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Abstract: In 1977, M. Matsumoto and R. Miron® constructed an orthonormal
frame for an n-dimensional Finsler space, called ‘Miron frame’. The present
authors? discussed four-dimensional Finsler spaces on the basis of Miron frame
and find some interesting results. The aim of the present paper is to find sufficient
conditions for a four-dimensional Finsler space to be S-3 like and to obtain some
fruitful results for a four-dimensional Finsler space with vanishing v-connection
vectors.
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1. Orthonormal frame and connection vectors

Let M* be a four-dimensional smooth manifold and F* = (M 4, L) be a four-

dimensional Finsler space equipped with a metric function L(x,y) on M 4 The normalized

supporting element, the metric tensor, the angular metric tensor and Cartan tensor are
defined by

. 1. . .. 1. .
li=0iL, gj =56iajL2, hj =L 0;0;L and  Cjy =3 Ok 9jj respectively.
The torsion vector C' is defined by c! :C}k gjk. Throughout this paper, we use the

symbols 8i and o; for 6/6yi and o/ox' respectively. The Cartan connection in the Finsler
space is given as CI' = (Fjik Gj ,C}k). The h- and v-covariant derivatives of a covariant

vector X;(X,y) with respect to the Cartan connection are given by

(1.1) Xijj =0 X; —(0nXi)G! —F;j X,
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and
(1.2) Xilj=0iX;-CijX,.

The Miron frame for a four-dimensional Finsler space is constructed by the unit
TR N : i ; ; i
vectors (el),ez),es),e4)). The first vector e is the normalized supporting element | and

the second ei2) is the normalized torsion vector m' = C' /¢, where C is the length of the

vector C'. The third vector ei3) =n'and the fourth eil) = pi are constructed by the method
of Matsumoto and Miron®. With respect to this frame, the scalar components of an arbitrary
tensor T j' are defined by

(1.3) Top =T| €ayi € [j,) ,
then we get
(1.4) TJ-i =Top eo'{) €

where summation convention is also applied to Greek indices. The scalar components of
the metric tensor gjjare &, . Therefore we get

(15) gij:Iin+mimj+ninj+pipj.
Let Hgy)p, and Vg, /L be scalar components of the h- and v-covariant

L i i . i
derivatives €l and €2 | i respectively of the vectors €y then

i i
(1.6) Cali =Hapr 8 )i
and

i _ i
1.7 Lea) |j_Va)ﬁ7 €5

Hayp, and Vg g, are called h- and v-connection scalars respectively and are positively

homogeneous of degree zero in y. Orthogonality of the Miron frame vyields®
Hoygy =—Hpyey and Vg, =Vp),, . Also we have Hypg, =0 and

Vigy =0py =15 01y -
Now we define Finsler vector fields:

hi =Has, eyin  Ji=Hapzy &) ki =Hapa, €y,
and

Ui =Vaysy €niv Vi =Vazy Enin Wi =Vauy €
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The vector fields h;, j;, k; are called h-connection vectors and the vector fields u;, v, w;
are called v-connection vectors. The scalars Hyys,, Hayz, . Hayg, and Voyz,, Vayo,,

V3)4, are considered as the scalar components h k, and u,,v,, w, of the h- and

v Ay Ky
v-connection vectors respectively.

From (1.7), we get

a) Le{)|j=LI'|j=m'mj+n'nj+p'pj=h},

b) Le'2)|j:Lm'|j:—l'mj+n'uj—p'vj,
(1.8)

c) Leg)|j:Ln'|j:—l'nj—m'uj+p'wj,

d) Le4)|J_Lp lj=- J+va—n'wj.

Because of the homogeneity of e{iz) , (1.8) gives
Lm' lj K :O:niujlj—pivjlj,
Ln! |J = :—miujlj+piwjlj.
These imply u; :ujlj =0, v, :vjlj =0, W :lej =0. Consequently, we have:
Proposition 1.1- The first scalar components u, , v, , w; of v-connection vectors
Ui, Vi, W; vanish identically.

2. Scalar derivatives

Taking h-covariant differentiation of both sides of (1.4), we get
(2.1) T}|k =(c’>‘kTaﬁ)eia) epi + Tap eia)lk ep)it Tap eia) €8)jlk -
IfT op are the scalar components of T”k,
(2.2) Tik =Taps € €8 ek
then we obtain

(2:3) Tap,y <5kTaﬁ )e}/) + T H ey +TouH pypy -

Similarly, if we put

(24) LT} k=Tap €0y €p)j €k »
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then the scalar components T of L TJ-i | are given by

oy
: k

(2:5) Topiy = L(akTaﬁ ) € T Vs Viay + Tau Vi py-

The scalar components T,z and T,z., respectively are called h- and v-scalar derivatives

of the scalar components T,z of T ji :

From (1.7), it follows that

L | . |
L% &gy il +Legy [ Ik =L(Legy | =Varsy s ) &) Copk

which implies

) .
(2.6) L€, |jlk= (va)ﬂy .5 ~Va)py 515)% €))j €o)k -

According to the formula (2.5), V) ,.s5 are given by

- k
Va)pris = '—(@kVaw) €s) * Vayuy Vi ps t Vaypu Vs
For a =2, =3, we get

Vaysyis= LOVays, Jely + Vay,y Viss + Vaysu Vs
= Loy, )e('% +Voy, Viyss + Vaya, Vayss + Uy Ve
= U5 =07,035 TVy W5,
where u,,.5 = L(ékuy)eg) + U,V s Similarly, we get
Vayzy;s =Vyis =04, 025 W, Us,

