX,U),Y,Z.T)
+ a2 AX,(VF)Y, U, Z,T)+a* AX,Y ,(VFYZ,U),T) = a*B(UY AX,Y,Z,T),
or equivalently

(3.15d) a®(V' AXX.Y,Z,T,U)-' AX, F.(VF)Z,U).T) +a* A(VF)(X,U), Y,2,T)

+ @ AX,(VF)Y,U).Z,T) + a* A(X,Y , Z,(VFXT,U)) = a’B(UY A(X,Y,Z,T).
Definition 3.16: The (1), 2), (3), (4), (12), (13), (14), (23), (24), (34), (123), (124),
(234) and (1234)-recurrent HGF-metric manifolds are said to be '4-symmetric if
(3.16) BU)=0
in the above equations.

Theorem 3.1: The 'A-(1)-recurrent HGF-metric structure manifold is ' A-(4)-
recurrent for the same recurrence parameter, if

(B.17) 'TAX,Y, Z,(VFYT,U)) = A(VFY(X,U),Y,Z,T).



On HGF- Structure Metric Manifold 35

Proof: Suppose that the ' A -(1)- recurrent HGF-metric structure manifold is 'A4 -
(4)- recurrent then comparing the equations (3.1) and (3.4). we get the equation (3.17).

Conversely, suppose that the equation (3.17) holds and the manifold is ' A -(1)- recurrent
then using the equation (3.17) in (3.1), we get

GV ANX Y. 2T, UV AX Y. ZA(VEXT ) =@ BU Y A(X. Y. Z.T),
which shows that the manifold is '.1-(4)- recurrent.

Theorem 3.2: The 'A-(2)- recurrent HGF-metric structure manifold is 'A-(4)-
recurrent for the same recurrence parameter, if

(3.18) CAX(VEXY U)Z,T) = A(X, Y, Z(VFXT,U)).

Proof: Suppose that the '4-(2)- recurrent manifold is 'A-(4)- recurrent for the
same recurrence parameter, then comparing the equations (3.2) and (3.4), we get the

equation (3.18). Conversely, let the equation (3.18) holds and the manifold is "4 -2)-
recurrent then using the equation (3.18) in (3.2), we get

(V' AYX, Y, Z,T, U= A(X, Y, Z,(VFXT,U)) = B (UY A(X. Y, Z. T,
which shows that the manifold is ' 4 - (4)- recurrent

Theorem 3.3: The 'A-(3)- recurrent HGF-metric structure manifold is ' A -(4)-
recurrent for the same recurrence parameter. if

(3.19) VXY (VEXZ,UNTY = A(X, Y, Z(VEXT,U)).

Proof: Suppose that the ' A4 -(3)- recurrent HGF-metric structure manifold is "A-
(4)-recurrent for the same recurrence parameter, then comparing the equations (3.3) and
(3.4),we get the equation (3.19). Conversely, let the equation (3.19) holds and the manifold
is ' A -(3)- recurrent then using the equation (3.19) in (3.3), we get

A (V' A(X,Y.Z,T,U)- A(X,Y, Z(VFXT,U)=a’ B(UY A(X.Y,Z,T),
which shows that the manifold is ' 4 - (4)- recurrent.

Note 3.1: Similarly, it can be proved that the ' 4 -(1)-recurrent manifold is ' A -(2)-
recurrent or “A -(1)-recurrent manifold is ' 4 -(3)-recurrent or ' A -(2)-recurrent manifold
is ' A -(3)-recurrent for the same recurrence parameter, if

"ANVFYX,U),Y,Z,TY="A(X (VF)Y,U),Z.T), or
"AVEYX,U)Y,Z,T) = A(X,Y (VF)Z,U),T), or
VAX L (VF)Y,U).Z,TY="AX,Y (VFXZ,U),T).

Theorem 3.4. The ' A -(12)- recurrent HGF-metric structure manifold is ' A -(14)-
recurrent for the same recurrence parameter, if

(3.20) VAXL(VEYY, U, Z,.T) = A(X,Y, Z,(VF)T,U)).
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Proof: Suppose that the ' A-(12)- recurrent HGF-metric structure manifold is 'A-
(14)-recurrent for the same recurrence parameter, then comparing the equations (3.5)a and
(3.7)b,we get the equation (3.20). Conversely, let the equation (3.20) holds and the

manifold is ' A -(12)- recurrent then using the equation (3.20) in (3.5)a, we get
(V' ANX,Y.Z, T U= AX.Y,Z(VFYT . U)) + a” A(VF)(X,U).Y,Z.T) = a*B(UY AX,Y.Z,T),
which shows that the manifold is ' A - (14)- recurrent.

Theorem 3.5: The ' A-(12)- recurrent HGF-metric structure manifold is ' A -(24)-
recurrent for the same recurrence parameter, if

321 "A(VFYX,U).Y,Z,T) =" A(X,Y,Z,(VFXT,U)).

