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Abstact : In the present paper the case B =-a ,where 20, has been considerd
in a Theorem of Dixit' and the result of his theorem has been extended by

replacing log(zT”) by p(lt) under certain conditions on p(x) assumed to be

monotonically increasing for x >0, tending to « with x.

1. Introduction

@0

Let ¥ u, beagiven infinite series of real or complex numbers and let {s,} bethe
n=0

sequence of partial sums, ie.,

S, =Ug TUpF oty (n=0,1,2,-+).
The (C,a) mean s of the sequence {s,}, or the series Yu,, where a >-1, is
defined as’
a_Sn__]

— Z -1 _
P L s 0L

N

A sequence {&,} is said to be of 'bounded variation' or {§,}€ BV, when

K
e BV, ie. if T |s§ -8y l<®, where a > —1, then we say
o

T &~ Eanr <o IF {7

that the series Y u,, or the sequence {s,},

order a, or summable |C, a 1.

is absolutely summable by Cesaro means of

Let f(¢) be a periodic function with period 27, integrable in the sense of Lebesgue

over (-x, ). Let

|7, f)cosnt dt (n=0,1,2,--),

N |-

an =
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1.z L
b,,=—/—r—j_,, f(t)sinnt dr (n=1,2,3,--9).

.1 @ ' ;
Then the series an + Y (a,cosnt+b,sinnt)is called the Fourier series of f (r).

n=l
Without loss of generality we can take a, =0, ie., [” f(/)dr=0. Thus the above
Fourier series becomes

Y (a,cosnt+b,sinnt) =3 A4, (t) (say).

n=l1

We write
5,0=% 4, (=123,
v=l
1
g (1) = ¢, (f)=E{f(x+t)+f(x—t)}—f(X):
Q@) =y |¢@)|du:
1 n
D,()==+Y cosvr (n=1,2,..);
< v=l
1
Dy (1) = ey
. 1
sin(n+—-)t
We know that D, (t)=————=—_ A sequence {4,} is said to be 'convex' when
2sin 5

A4, 20 (n=1,2,--),where AL, =4, -4,, and A’Z, =A(A4,).
In 1963 Pati* established the following important theorem:
Theorem A: If {A,} is a convex sequence such that

1
Y n7'4, (logn)? <,
n=1

then ¥ 2,4, () is summable | C,1| at every point { =x, at which, as { = 0,

(1.1 ®@)=f; [¢w|du=00)
In an attempt at extending Theorem A, Liu® proved the following:

Theorem B: If {4,} is a convex sequence such that

_, 1a-0)
S n" A, (logn)? <o 0<a<l,
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(357
~3

then A, A, (t) is summable | C. 1| at every point 1 =x at which, as t = 0,

W8

¥

4

(12) S =ft 1$)ldi=0| ——
(log—})

Theorem C. If {4,} is a convex sequence such that

1
s A, (loglogn)? <,

then YA, A, (t) is summable | C, 1| at every point t =x at which, as t = 0,

(1.3) P@)=[y |#)|du=0

log~

It can be seen from Liu's analysis that "o’ used by him can be replaced by 'Q' and thus
when a =0, Theorem B will reduce to Theorem A. It is worth mentioning that Hsiang®
proved the following:

] —,&£>0, then S Ay A, (X) s

Theorem D: If ®()=0 =
(logn)™*

n

log-
s t
summable | C.1].

Improving this theorem, Sharma and Gupta’ proved the following;:

Theorem E: I[f ®()=0 ——i——a— , a >l, and {A,} is a convex sequence
1
log -
&4
such that Zn"l,, <, then 3 A, A, (x) is summable | C,11.

The results of Liu® and Hsiang® were generalized by Dixit' in 1974, in the following
form:

Theorem F: Let 3 be any real number and

2r A
o) =0|! log——t— o as t —> 0.
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Let {A,} satisfy Ah, = O(l),z| 4y Ih,, <o, Y| A4, |h, <o, where
n
pel I
(logn) 2, where g > -3

1
h, =<{(loglogn)?, where ﬁz—%,

1 where 8 < ——;—.

