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Abstract. Matsumoto' introduced a Finsler space whose (h)hv-torsion tensor C jik

is recurrent with respect to Cartan’s connection I ‘;; and called it as a C” -
recurrent Finsler space. Pandey and Verma? generahzed this concept by introducing
a C" -birecurrent Finsler space. The C” -birecurrent is characterized by the
condition C* Jk{m = pm oy & » where ay,, are components of a non-null covariant
tensor of order 2. In this paper, we introduce a Finsler space whose (h)hv-torsion
tensor C' Jk is recurrent and birecurrent with respect to Berwald’s connection G'

We shall call such spaces as C-recurrent and C-birecurrent Finsler space.

1. Preliminaries

Let F, be an n dimensional Finsler space equipped with the fundamental metric

function F (x, ) and the metric tensor gy (x, ¥). The covariant derivatives of an arbitrary

vector field X’ with respect to Berwald connection G and Cartan connection I & are

given by

(L.1) B, X' =0, X' -0, x)G + X G,
and

(1.2) X =0, X -6, x")ar + xr

respectively.

The directional differential operator 8, commutes with the Berwald covariant

differential operator & , according as

(1.3)

6 B,-2,8,)7 =17 Gl - Tl 6y,
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where T, is an arbitrary tensor field and G'y, = 3, G'i. The tensor Gy, also satisfies
the following

@ Gy =0,
(1.4)

® Gy = Gy = G -

The Ricci commutation formula for Berwald covariant differentiation is given by

(1.5) B B, X B, B, X = Hi — 0 X )
where

(1.6) Hiy = 8 Gy + Gy, Gy + Goy Giy = k/h

and

(1L.7) Hpo=8,Gy + Gy Gy - kih

The notation —k/h stands for the interchange of the indices & and A and subtraction

from the former terms. The tensor H 'y, is Berwald curvature tensor and is related with the

tensor Hj, by
(1.8) (@) 3‘/(11 v = Hy, ©) 6; Hlih = H’/kh-

The (h)hv-torsion tensor C is defined as

(1.9 Cix = 8" C»
where

(1.10) Ci =%a, g
and

(1.11) g" gu = Ok

The (h)hv-torsion tensor C}k satisfies the following
(L1 @  Cy = Cy»

® Cuy'=Cyy =0,

© yCui=29

and (d) ¥ 3, Ch=-Ch.
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2. A C-Recurrent Finsler Space

Let us consider a C-recurrent Finsler Space characterized by the following condition
(21) B m C; /lm C/k >

where 4,, is a non-null covariant vector field. As per definition of Berwald’s covariant
derivative

(22) RB m C;k = a/n Cl/k 't(ér C,/ )G:l +C Grl'm - Gjrm C;/ Gl:;;: £

The Berwald connection G ’k and Cartan connection F 4 are connected by

2.3) =T+ b, )y
and
2.4) Ly = Tyl = Gl

Substituting the value G;,( from the equation (2.3) in to equation (2.2), we find

(25) ‘%m C}k = C;k|m + C/k (a r\m) - (a r\m) (ak sm )y's .
Using (2.1) in this equation, we find

(2 6) A’m C/k - Cjklm + C;k (\al r\*lln)y‘ - C;k (a r\m )yv C,/r (ak \m) ' .

This leads to:
Theorem 2.1: 4 C-recurrent Finsler space is C h _recurrent if and only if
ch b, i)yt - i o, )y ¢ (b, 1 )y =o.
If the C-recurrent Finsler space is also a Landsberg spaces, we have
(6 1"‘,,) = 0. Hence the equation (2.6) reduces to C/k{m Am C' » which shows that

the space considered is C” —recurrent.

Thus we have:
Theorem 2.2: 4 Landsberg C—recurrent Finsler space is necessarily C"—recurrent.
Transvecting (2.5) by y™, we get

@7 V"B Cly =" Cly + 3" Ch (8, Tl )y v e, ro )yt

Ly B i )y

We know that,3
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2.8) 0, Ty = Crp¥".

Transvecting this equation by y™, we get

(2.9) O, Iy y"=0.

Using (2.9) in (2.7), we get

(2.10) By y" Ch =¥" Clm = Pix-
Transvecting (2.1) by »™ and using (2.10), we get

@.11) Pl = AC4H

where A=A, ™. This shows that the Finsler space considered in a *P-Finsler space.

Thus we conclude:

Theorem 2.3: A C-recurrent Finsler space is necessarily a *P-Finsler space.

Differentiating (2.1) covariantly with respect to x% in the sense of Berwald, we get
(2.12) BBy Clt=(By A+ 2 A)Cli -
Putting 8 , 4, + A, A¢ =ay, » We get
(2.13) BBy Clh=ay, Clg.
This shows that (2.1) implies (2.13). But (2.13) need not imply (2.1).

This leads to:

Theorem 2.4: Every C-recurrent Finsler space is a C-birecurrent Finsler space but
the converse need not be true.

Transvecting (2.1) by g, , we get
(2.14) B 1 thk ~(B . &in) Cj'k = Ap thk .
This shows that in a C-recurrent space the tensor C, is not necessarily recurrent.

However it is recurrent if (&, g,-,,)Cj.,‘ =0. In a Landsberg space &, g, vanishes
identically. Therefore, we conclude that in a Landsberg C-recurrent space the tensor C
is recurrent.