Proof: Suppose that the ' A4 -(12)- recurrent HGF- manifold is ' 4 -(24)-recurrent
then comparing the equations (3.5)b and (3.9)b, we get the equations (3.21). Conversely,

suppose that the equation (3.21) holds and the manifold is ' A -(12)- recurrent then using
the equation (3.21) in (3.5)b, we get

AV AX.T.Z,TU)- AKX, Y Z(VFYT U) +a* A(X (VF)Y,U)LZ,T = a*B(UY A(X,Y,Z,T).
which shows that the manifold is ' 4 - (24)- recurrent.

Note 3.2: Similarly, it can be proved that the ' 4 -(13)-recurrent HGF-metric
manifold is ' A -(14)-recurrent for the same recurrence parameter, if

'A(X,Y,(VF)(Z,U),T) =! A(X,Y,Z,(VF)(T,U)),
' A -(12)-recurrent manifold is ' 4 -(13)-recurrent, if

YAX(VFXY,U), Z,T) =" A(X,Y (VFXZ,U),T),
' A -(12)-recurrent manifold is ' 4 -(23)-recurrent, if

'A((VF)(X_,U), Y,Z,T)="A(X,Y, (VF)(Z,U), ),
' A -(13)-recurrent manifold is ' 4 -(34)-recurrent, if

A(VFYX,U)Y,Z,T)= A(X,Y,Z,(VF)T,U)),
' 4 -(13)-recurrent manifold is ' 4 -(23)-recurrent, if

'A((VF)(X-,U),Y,Z,T)='A(X,(VF)()7,U),Z,T), .
"' 4 -(14)-recurrent manifold is ' 4 -(24)-recurrent, if

'AVFYX,U),Y,2,T) = A(X,(VF)T,U), Z,T),
' A (14)-recurrent manifold is ' 4 -(34)-recurrent, if

A(VFYX,U),Y,Z,T) = A(X,Y,(VF)Z,U),T).
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Theorem 3.6: The ' A -(14)- recurrent HGF-metric structure manifold is ' A -(1)-
recurrent for the same recurrence parameter, if

(3.22) "AXLY,Z,(VFYT,U))=0.

Proof: Let the manifold is (1)-recurrent in ' A then barring T in the equation (3.1),
we get

(3.23) a¥ (V' AXX,Y,Z, T, U)-"A(VFYX,U) Y, Z,T)=a*B,(UY A(X.Y.Z,T).

Now, suppose that the ' A -(14)- recurrent HGF-meric manifold is ' A -(1)-recurrent then
comparing the equations (3.23) and (3.7)a, we get the equation (3.22).

Theorem 3.7: The 'A-(14)- recurrent HGF-metric structure manifold is ' A -(4)-
recurrent for the same recurrence parameter, if

(3.24) 'A(VFY(X,U),Y,Z,T)=0.

Proof: Let the manifold is (4)-recurrent in ' A then barring X in the equation (3.4),
we get

(3.25) A (V' AYX,Y,Z.T,U)-"A(X,Y, Z(VF)T,U) = a*B,(UY A(X,Y,Z.T).

Now, suppose that the ' A -(14)- recurrent HGF-metric manifold is ' A -(4)-recurrent then
comparing the equations (3.25) and (3.7)b, we get the equation (3.24).

Theorem 3.8: The ' A-(24)- recurrent HGF-metric structure manifold is ' A -(2)-
recurrent for the same recurrence parameter, if

(3.26) "A(X,Y,Z,(VF)T,U))=0.

Proof: Let the HGF-metric manifold is (2)-recurrent in 'A then barring T in the
equation (3.2), we get
(327 (V' ANX,Y, Z,T,U)=" ACX,(VFXT,U), Z,T) = a*B(U)Y A(X,Y,Z,T).

Now, suppose that the ' A -(24)- recurrent HGF-metric manifold is ' A -(2)-recurrent then
comparing the equations (3.27) and (3.9)a, we get the equation (3.26).

Theorem 3.9: The 'A-(24)- recurrent HGF-metric manifold is ' A -(4)-recurrent
for the same recurrence parameter, if

(3.28) "AXL,(VFXY,U),Z,U)=0.

Proof: Let the HGF-metric manifold is (4)-recurrent in 'A then barring Y in the
equation (3.4), we get
(3.29) (V' AXX,T,Z, T Uy AX,Y,Z (VF)T,U)) = a*B(U) A(X,Y,Z,T).

Now, suppose that the ' A -(24)- recurrent HGF-metric manifold is ' 4 -(4)-recurrent then
comparing the equations (3.29) and (3.9)b, we get the equation (3.29).

Note 3.3: Similarly, it can be proved that the 'A-(34)-recurrent HGF-metric
manifold is ' 4 -(3) and ' A -(4) -recurrent for the same recurrence parameter, if
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VA(XLY, Z(VEXT,U)=0 and 'A(X,Y.(VF)(Z.U),T) =0 respectively.

' 4 -(12)-recurrent manifold is "A-(1)and ' 4-(2)-recurrent, if
'A(X,(VF)(Y.U); Z,T)=0 and TA(VFYX U, Y, Z, =0, respectively.