Then 34,4, (t) at t =x is summable [C,1].
The object of the present paper is to consider the case B =-a, where >0 in
Theorem F and to extend the result of Theorem F by replacing logz—” by p(lj under
t t

certain conditions on p (x), assumed to be monotonically increasing for x > 0, tending to
o with x. It can be seen that our result extends Theorem F, for # <0, and also theorems B,
C, D and E. We have given more precise 'estimates' and thereby improved upon Liu's work

especially by considering separately the cases: 0 < o <%, a= %, a> % In Liu's analysis

there occurs a singularity of

(0O<a<1) at the point ¢ = 1, which lies in the interval
(log;)a

of integration in an integral.
2. The Theorem

For the statement of our theorem the following notations are required:

(. 1

(p(n))? , iIf0ga <5;
- 1

h,={(logp(n))2 , if a=-2—

1 s ifa>—l~
2

and

(P, if 0sy<l
kn,r =<logp(n) , ify=1
1 , ify>l.
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Theorem: Let a 20 and p(x) be a positive monotonically increasing function of

x (>0) such that p(x)=0(x),

x ; b, . . .
—————-—( A ))a+l is monotonically increasing as x increases,
p(x

@.1) i =0 (k) (7 2 0),

© k
where 3,

n=v N

k
=L =0 (——Ll’—;-'—) (y 2 0). Let {4,} be a sequence of real numbers such that

S |8k, <o (r20), 3 Wnlp cwo, 3 184, 1hy, <o, Ayh, =0Q) . If
s n n=l

n=1 n=1

22 o@n=0 —t ,as t—>0, then Y A,4 (),att = x, is summable | C,1|.
a n‘in

3. Lemmas
We require the following lemmas for the proof of our theorem.

Lemma 1: Let v (¢) be a positive function and let ®)=0(ty (%)) as t—>0. If

{A,} is such that

@ $ Ul my<w, § 184,10 3 w(n)A(l)«o
n=1 n v=l n=v+l n
® 5 a0t £ pa(F)ee el EHD
© ) A&]m 5 {70 $0) D (O] <2
then ¥ A, A, (x) is summable | C,1| iff
$ 1l -7 @<,
n=t n

Proof. This is the particular case of Theorem F of Dixit, in the case: A, = n, where

A, is to be interpreted as per the notations of Dixit, since summability | R,n,1| is
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equivalent to summability | C,1]. Note that we have used {4,} as the sequence of factors
for which Dixit uses the notation {e,}.

Lemma 2. If(2.2) holds, then as n—> =

1
O((p(mM)? . (0<a<l1/2)
5, () =/ (¥)|=10(n(log p (n))! 2, (& =1/2),
‘[O(n). (a >1/2).

b

U=

Proof. For v >1, we have

50 ()= f (1) = —J ¢<r>s'““’ dr +0 (1),

Hence, for 1<v <n,

sin vt

ls, (x) = f(X)|<—|Io (1) dt|+0(1)

lsm ot | sin vt

J”” PG LAy —u 4()

n

dr|+0(1)

<2 f”" |p(0) | dr+= |Jl,,, ¢<z>s‘"“’dt|+0<1)

=0[_.2_a] =1 ¢(z)s'"”’ dr|+0 (1)
n(p (n))

/

=ot ! ]+—|j ¢(z)5‘“”’|+0(1).
(P ()* !

