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Abstract: In 1977, M. Matsumoto and R. Miron1 constructed an orthonormal 

frame for an n-dimensional Finsler space, called ‘Miron frame’. The present 

authors2 discussed four-dimensional Finsler spaces on the basis of Miron frame 

and find some interesting results. The aim of the present paper is to find sufficient 

conditions for a four-dimensional Finsler space to be S-3 like and to obtain some 

fruitful results for a four-dimensional Finsler space with vanishing v-connection 

vectors. 
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1. Orthonormal frame and connection vectors 

 

Let 4M  be a four-dimensional smooth manifold and ),( 44 LMF   be a four-

dimensional Finsler space equipped with a metric function ),( yxL on 4M . The normalized 

supporting element, the metric tensor, the angular metric tensor and Cartan tensor are 

defined by 

Ll ii   ,   
2

2

1
Lg jiij   ,   LLh jiij      and     ijkijk gC  

2

1
 respectively. 

The torsion vector iC  is defined by jki
jk

i gCC  . Throughout this paper, we use the 

symbols i
 and i  for 

iy / and ix /  respectively. The Cartan connection in the Finsler 

space is given as ),,( i
jk

i
j

i
jk

CGFC  . The h- and v-covariant derivatives of a covariant 

vector ),( yxX i  with respect to the Cartan connection are given by 

(1.1)     r
r
ji

h
jihijji XFGXXX  )(|

 , 
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and 

(1.2)     r
r
jiijji XCXX  | . 

The Miron frame for a four-dimensional Finsler space is constructed by the unit 

vectors  iiii eeee
)4)3)2)1

,,, . The first vector ie
)1
 is the normalized supporting element il and 

the second ie
)2
 is the normalized torsion vector /ii Cm  C , where C is the length of the 

vector iC . The third vector ii ne 
)3

and the fourth ii pe 
)4

are constructed by the method 

of Matsumoto and Miron1. With respect to this frame, the scalar components of an arbitrary 

tensor 
i
jT  are defined by 

(1.3)              
j

i
i
j eeTT

))   , 

then we get 

(1.4)              
j

ii
j eeTT

))  , 

where summation convention is also applied to Greek indices. The scalar components of 

the metric tensor jig are  . Therefore we get 

(1.5)     jijijijiji ppnnmmllg  .  

Let  )H  and LV /)  be scalar components of the h- and v-covariant 

derivatives 
i

j
e

|)
 and j

i
e |

)
 respectively of the vectors 

i
e

)
 then 

(1.6)     
j

ii
j

eeHe
)))|) 

 , 

and 

(1.7)     
j

i
j

i eeVeL
))))

|   . 

 )H  and  )V  are called h- and v-connection scalars respectively and are positively 

homogeneous of degree zero in y. Orthogonality of the Miron frame yields3 

 )) HH   and  )) VV  . Also we have 0)1 H  and 

  11)1 V . 

Now we define Finsler vector fields: 

 ii eHh )3)2  ,     ii eHj )2)4  ,     ii eHk )4)3  , 

and 

 ii eVu )3)2  ,     ii eVv )2)4  ,       ii eVw )4)3  . 
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The vector fields iii kjh ,, are called h-connection vectors and the vector fields iii wvu ,,  

are called v-connection vectors. The scalars 3)2H , 2)4H , 4)3H  and 3)2V , 2)4V , 

4)3V  are considered as the scalar components  kjh ,, and  wvu ,, of the h- and 

v-connection vectors respectively. 

From (1.7), we get 

  a) i
jj

i
j

i
j

i
j

i
j

i hppnnmmlLeL  ||
)1

, 

  b) j
i

j
i

j
i

j
i

j
i vpunmlmLeL  ||
)2

, 

(1.8)  

  c) j
i

j
i

j
i

j
i

j
i wpumnlnLeL  ||
)3

, 

  d) j
i

j
i

j
i

j
i

j
i wnvmplLpeL  ||
)4

. 

Because of the homogeneity of ie
)
, (1.8) gives 

 
j

j
ij

j
ij

j
i lvplunlmL  0| , 

 
j

j
ij

j
ij

j
i lwplumlnL  0| . 

These imply ,0
1

 j
j luu  ,0

1
 j

j lvv  0
1

 j
j lww . Consequently, we have: 

Proposition 1.1- The first scalar components 
111

,, wvu  of v-connection vectors 

iii wvu ,,  vanish identically. 

 

2. Scalar derivatives 

 

Taking h-covariant differentiation of both sides of (1.4), we get 

(2.1)      kj
i

j
i

kj
i

k
i
kj

eeTeeTeeTT |)))|)))|   . 

If T  are the scalar components of i
kj

T
|

, i.e. 

(2.2)  kj
ii

kj
eeeTT ))),|  , 

then we obtain 

(2.3)      ))), HTHTeTT k
k  . 

Similarly, if we put 

(2.4)  kj
i

k
i
j eeeTTL )));|  , 
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then the scalar components   ;T  of k
i
jTL |  are given by 

(2.5)     ))); VTVTeTLT k
k   . 

The scalar components  ,T  and  ;T  respectively are called h- and v-scalar derivatives 

of the scalar components T  of 
i
jT . 

From (1.7), it follows that 

kj
i

kj
i

kj
i

kj
i eeeVeLLleLeL )));))))

2 |)|(||| 
 , 

which implies 

(2.6)       kj
i

kj
i eeeVVeL )))1);))

2 || 
 . 

According to the formula (2.5),  ;)V are given by 

   ))))));) VVVVeVLV k
k   . 