' 4 -(13)-recurrent HGE-metric manifold is " A -(1) and ' 4 -(3)-recurrent, if

TA(X, Y (VEXZ,UN.T)= 0, and "AVFYXL U, Y.Z,T)=0, respectively and

' A -(23)-recurrent HGF-metric manifold is ' 4 -(2) and ' A -(3)-recurrent, if
"A(X, Y,(VF)(Z,U),T) =0, and ' AX L (VEYY, Uz, T)=0, respectively.

Theorem 3.10: The 'A-(124)- recurrent HGF-metric  manifold is "4 -(4)-
recurrent for the same recurrence parameter, if

(3.30) VA(VFYX,UDY Z, T AX(VFYY,U),Z,T)=0.

Proof: Let the HGF-metric manifold is (4)-recurrent in ' A then barring X and Y in
the equation (3.4), we have

3.3 (V' AX,Y,Z.T, U AX.Y,Z(VFXT.U) = a*B(UY A(X.Y,Z.T).

Now, suppose that the ' 4 -(124)- recurrent HGE-metric manifold is ' 4 -(4)-recurrent for
the same recurrence parameter, then comparing the equations (3.31) and (3.12)c, we get the
equation (3.30).

Theorem 3.11: The 'A-(124)- recurrent HGF-metric  manifold is "4 -(24)-
recurrent for the same recurrence parameter, if

(3.32) PAVF)XLU), Y,Z,T)=0.

Proof: Let the HGF-metric manifold is (24)-recurrent in ' A then barring X in the
equation (3.9)b, we obtain

(3.33) az(v'A)()'(,7,z,T,U)—'A(ii,z,(vm(iu»+a2'A(x,(VF)(Y,U),Z,T)
= a®B(UY AX,Y,Z.T).

Now, suppose that the ' A -(124)- recurrent HGF-metric manifold is * A -(24)-recurrent for
the same recutrence parameter, then comparing the equations (3.33) and (3.12)c, we get the
equation (3.32).

Theorem 3.12: The 'A-(124)- vecurrent HGF-metric manifold is "A-(12)-
recurrent for the same recurrence parameter, if

(3.34) ' A(X, Y, Z,(VFYT,U) =0.

Proof: Let the HGF-metric manifold is (12)-recurrent in ' A then barring T in the
equation (3.5)a, we get

(3.35) a2V AX,Y,Z,T,U)- AXL(VEUY U Z, Ty+a* A(VFUX,U).Y, z.7)
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=a’B(UY A(X,Y,Z,T).

Now, suppose that the 'A-(124)- recurrent HGF-metric manifold is 'A4 -(12)-recurrent
then comparing the equations (3.35) and (3.12)b, we obtain the equation (3.35).

Note 3.4: Similarly, it can be proved that the 'A-(124)-recurrent HGF-metric
manifold is ' A -(1) or ' A -(2) or ' A (14)-recurrent, if

VA(VFYX,U), Y, Z,T)+ AX,Y ,Z(VF)T,U)) =0,
or YAVEYX,U)Y, Z,T)+ AX,Y,Z,(VFXT,U)) =0,
YAX(VF)Y,U),Z,T)=0.

Note 3.5: Theorems for 'A4-(123), ' A (234) and ' A -(134)-recurrent HGF-metric
manifold can also be stated and proved similarly.

Theorem 3.13: The ' A -(1234)- recurrent HGF-metric manifold is ' A -(4)-recurrer
for the same recurrence parameter, if

(3.36) 'A(VF)X,U), ¥,Z,T)+ AX(VF)Y,U),, Z,T)+ ACX,Y (VFXZ,U),T) =0.

Proof: Let the HGF-metric manifold is (4)-recurrent in ' A then barring X,Y and Z
in the equation (3.4), we have )
(3.37) AV AKXV, Z,T.U)- AX.Y.Z(VFXT.U) = a’BUY AX.Y,Z,T).

Now, suppose that the ' 4 -(1234)- recurrent HGF-metric manifold is ' A -(4)-recurrent for
the same recurrence parameter, then comparing the equations (3.37) and (3.15)c, we get
(3.36).

Theorem 3.14: The 'A-(1234)- recurrent HGF-metric manifold is 'A -(34)-
recurrent for the same recurrence parameter, if

(3.38) VA((VFY(X,U),Y,Z,T)+ A(X,(VFYY,U),,Z,T)=0.

Proof: Let the HGF-metric manifold is (34)-recurrent in 'A then barring X and Y
in the equation (3.10)a, we have

(3.39) &*(V'AX.V,Z,T,U)- AX, V(VFYZ,UNLT) +a> AX, Y, Z(VFXT.U))
= d*B(UY AX,Y,Z,T).

Now, suppose that the 'A -(1234)- recurrent HGF-metric manifold is 'A -(34)-recurrent
for the same recurrence parameter, then comparing the equations (3.39) and (2.1 5)d, we get
the (3.38).