Hence

sinut

M=

2
s, (x)- f(x)|<l<2 {L/m(t) d:} +0[m_(f%?5)+0(")

<K[E % ¢(’)¢(”)(>: smutsmuu}dtdu+O[(p(:))20)+0(n)

v=l

5

gj”" i, MW“)(Z 2sin vt - smuu)dtdu +O(F(:))7)+O(n).

u v=|

Now 2sinut sinvu = cosv (u —¢) ~cos v (u +t) and
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i 2sinut sinvu = i cosv(u—1t)- i cosv(u+t) =D, (u—-t)-D,(u+1t)
v=l

v=l v=1

sin(n+%)(u—t) _sin(n+%)(u+t)

L u~—t . +
2sin—— 2sin utt

2 2
Hence

$ s, -/ @

sin(n+1)(u—t) sin (n+%)(u+t)

k r ¢ Pu) 2
ngn fitm r o ot Y dt du
2sin —— 2sin ——
2
+o —2 _l+oWm.
((p(,,))zaJ "
K n
=—T,+0| ——= |+ O0(n), say.
2 ((p(n))“) ¢
Now
I 1
sin(n+=)(u—-1t) sin(n+-)u+1)
ST R CLI] i e Wl
2sin —— 2sin ——
2 2
—F g ¢(t)¢(u)sinn(u—t)dtdu_h,;” ¢ @) p(u)sinn(u+t) 4t du
t t u-—t ! u u-+t
t u
= n,l_Tn,2+0(Tn,3)v say .
Now

(1 8O p@sinnou) y

Y/n f /n u t—u

‘ Tn,l IS

i ¢§I)I” ¢(u)sinn(u—t)dtdut

Y u-—t

¢£t)”/n o (u) sinn(t——u)dtdu

u t—u

Iliin
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(u) P(t)sinn(u—1)
Il/n Il/n - e du dt

¢ (t)

Il/n

(17 ¢(u)5inn(1_u)dtdu|

u t—u

¢(t)f1/ 1 (u) sinn(t —u)

=2l{”
Il/n - 4

dt dul

¢ (f)

=20, =51, @) dt du

[t=u+(t-u)

sinn (t u)
—u

+2[], MHM ¢ (u)

sinn(t —u) dt du
u

<2f, I{]5(21)”1[/;, |¢(u)|lsinft—_uﬂdtdu

r2r l¢(t)ljw I¢(u)llsmn(t 4§t i

<201} l¢(t)|.[”" | @ ()| dt du+2f], 'Mt)l.[

18G4y 4
U

Un

[Isinn(t—u)[

Sn;]sinn(l—u)]SlJ
t—u

<2nff '—"—’I(Z’Jj,',n | 6 ()| dt chu+2n[ ———'¢t(2’)'j,’,n | 6 (u) | dt du
= anf7, Mt‘z’lf.’,,, |6 () | dit

<anfis, LN g0 aran

=an[" |¢t(2t)|¢(t)dt

=0|nf [g(0)]
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_0|njz, 180

o)

Now, by integrating by parts

§ 3
jr 1601, __ 20 J -2 q>(,)i — 1 |a

S0 IO ) RO

00+0l15, ol | ol 1
) 4 )
(since @ >0and p is monotonically increasing)
( 27
=0(])+0J( ! v+ O[]
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x dt

By assumption (2.1) of our theorem,
o4 _olpm)litosza <%
Hp )™

=0M+0|]

— 0(log p (). ifa=—;—; —oq), if a>%.

Thus
O(n(p M), if0<sa <%
|7, |=40(nlogp(n)) , if a=

0O (n) ,if a>

N || —

Also by similar reasoning we see that

R IOYIOE LIGL)

\T, ,1<2
n,2 jl/n t i/n u [+u

<anf], Uitg—)—‘cb(t) dr.

Hence, arguing as for | T, |, we have

om(p(m)'*, if0sa <%
1

|T,21=10(nlogp(m). ifa=>

o(n), if a> L1
- 2
Also, integrating by parts

x o))" . @
$in I¢§t)|dt=_t£2} +11rn —_-Eth

tin
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1
(n)*

=0(1)+0( J+o j M-
(p t

dt

)]

2
Tn,s=(mn '-"—f’—’—'dt) —o(pmy) ifosa<t;

=om+o|f;,

Hence

=0 ((log(p (n))*),ifa=1; =0Q),ifa>1.