Va)ay;s =Wyis —03,045 Uy Vs

3. v-Curvature tensor

The v-curvature tensor is defined by
Shijk =Crk Cijr — Chj Cikr -
The scalar components S,z,s5 of LZShijk are written as

2
(3.1) L"Shijk =Sapys €ayh €p)i €5)j Co)k -
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Since Spjj is skew-symmetric in h and i as well as j and k and Sgjjx =Spiox =0, the

surviving independent components of S, z,s are six and these are S,353, Syzo4, Sy334,

Spa241 Spazq @A Sgys-

A Finsler space F"(n>4)is called S-3 like, if there exists a scalar S such that the

curvature tensor Spjj of F "is written in the form
(3.2) L2 Shijk = S(hnj hix =Py hij)
where hy; = gj; — il is the angular metric tensor.
In terms of scalar components, the Ricci identity
i i rooi
€ lilk =85y klj=€g) St -
may be written as
(Va)ﬁm ~Va)py 915 )— (Va)ﬂa;y ~Vayps 0y, )= Sapys
For different values of « and S, we get
(“y:é +Vy W5 =0y, I35 =U, 515)_(“5;y VW, =05 03, —Us 517): 235
(3.3 (v},;g +Wy Us =8y, o5 V) Oy )—(vg;y +Ws Uy =856, Vs 517)= S42p5,
(W7;5 Uy Vs =03, Op5 =W, 515)_(""6:7 +UsVy =035 Oy, —Ws 517)= S34y5 -
which gives us
[ Saap3=(Up.3—Ug.5 +VyW3 —VaW,) -1,

Spoa2 = (Vg =Vo.q + WUy —WoU,) -1,

S3434 = (Wg4 —Wy,3 +UgVy —UsV3)—1,

(3.4) <

S2324 = (Ug;4 —Uyp +Vo Wy —V4Wy),

Sp334 = (Ug 4 —Ug.3 TV3W, —Vy4W3),

\ S4234 = (V3,4 —Vyg.3 W3l —W,U3).
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If the Finsler space F 4is 5-3 like then

2 .
L Shijk = S(hhj hik _hhk hlj) , 1.e.

L% Shijk = S{(MRN; —m;ing )(mng —=myn )+ (mp pj —m; P )M Py —My p)
+(Np Pi =N PR)(Nj Pk —Nk Pj)},
which implies
(3.5) 52323 =S, S2324 =0, S2334 =0, Sp424 =S, S2434 =0, Szy3q =S.
From (3.4) and (3.5), we get
(Up.3 —Ug.o +VoW3 —V3Wy) =S +1,
(Va:2 = V.4 +Wgly —Woly) =S +1,

(W3;4 —W4;3 +U3V4 —U4V3) =S +1,
(3.6)
(Ug;4 —Ug;2 +VaWg —VgW5) =0,

(Ug;q —Ug;3 +V3Wy —VgW3) =0,
(V3;4 =Va;3 + Wl —Wyu3) =0,
Thus, we have:

Theorem 3.1. A four-dimensional Finsler space is S-3 like if and only if the
conditions (3.6) are satisfied.

Corollary 3.1. A four-dimensional Finsler space is S-3 like if the v-connection
vectors satisfy u,.s =v,.5s =W,.5 =0 and

Up vy Wy

Us Vs _W(s

Corollary 3.2. A four-dimensional Finsler space with vanishing v-connection
vectors is S-3 like with v-curvature —1 .

From Corollary 3.2, we have
2
L™ Shijk =—1(hnj hik —hni hij) -
Taking h-covariant differentiation on both sides and using L, =0 and hj; =0, we get

Shijkir =0, and then the identity Phijk —Phikj = Shijkir y" reduces to Phijk = Phikj
where Pyjji is the hv-curvature tensor defined by

Phijk =Cijkih —Chjki +Cﬁj Crikis ¥° —Cij Crhkis ¥° -
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Thus, we have:

Theorem 3.2. The hv-curvature tensor Py jjy of a four-dimensional Finsler space
with vanishing v-connection vectors is symmetric in j and k.

A Finsler space is said to be a Landsberg space if hv-curvature tensor Pyjjy
vanishes.

A *P-Finsler space is characterized by Cijyr y' = ACijk , while a Finsler space
is said to be a P-2 like Finsler space if Pyjj =Py Cjjk —F; Cpjx, where B is a covariant
vector field.

M. Matsumoto® proved that if the hv-curvature tensor Pyjy is symmetric in j and
kiin a *P-Finsler space then either Pyj;c =0 or Spjjx =0. Therefore in view of Theorem
3.2, Pyjjk =0 or Spjjkx =0, in a four-dimensional *P-Finsler space with vanishing v-
connection vectors. But for such space Spjjx #0 in view of Corollary 3.2. Therefore
Phijk =0. Hence the space is a Landsberg space. Thus, we have:

Theorem 3.3. A four-dimensional *P-Finsler space with vanishing v-connection
vectors is a Landsberg space.

Since a P-2 like Finsler space is *P-Finsler space, we may conclude:

Theorem 3.4. A four-dimensional P-2 like Finsler space with vanishing v-
connection vectors is a Landsberg space.
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