Theorem 3.15: The ' A -(1234)- recurrent HGF-metric manifold is 'A -(234)-
recurrent for the same recurrence parameter, if

(3.40) "A(VFYX,U),Y,Z,T)=0.



60 S.B. Pandey and Meenakshi Pant

Proof: Let the HGF-metric manifold is (234)-recurrent in ' 4 then barring X in the
equation (3.14)a, we obtain

(3.41) a* (V' ANX.Y,Z,T,U)" A(X, YAVFXZ,U)T) + a® A(X, (VFYY,U),Z,T)
+a* A(X,Y,Z,(VFXT,U)) = a*B(UY AX,Y,Z,T).

Now, suppose that the ' A4 -(1234)- recurrent HGF-metric manifold is ' A -(234)-recurrent
then comparing the equations (3.41) and (3.15)d, we get the (3.40).

Theorem 3.16: The 'A-(1234)- recurrent HGF-metric manifold is 'A -(123)-
recurrent for the same recurrence parameter, if’

(3.42) "A(X,Y,Z,(VF)T,U))=0.

Proof: Let the HGF-metric manifold is (134)-recurrent in ' 4 then barring T in the
equation (3.11)a, we get

(3.43) aZ(V'A)(X,?,Z,T,U)—'A((VF)(,\_’,U),?,Z,f)+aZ'A(X,(VF)(Y,U).Z,f)
+a A(X,Y (VFXZ,U).T)=a’B(UY AX,Y, Z,T).
Now, suppose that the 'A -(1234)- recurrent HGF-metric manifold is ' A -(123)-recurrent

for the same recurrence parameter, then comparing the equations (3.43) and (3.15)a, we get
(3.42).

Note 3.5: Similarly, it can be proved that the ' A4 -(1234)-recurrent HGF-metric
manifold is ' 4 (1) or 'A-(2) or '4-(3) or 'A-(12) or ' A-(23) or 'A-(13) or ' A-(24)
or 'A~(14)and ' 4 -(124) or ' 4 -(134) recurrent, if

AX (VXY U, Z, T+ AX,Y (VEXZ,U),T)+ A(X, T, Z,(VFYT,U)) =0,
or A(VF)X, U)LY, Z,T)+ AX,Y,(VFXZ,U),T)+ AX,Y,Z (VFYT,U)) =0,
or 'AVF)X,U).Y,Z,T)+ AX,(VF)Y,U),Z,T)+ A(X, ¥, Z,(VF)(T,U)) =0,
or "A(X,Y,(VF)Z,U),T)+ A(X,Y,Z (VF)T,U)) =0,
or 'A(VF)X,U),Y,Z,T)+ A(X,Y,Z,(VFXT,U)) =0,
or 'AX,(VEXY,U),Z,T)+ A(X,Y,Z (VF)T,U)) =0,
or "A(VFXX,U)LY,Z,T)+ A(X,Y,(VF)Z,U),T) =0,
or A(X,(VF)Y,U),Z,T)+ A(X,Y (VFYZ,U),T) =0,
and 'A(X,Y,(VFXZ,U),T)=0,

o AX,(VF)Y,U),Z,T)=0 respectively.
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Theorem 3.17: In the (4)-recurrent HGF-metric manifold, if any two of the
following conditions hold for the same recurrent parameter then the third also holds:
(i) It is associated Pseudo conformal —(4)- recurrent,
(ii) It is associated Pseudo conharmonic —(4)- recurrent,
(iii) It is associated Pseudo concirular —(4)- recurrent.

Proof: From the equations (2.10), (2.11) and (2.12), we have

(3.44) (X,Y,Z,TY="CN(X,Y,Z,T)+

N ; (K(X,Y.Z,T)-"V*(X,Y,Z,T)}.
P

Barring T in the equation (3.44), we obtain

(3.45) (XLY,ZT)="CT (X, Y. Z,T)+ n?{'K(X,Y,Z,T")—'V'(X,Y,Z,f)}.
n—=4Z

From the equation (3.44), we have

(3.46) a2B(UY L'(X,Y,Z,T)=a’B(UYC"(X.Y,Z,T)

n
+

5 B WU K(X,Y,Z,T)-"V*(X,Y,Z,T)}.

Differentiating (3.44) with respect to U, using (3.44) and then barring T in the resulting
equation, we have

(3.47) (V)X Y, Z,TU)=L(X.Y. Z(VF)T,U) = a*(V'C*¥X,Y,Z,T,U)

~CNXLYLZ(VEXT,U)) +

. St (VKXY Z.T0)
n.—.

ZK(X, Y, Z(VEYT,U) + 2 (VV)X,Y,Z,T, U=V (X, Y,Z,(VF)T,U)}
Subtracting (3.46) from (3.47), we have
(3.48) aA(V'LYX.,Y,Z,T,Uy-"L'(X,Y,Z (VFXT,U)) - a*B(U)Y L' (X,Y,Z,T)
=a?(V'CYX,Y,Z,T,U)-"C* (X,Y,Z(VFYT,U)-a’ B (UY C*(X,Y,Z,T)
n
n-2
— @ (VYN Y, Z, T UV (XY, Z(VF)T,U))
~a*B(U)a*Bi(UYV"(X.Y,Z,T)}.