Thus,ifOSa<%,

T, =0(n(p ()2 +0((p (m)*>*)
=0 (n(p(n))"*), since p(n) = O (n) (by hypothesis)

andifaz-l—
2

T, = O(nlog p (m) + O ((p(m)*"2*) =0 (nlogp(n)) + O (p(n)
=0 (nlog p(n)) + O(n) [since p(n)=0(n) by hypothesis]
=0 (nlog p (n)).
fa>1/2, but a<l],
T, =0(n)+0((p (M)**)
=0(n)+0(p(m)-(p(n)**)
= 0(n), since p (n) = O(n), by hypothesis.
Alsoif a =1,
7, = 0(m+0logp (n))

=0(n), since (logp(n))* =0(p(n))
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=0(n)).
Ifa>l1,
T,=0(m)+ o) =0(n).
Thus
T, =0(m(pe)™), ifosa <%;
-O(nlogp(m), ifa= %;
=0(n), if a>1/2.
Hence
5 |5, @ -f®F ~L7, +0[——"2—)+0(n)
i 2 (p (M)
=0(T,) +O(n).
Hence
i{ 5, ()= f (D)= 0n(p(m) %), if 0sa< %;
y:
=0(nlogp(n) if a =%;
=0(n) ifa> 1
>
By Cauchy's inequality

" " 172
RS @-f®I<n'’? (zl |5, (x)—f(x)lzj :
v= v=
Hence using the above estimates,

la
Z~1 s, ()= f (D=0 (pN* ) if03a<%;

1
=0((logp (M)?), if a= %;

1
= 0(n), if a>—.
(n 5

This completes the proof of lemma 2.
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4. Proof of the Theorem

For proving our Theorem, it is enough to show that under the hypotheses assumed
by us, the conditions (a), (b), (c) of Lemma 1 are satisfied and that

5 A '1s @) - £ ()| <o,

n=]

because, by appealing to the sufficiency part of Lemma 1, it will then follow that
24, A, (x) is summable | C,1].

Now conditions (a) of Lemma 1 are:

Ms

Aty (ny <,
n

n

Z] |84, v ¥ W(H)A(—)<°°

n=up+l

o)

Hence

v (n)=(p(n)™.
Hence conditions (a) and (b) of Lemma 1 become:
© 1 1
4.1 p2
WD mon (P

and

1
A
Zl | U'Un.%u(p(n))a n(n+l)

which is satisfied if

“2) 3 —'é’iv—lam,
_ v=l (p (V)
and
1
Z | A4, lv Zp,, [ )
n=v+l n
Now integrating by parts

. t
pnzjl/n |¢t()|

dt
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n
20 Ly, 204
t t/n t

i dt
=0()+0 oljf, ————
((P(n))a} g ( (]))a

! P ;

=0 +0(k, ,)=0(k, q)

where
(p)™® , if 0<a<l;
ko =1logp(n) if a=1
1 ,if a>1.
Also

® 1 » 1 o k
Al—1=0 k ———|=0 e
n=§+lpn (n) {nzu:n "o n(n +])} [E—-:u nz ]
=0 ku,a
U 4

by hypothesis in case of 0 <a < 1. For a > |, this estimate is obviously true.

Thus condition (b) is satisfied if
 k
4.3) § mo. o(ivi)

and

» k
3 184, lv-2E <,
v

v=1
or
4.4 3 1A4, kg <
v=1

which holds by hypothesis.