Using Ricci commutation formula given by (1.5), we have

(2.15) B, By Cly—B B, Cy =Cj i = Cop H g — Tl s

- (ar C;k) r;h .
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Using (2.12) in (2.15), we get
(2.16) (B Ay =B, lh)cjk = Ch Hpn = Ch ok — T Hig

- (5r C}k) Bt

Putting B, 4, ~-& ,, A, = A,,, , We may rewrite the (2.16) as
(2.17) Apm Cly = Ci Hiy = Chy mn = Clp Hi —(5r C}k) ik -
Contracting the indices / and j in (2.17), we find
(2.18) A Co = ~C, Hfy - (6, C)HT, .
If there exist a vector field 4, independent of y' satisfying
(2.19) Ay Hyy + A Hyyy + 4, H,y =0,

then the partial derivative of (2.19) with respect to »* gives

(2.20) /1”1 H;kh + }’k Héhm + A’h Hérmk = 0 .

Multiplying (2.18) by 4, and taking skew-symmetric part with respect to the indices p, A,
m, we get

@21 (A At + A Ay + 4y 4)C, = =C, Ay Hip + A HY

+4, H,fp,,,)—(é, C, )(/1,, Hpy+ Ay Hpy + 2, H,’,,,,).
Using (2.19) and (2.20) in (2.21), we get
(2.22) (A Aum + A Ay + Ay 4,,)C, =0.
The equation (2.22) implies at least one of the following:
(223) @ A, Ay + Ay Ay + 4, A, =0
by C,=0.

In view of Deicke’s theorem, the condition (2.23b) implies that the space is
Riemannian. Thus we have:

Theorem 2.5: [f there exists a vector field A, independent of y' satisfying (2.19)

in a C-recurrent Finsler space, then either the space is Riemannian or the identity (2.23a)
holds.
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Differentiating (2.1) covariantly with respect to y" in the sense of Berwald, we get

(2.24) by, Cl =6, 4, )C% + 2, 6, C )

Utilizing the commutation formula given by (1.3) in the equation (2.24), we find

2.25) By By Cly +Cl Gl ~Cly Gl =Cly Gy = (8 4 )Tl + 4 (84 €10 )
Contracting the indices / and j in the above equation, we get

(2.26) B, 8, Co—C, Gl =64 4 )Cy + 4 (6, CL).

If the tensor @, C, is recurrentie. &, &, C, =l,;, (5,, Ck), then

227) ~C, Gl =8, 4, )C, .

Transvecting the above equation by »™, we have y” (5,, }tm)Ck = 0, which gives at
least one of the following conditions '

@28 @  »" By 4n) = 0
® C, =0.

(2.28a) may be rewritten as 0, A=A, where A=1, y" . Thus the condition implies that
the space is Riemannian. Thus we conclude:

Theorem 2.6: If the tensor 0, C, is recurrent in a C-recurrent Finsler space, then

either A,, =0,, A or the space is Riemannian.

3. C-Recurrent Finsler Space with T-Condition
Let us consider a C-recurrent space satisfying 7-condition. For such space
G.D T=F’ Chy le + Coyvn + Cug¥i + Cm ¥, + Cinn¥e = 0.
Transvecting this equation by g? and using C,; g’ =C,, and g”|, = 0, we get
(3.2) FPCule +Cevn + Covie + Ciuyi + Ciwey; = 0.
But Cy, y; = 0. Therefore
(3.3) FXChle + Covn + Chyp = 0.
which, in view of (1.6), becomes
(3.4) F*0,C, =F*C,Cly + Cyyy + Chy, = 0.

or
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(3.5) 0k Ch =C, Ciyy - Fl{(ck vi + Cywi).
Putting the value of 9, C), in the equation (3.18), we get
(3.6) Ap Cp = — Cp Hpyy — {C.\ Cor — _Fl_2 (C e + G )’r)} H i -

Since y,H,, =0, the equation (3.6) takes the form

N ]
(37) Ahm Ck = = Cr H/:mh - C.\' Ckr ;zh + 7_‘2— Cr Yk Hr:zh .
The relation between the Berwald curvature tensor and Cartan’s 3" curvature tensor R;kh is
given by’
(3.8) g = Ry = CuHy .

or equivalently

(39) Hiiyk = Rir_/k - Cirs Hj\k .

Transvecting this equation by C' C” and using the fact that R, is skew-symmetric in first
two indices, we have
ci et Hyp = - cicr Cire H;k’
or
(3.10) C'C" Hyy + C'C"Cu Hy =0.

Transvecting (3.7) by C k¥ we have

r s 1
(3.11) A C C*= = C, C* Hiy - Cy C Cl Hypy + el C,yy C" Hpy,.

Because of (3.10) and y,, ck =0, we get
(3.12) Ay C, CH =0,
This equation implies at least one of the following:
(3.13) (a) Ay = 0.
by C,C*=0.

Since the metric of the Finsler space is positive definite, C, C k= 0 implies
C, =0. According to Decieke’s theorem the condition C; =0 implies that the space is
Riemannian. Thus we have:
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Theorem 3.1: A C-recurrent Finsler space satisfy T-condition is either Riemannian
or its recurrence vector satisfies B , A, =R ,, A,
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