+

(@(V'K)X,Y,Z,TU)-K(X,Y,Z,(VF)T,U))- a’B(UYK(X,Y,Z,T)

Now, if the (4)-recurrent HGF-metric manifold is associated Pseudo conformal —(4)-
recurrent and associated Pseudo concircular —(4)- recurrent, for the same recurrent
parameter then from the equation (3.48), we have.

a2 (V' L)X, Y, Z,T,U)-" L' (X,Y, Z(VFXT,U) = a’B,(UY A(X,Y,Z,T),

which shows that the manifold is associated Pseudo conhormonic —(4)- recurrent.
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Similarly, it can be stated and proved that if the (4)-recurrent HGF-metric manifold
is either associated Pseudo conformal —(4)- recurrent and associated Pseudo conharmonic —
(4)- recurrent or associated Pseudo concircular —~(4)- recurrent and associated Pseudo
conharmonic —(4)- recurrent for the same recurrent parameter then it is either associated
Pseudo concircular —(4)- recurrent or associated Pseudo conformal —(4)- recurrent,

Theorem 3.18: /n the (4)-symmetric HGF-metric manifold if any two of the
Jollowing conditions hold for the same recurrent parameter then the third also holds:

(i) It is associated Pseudo concirular ~(4)- symmetric,
(ii) It is associated Pseudo conharmonic ~(4)- symmetric,
(iii) It is associated Pseudo conformal ~(4)- symmetric.

Proof: If the (4)-symmetric HGF-metric manifold is associated Pseudo conformal —
(4)- symmetric and associated Pseudo concirular —(4)- symmetric for the same recurrent
parameter then from the equation (3.48), we have

(3.49) a* (V' L)X, Y, Z, T U)=" I (X. Y, Z. (VEXT,U)) =0,
which shows that the manifold is associated Pseudo conharmonic —(4)- symmetric.

Similarly, it can be shown that if the (4)- symmetric HGF-metric manifold is
either associated Pseudo conformal —(4)- symmetric and associated Pseudo conharmonic —
(4)- symmetric or associated Pseudo concircular ~(4)- symmetric and associated Pseudo
conharmonic —(4)- symmetric then it is either associated Pseudo concircular —(4-
symmetric or associated Pseudo conformal —(4)- symmetric manifold.

Remark 3.1: Theorems of the type (3.17) and (3.18) can also be stated and proved
for "A-(1), ' A-Q2), ' A-(3)-recurrent and ' 4 (1), '4-(2), ' A -(3)-symmetric manifolds.

Theorem 3.19: /n the (14)-recurrent HGF-metric manifold if any two of the
Jollowing conditions hold for the same recurrent parameter then the third also holds:

(i) It is associated Pseudo concirular —(14)- recurrent,
(ii) It is associated Pseudo conharmonic —(14)- recurrent,
(iii) It is associated Pseudo conformal —(14)- recurrent.

Proof: Barring X in the equation (3.44) we have
(3.50) "L(X,Y,Z,T)="C*(X,Y,Z,T) + -"—2 {K(X,Y,2,T)-'v*(X,v,2,T)}.
e

From the equation (3.50), we obtain
(B.51)  BUYL(X.Y,2,T)

n

=d’B(UYC*"(X,Y,Z,T) + 5 @ BWUK(X,Y,Z,T)-V*(X,Y,Z,T).

n-—

Differentiating (3.50) with respect to U, using (3.50) and then barring T in the resulting
equation, we have

Proof: Let the HGF-metric manifold is (134)-recurrent in ' A then barring T in the
equation (3.11)a, we get

(3.43)  A(VAXY,Z, T U)-"A(VFYX,U).Y,Z,T) +a* A(X,(VF)Y.U),Z,T)
+a® A(X,Y ,(VFXZ,U),T)y=a*B(U) A(X,Y,Z,T).

Now, suppose that the ' A4 -(1234)- recurrent HGF-metric manifold is ' A -(123)-recurrent
for tl;e same recurrence parameter, then comparing the equations (3.43) and (3.15)a, we get

(.42).
Note 3.5: Similarly, it can be proved that the 'A -(1234)-recurrent HGl'T-metnc
o ’ ' ' .
manifold is 'A-(1) or 'A-(2)or 'A-(3)or 'A-(12) or 'A-(23)or 'A-(13) or '4-(24)
or 'A-(14) and ' A-(124) or ' A -(134) recurrent, if

"ACX (VEXY.DN.Z. T+ AX.Y (VFXZ.DNTYW AX.Y.ZAVFXT.UN =0,
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(3.52) (V'YX Y. Z.TU) +a” L (VFX.UNY.2. 1)~ L(X,Y.Z.(VFXT,U))

a2 (VCYX.Y,Z.T,U)+a> CT(VF)X,U).Y. Z, T)-'C(X,Y.Z(VFXT,U))

n

(n-2)

+ (—a* (V'K )XY, Z.T.U)+ a K(VFYX.U).Y.Z.T)

KXY, ZAVEXT, Uy =a* (VY NX Y. Z,T.U)
@V (VEYX LU Y, Z TV (X, Y. Z(VFYT.,U)}.