Let us consider the condition:

(©) = i A(lnjll,, il fiyn ) Dy (t)dtl< oo,

n=l
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S= E‘A( )M 5, 60 z D, (t)dt|

A

gl A[%) 14| m" 111 é D, (Odt

1 t
A[——)] PRI ARLAO1PY
n t
Now integrating by parts, for 2 20,

I[/,, l¢(t)}d (D(t) 2;7[ (Dgt)dt

M3

<K

n

i/n

=0()+ 0( n
(p(n)*

since

- dt

v . =O[ : a),
2( (1)) (p ()
| pl-

t

]

. x . B .
as shown below, assuming that T—_ﬁ is monotonically increasing.
p

By integration by parts

39
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=0(H+0 " )+a1,say.
[(p(n))"

Now

o)

S\, 0(_"_7J
(P (m)°

n 1 i
)
[(P ()t J L) \in

el
[(p(n))“*' ) i s

Thus condition (c) is satisfied if

n

o
(p ()™

om-p» |J

n

(p (n))*

$ A4, | <o
n=1 n

| 4, |
1 n(p(m)*
which is the same as condition (4.1). So far we have required : (4.1), (4.2), (4.3), (4.4) and

™Ms

or <o (a20),

n

@45 (x)=0(x), ——r
) PR=EE ™

is monotonically increasing as x increases, @ >0, from which it immediately follows that,

for a 20, is monotonically increasing as x increases.

(P ()*
By Lemma 2, we have
3 15, ()= /D=0y,

where

i
(BEHE ,if0£a<%,
i
h, ={(logp(n)? , ifa=

’

o=t -

1 , if a>—.
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We proceed to show that, under our hypotheses,

5 | ”'lsum F®1=0Q).

v=1

Now

MI

Z Z —— s, ()= S (0]

=y (I Ay A &
=ZA ]]su(x) FOI+=% [sp ()= f(0)]

v=l v=1

="§( el B0 DJZ Isy (x) - f (x)]

S lv@+D) v+l )5

L2215 s @-r )

v=l

el 1A 2 ] A(l/l ) &
=2 Sean 2 WSl T =R Y 1, 0=/ )]
Ll -l
noop=i
n-l1 |/1| v n—]lA/10|
e e MG UL (z} o

xS ls,,(x)—f(x)l]+ﬁ'—'i (5 E3=F @
u=1 nooy=

Now, for 0 <« <%,

v=l (v v=] U+ 1

n-1 L a n-1 l_a
z =O(Z u|/1+|)“(“’(“))2 ]*0[2 A, (o on2 ]

+0{' EA. J

n-1 ! l l_a
=0{Z i ”'(p(v)>2 }w[z A1 w2 O[M,,I(p(n))z J

=1 v=l
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:o("f "10“' )+0( |AA, 1hJ+O(M,,|h,,)

=1

Thus for 3> to be O (1), we need

() Y A4y th, <o, A, h, =0(1)

v=l U v=l

If a =l, then
2

vt UL+ v=l

n-1 A, J n-l !
5 =0[>: '—')u(ogp(u» ) LZ |Ajulu(logp(u))2]

1
+0[| & !n(]ogp(n)) ]

=0("§ M—“%}o(z |4, [, )+0(mn|h,,)

v=] 15 o=l

Thus for 3, = O(1), we require
n

|4 'h <o (i) § A4,k <o (i) A, A, = O().

v=] v=l

4.7

Ifa>l, then
2
n—1 n-1
Z - | Ay | B & Z IA]'U'U +(0!)“n]”]
n o=t V(L+]) oo] D1 n

=0["§ — '] [z A%, 1J+O(M )

v=1

:0("5 |4 ')+o(z | A4, ih)+0(|/1uxhv).

v=l U v=l
Thus, for 3 =0(1), we require
n

“8) () 3 LAl

Poly oo G)E 14, |k <o (i) 4,4, =0Q).
v=l v v=l

Now the conditions (4.6), (4.7) and (4.8) are all of the same form, given by (4.6), for
all cases of a. Thus we need the conditions (4.1), (4.2), (4.3), (4.4), (4.5) and (4.6).
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It is clear that (4.1) follows from (4.6) (i) and (4.2) follows from (4.6) (ii).
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