Subtracting (3.51) from (3.52), we have

(3.53) a>(V'L')X.,Y.Z,T,U)+ a L (VFYX,U).Y,Z,T)- L'(X,Y,Z(VFXT,U))
~a*B (UYL (X,Y,Z.T)= (V' CYX.Y.Z,T,U)+a* ' C"(VF)X,U),Y, Z,T)

n
(n-2)
+ a2 K(VFYX,U),Y,Z.T)- K(X, Y, Z(VEXT,U)-a’B,(UYK(X,Y,Z,T)

MR, Y, Z(VFYT,U)-a* BUYC (XY, Z.T) + (> (V'K)(X,Y,Z,T,U

—A(VVYX,Y,Z,TU) - a2 VE(VEYX, U)LY, Z, T+ VT (X,Y,Z.(VF)XT,U))
~a’BUYV(X,Y,Z,T)}.

Now, if the (14)-recurrent HGF-metric manifold is associated Pseudo conformal —(14)-
recurrent and associated Pseudo concircular —(14)- recurrent, for the same recurrence
parameter then from the equation (3.52), we have

2V LWV ZTU)+ab L (VEXX U)LY, Z,T)= L' (X, Y, Z,(VEXT,U))
=a’B(U) L' (X,Y,Z,T),

which shows that manifold is associated pPseudo conharmonic —(14)- recurrent manifold.

Similarly, it can be shown that if the (14)-recurrent HGF-metric manifold is either
associated Pseudo conharmonic —(14)- recurrent and associated Pseudo conformal —(14)-
recurrent or associated Pseudo conharmonic —(14)- recurrent and associated Pseudo
concircular (14)- recurrent for the same recurrence parameter then it is either associated
Pseudo concircular —(14)- recurrent or associated Pseudo conformal —(14)- recurrent.

Theorem 3.20: In the (14)-symmetric HGF-metric manifold if any two of the
following conditions hold then the third also holds:

(i) It is associated Pseudo concirular —(14)- symmeltric,
(ii) It is associated Pseudo conharmonic —(14)- symmetric,

(iii) It is associated Pseudo conformal —(14)- symmetric.
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Proof: If the (14)-symmetric HGF-metric manifold is associated Pseudo concircular
—(14)- symmetric and associated Pseudo conformal —(14)- symmetric then from the
equation (3.52), we have

a’(V'LYX,Y,Z, T,U)+a* L"(VFYX,U),Y,Z,T)-' L' (X,Y,Z,(VF)T,U)) =0,
which shows that the manifold is associated Pseudo conharmonic —«(14)- symmetric.

Similarly it can be shown that if the (14)- symmetric HGF-metric manifold is either
associated Pseudo conharmonic —(14)- symmetric and associated Pseudo conformal —(14)-
symmetric or associated Pseudo conharmonic —(14)- symmetric and associated Pseudo

concircular —(14)- symmetric then it is either associated Pseudo concircular —(14)-
symmetric or associated Pseudo conformal —(14)- symmetric .

Remark 3.2: Theorems of the type (3.19) and (3.20) can also be stated and proved
for 'A-(12), '4 -(13), '4 -(23), 'A -(24)and ' A -(34)-recurrentor ' 4 -(12), ' 4 -(13),
'A -(23) and ' A -(34)-symmetric manifolds.

Theorem 3.21: In the (124)-recurrent HGF-metric manifold if any two of the
Sfollowing conditions hold for the same recurrence parameter then the third also holds:

(i) It is associated Pseudo concirular —(124)- recurrent,
(ii) It is associated Pseudo conharmonic —(124)- recurrent,
(iii) It is associated Pseudo conformal —(124)- recurrent.
Proof: Barring X,Y and T in the equation (3.44), we have

n

= {K(X,Y,Z,T)-"V(X,Y,Z,T)}.
n_

(3.54) "U(X,Y,Z,T)="C"(X,Y,Z,T)+

From the equation (3.54), we obtain
(3.55) a’B(U) L' (X,Y,Z,T)=a’*BUYC"(X,Y,Z,T)
+a’B, (U)Lz{'K(,?, Y,Z,T)-"V*(X,Y,Z,T)}.
n —

Differentiating (3.54) with respect to U, using (3.54) and then barring T in the resulting
equation, we have
(3.56)a* (V' ') X,Y,Z,T,U)+a* L' (VF)(X,U),Y,Z,T)-a* L' (X,(VFXY,U),Z,T)

“LNX,V,Z,(VFYT,U)=a*(V'C*)X,Y,Z,T,U)+a>' C* (VFYX,U),Y,Z,T)

n

Yo s T T
(n—2){a (V'KYX,Y,Z,T)

+dC (X, (VF)Y,U),Z,T)-'C*(X,Y,Z,(VF)T,U)) +

+a K((VF)YX,U),7,2,T)+a K(X,(VF)Y,U), Z,T)- K(X,Y,Z,(VFXT,U))
— A (VVYX, T, Z,T,U)-a V' (VF)X,U),Y,Z,T)-a* V' (X,(VFXY,U).Z,T)

+V(X,Y,Z,(VFYT,U)}.
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Subtracting (3.55) from (3.56), we have
(.57 & (V'LYX,V,Z,T,U) +a* L' (VFYX,U).Y,Z,T) +a* L'(X,(VF)(Y,U),Z,T)
= L'(X,Y,Z,(VFXT,U)-a’B,(Uy L (X,Y,Z,T)
=a’(V'C*'YX,Y,Z,T,U)+a> C*(VF)X,U).Y,Z,T)+a* C*(X,(VF)Y,U), Z,T)-

n

—'c‘()T,7,2,(VF)(T,U))-aZBl(U)'c‘(X,Y,z,T)+( 5
e

{a*(VK)X(X,Y,Z,T,U)

+a® K(VF)(X,U),Y,Z,T) +a* K(X,(VF)Y,U),Z,T)-' K(X,¥,Z,(VFXT,U))
-a’B(UYK(X,Y,Z,T) ~a*(V'V*)X,Y,Z,T,U)-a* V' (VFXX,U),Y,Z,T)
—a® V(X (VFXY,U), Z,T) +V*(X,Y,Z (VF)T,U)+a’ B{U)YV*(X,7,Z,T)}.

Now, if the (124)-recurrent HGF-metric manifold is associated Pseudo conformal —
(124)- recurrent and associated Pseudo concircular —(124)- recurrent for the same
recurrence parameter then from the equation (3.57), we have

a*(V'L'YX,Y,Z,T,U)+a* L'(VFYX,U),Y,Z,T)
+a? (X, (VFYY,U),Z,T)-"L"(X,Y,Z,(VFXT,U))
=a’B(U)L'(X,Y,Z,T).

Similarly, it can be shown that if the (124)-recurrent HGF-metric manifold is either
associated Pseudo conharmonic —{124)- recurrent and associated Pseudo conformal —(124)-
recurrent or associated Pseudo concircular —(124)- recurrent and associated Pseudo
conharmonic —(124)- recurrent then it is either associated Pseudo concircular —(124)-
recurrent or associated Pseudo conformal —(124)- recurrent.

Theorem 3.22: In the (124)-recurrent HGF-metric manifold if any two of the
Jfollowing conditions hold for the same recurrence parameter then the third also holds:

(i) It is associated Pseudo concirular —(124)- symmetric,
(i) It is associated Pseudo conharmonic —(124)- symmetric,
(iii) It is associated Pseudo conformal —(124)- symmetric.

Proof: If the (124)-symmetric HGF-metric manifold is associated Pseudo conformal
—(124)- symmetric and associated Pseudo concircular —(124)- symmetric then from the
equation (3.56), we have

AV LYX,Y,Z2,T,U)-"L"(X,Y,Z,(VF)T,U))
+a®' L' (VFYX,U).Y,Z,T)+a* L' (X, (VF)Y,U),Z,T)
=a*B UYL (X,Y,Z,T),

which follows that the manifold is associated Pseudo conharmonic —(124)- symmetric.



66 S.B. Pandey and Meenakshi Pant

Similarly, it can be shown that if the (124)- symmetric HGF-metric manifold is
either associated Pseudo conharmonic —(124)- symmetric and associated Pseudo conformal
—(124)- symmetric or associated Pseudo conharmonic ~(124)- symmetric and associated
Pseudo concircular —(124)- symmetric then it is either associated Pseudo conformal -(124)-
symmetric or associated Pseudo concircular —(124)- symmetric.

Remark 3.3: Theorems of the type (3.21) and (3.22) can also be stated and proved
for 'A-(134), 'A -(123), 'A ~(234)-recurrent and '4 -(134), 'A -(123), 'A -(234)-

symmetric manifolds.

Theorem 3.23: In the (1234)-recurrent HGF-metric manifold if any two of the
following conditions hold for the same recurrence parameter then the third also holds:

(i) It is associated Pseudo concirular —(1234)- recurrent,
(if) It is associated Pseudo conharmonic —(1234)- recurrent,
(iii) It is associated Pseudo conformal ~(1234)- recurrent.

Proof: Barring X, Y, Z and T in the equation (3.45) we have

(3.58) 'L'(X,Y,Z,T)="C"(X,Y,Z,T)+ (KXY, Z,T)-"V'(X,Y,Z,T)}.

(n-2)
From the equation (3.58), we obtain
(3.59) a*B(UYL'(X.Y,Z,T)=a*B(U)C"(X,Y,Z,T)

" > 2B (U KXY, Z,T-V"(X,

.Z,T)}.

~

+
n

Differentiating (3.58) with respect to U, using (3.58) and then barring T in the resulting
equation, we get

(3.60) *(V'LU'YX,Y,Z,T,U) +a* L'(VFYXX,U).Y.Z,T) +a' (X (VF)Y,U),Z,T)
20X, Y (VFYXZ,U),T)-L'(X,Y,Z (VF)T,U),)

= aX(V'C*YX,V.Z,T,U)+a C* (VF)X,U)LY,Z,T)+a* C* (X, (VF)(Y,U), Z,T)

+a2'C* (X, Y (VF)Z,U),T)=C*(X,Y,Z,(VF)T,U)+ (
n

”2) (@2(V'KXX,Y,Z,T)

+a K(VF)X,U),Y,Z,T)+a> K(X,¥,(VF)Z,U),T)+a* K(X,(VFXY,U), Z,T)
SK(X,V,Z, (VYT U)-a*(V'V*)X,Y,Z,T,U)~a>" V" (VF)X,U),Y,Z,T)

_ VR VR, U, Z,T)-a> V(XY (VFXZ,U),T)+a> V' (XY . Z (VF)T,U)}.
Now subtracting (3.59) from (3.60), we obtain

3.61) A(V'LYX,V,Z,T,U)+a" L' (VF)X,U),Y,Z,T) +a®' L'(X(VFXY,U),Z,T)
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+a® "X, Y (VFXZ,U),T)-"'L"(X,Y,Z,(VFXT,U),)-a*B(UY L' (X,Y,Z,T)
=a’(V'C*)X,V,Z,T,U)+a*' C*(VFXX,U),Y,Z,T)+a*' C*(X,(VF)XY,U),Z,T)
+a?' C"(X,Y (VF)Z,U),T)-'C*(X,Y,Z (VFXT,U)-a*B,(UYC*(X,Y,Z.,T)

{@*(V'KXX,Y,Z,T.U)+a” K(VFYX.U).Y,Z,T)

+
(n-2)

+a* K(X,(VF)XY,U),Z,T)+a* K(X,Y ,(VFXZ,U),T)-a* K(X,Y,Z (VFXT,U)
-a’BUYK(X,Y,Z,T)-a*(V'V*¥X,Y,Z,T,U)-a®' V*(VFXX,U)Y,Z,T)
—-a* V' (X, Y, (VFXZ,U),T)+a*' V*(X,Y,Z,(VFXT,U)+a* B,(UYV* (X,Y,Z,T)
—a? V(X (VF)Y,U),Z,T)

Now, If the (1234)-recurrent HGF-metric manifold is associated Pseudo conformal
—(1234)- recurrent and associated Pseudo concircular —(1234)- recurrent for the same
recurrence parameter then from the equation (3.61), we have

(3.62) AX(V'LYX.Y,Z,T.Uy+a> L' (VFXX,U)Y,Z,T)+a* L' (X,(VFXY,U),Z,T)
+a? L' (X,Y,(VF)Z,U),T)-a® L"(X,Y,Z (VFYT,U)=a*B,(UY L' (X,Y,Z,T),
which shows that the manifold is associated Pseudo conharmonic —(1234)- recurrent.

Similarly, it can be proved that if the (1234)- recurrent HGF-metric manifold is
either associated Pseudo conharmonic —(1234)- recurrent and associated Pseudo conformal
—(1234)- recurrent or associated Pseudo conharmonic and associated Pseudo concircular —
(1234)- recurrent then it is either associated Pseudo concircular —(1234)- recurrent or
associated Pseudo conformal —(1234)- recurrent.

Theorem 3.24: In the (1234)-symmetric HGF-metric manifold if any two of the
following conditions hold then the third also holds:

(i) It is associated Pseudo concirular —(1234)- symmetric,
(ii) It is associated Pseudo conformal —(1234)- symmelric
(iii) It is associated Pseudo conharmonic —(1234)- symmetric.

Proof: If the (1234)-symmetric HGF-metric manifold is associated Pseudo
conformal —(1234)- symmetric and associated Pseudo concircular —(1234)- symmetric then
from the equation (3.60), we have

(3.63) (V' L')YX,Y,Z,T,Uy+a> L' ((VF)X,U),Y,Z,T)+a* L' (X,(VF)(Y,U),Z,T)
+a X, Y (VF)Z,U),T)-L'(X,Y,Z (VFXT,U)) =0,

which shows that the manifold is associated Pseudo conharmonic —(1234)- symmetric.

Similarly, it can be proved that if the (1234)- symmetric HGF-metric manifold is
either associated Pseudo conharmonic —(1234)- symmetric and associated Pseudo
conformal —(1234)- symmetric or associated Pseudo conharmonic —(1234)- symmetric and
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associated Pseudo concircular —(1234)- symmetric then it is either associated Pseudo
concircular —(1234)-symmetric or associated Pseudo conformal «(1234)- symmetric.
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