For ,3,2    we get 

 ;3)2V =    )3)23))2)3)2 VVVVeVL k
k   

        =    )3)44)23)11)2)
VuVVVVeuL k

k   

        =   wvu 
32; ; 

where    )); VueuLu k
k   . Similarly, we get 

  uwvV 
24;;2)4 , 

  vuwV 
43;;4)3 . 

 

3. v-Curvature tensor 

 

The v-curvature tensor is defined by 

    ikr
r
hjijr

r
hkhijk CCCCS  . 

The scalar components S  of hijkSL2
 are written as  

(3.1)    
kjihhijk eeeeSSL

))))
2

 . 
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Since hijkS  is skew-symmetric in h and i as well as j and k and 000  kihkji SS , the 

surviving independent components of S  are six and these are 
2323

S , 
2324

S , 
2334

S , 

2424
S , 

2434
S  and 

3434
S . 

A Finsler space )4( nF n
is called S-3 like, if there exists a scalar S such that the 

curvature tensor hijkS  of nF is written in the form 

(3.2)      )(2
ijhkikhjhijk hhhhSSL  , 

where jiijij llgh   is the angular metric tensor. 

In terms of scalar components, the Ricci identity 

i
rjk

r
jk

i
kj

i Seee
)))

||||


 , 

may be written as 

      SVVVV 
1);)1);) . 

For different values of  and  , we get 

            
 

132; uwvu  –     23132; Suwvu  , 

(3.3)      
 

124; vuwv  –     42124; Svuwv  , 

            
 

143; wvuw  –     34143; Swvuw  . 

which gives us 

1)(
23322;33;22323
 wvwvuuS , 

1)(
42244;22;44242
 uwuwvvS , 

1)(
34433;44;33434
 vuvuwwS , 

(3.4) 

)(
24422;44;22324

wvwvuuS  , 

)(
34433;44;32334

wvwvuuS  , 

)(
34433;44;34234

uwuwvvS  . 
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If the Finsler space 4F is S-3 like then 

)(2
ijhkikhjhijk hhhhSSL  , i.e. 

))(())(({2
jkkjhiihjkkjhiihhijk pmpmpmpmnmnmnmnmSSL   

    }))(( jkkjhiih pnpnpnpn  , 

which implies 

(3.5)         2323S  = S,   2324S  = 0,   2334S  = 0,   2424S  = S,   2434S  = 0,   3434S  = S. 

From (3.4) and (3.5), we get 

1)( 23322;33;2  Swvwvuu , 

1)( 42244;22;4  Suwuwvv , 

 1)( 34433;44;3  Svuvuww , 

(3.6) 

           0)( 24422;44;2  wvwvuu , 

          0)( 34433;44;3  wvwvuu , 

           0)( 34433;44;3  uwuwvv . 

Thus, we have: 

Theorem 3.1. A four-dimensional Finsler space is S-3 like if and only if the 

conditions (3.6) are satisfied. 

Corollary 3.1. A four-dimensional Finsler space is S-3 like if the v-connection 

vectors satisfy 0;;;   wvu  and 













w

w

v

v

u

u
 . 

Corollary 3.2. A four-dimensional Finsler space with vanishing v-connection 

vectors is S-3 like with v-curvature −1 . 

From Corollary 3.2, we have 

)(12
ijhkikhjhijk hhhhSL  . 

Taking h-covariant differentiation on both sides and using 0| rL  and 0| rjih , we get 

0| rkjihS , and then the identity 
r

rjkihjkihkjih ySPP |  reduces to jkihkjih PP  , 

where kjihP  is the hv-curvature tensor defined by 

s
skrh

r
ji

s
skir

r
jhijkhhjkikjih yCCyCCCCP ||||  . 
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Thus, we have: 

Theorem 3.2. The hv-curvature tensor kjihP of a four-dimensional Finsler space 

with vanishing v-connection vectors is symmetric in j and k. 

A Finsler space is said to be a Landsberg space if hv-curvature tensor kjihP  

vanishes. 

A *P-Finsler space is characterized by kji
r

rkji CyC | , while a Finsler space 

is said to be a P-2 like Finsler space if kjhikjihkjih CPCPP  , where iP  is a covariant 

vector field. 

M. Matsumoto3 proved that if the hv-curvature tensor kjihP  is symmetric in j and 

k in a *P-Finsler space then either 0kjihP  or 0kjihS . Therefore in view of Theorem 

3.2, 0kjihP  or 0kjihS , in a four-dimensional *P-Finsler space with vanishing v-

connection vectors. But for such space 0kjihS  in view of Corollary 3.2. Therefore 

0kjihP . Hence the space is a Landsberg space. Thus, we have: 

Theorem 3.3. A four-dimensional *P-Finsler space with vanishing v-connection 

vectors is a Landsberg space. 

Since a P-2 like Finsler space is *P-Finsler space, we may conclude: 

Theorem 3.4. A four-dimensional P-2 like Finsler space with vanishing v-

connection vectors is a Landsberg space. 

 

References 

 

1. M. Matsumoto and R. Miron, On an invariant theory of the Finsler spaces, Period. Math. Hungar,  

8 (1977) 73-82. 

2. P.N. Pandey and Manish Kumar Gupta, On certain special Finsler spaces of dimension four, J. 

Internat. Acad. Phy. Sci., 8 (2004) 17-23. 

3. M. Matsumoto, Foundations of Finsler geometry and special Finsler spaces, Kaiseisha press, 

Saikawa, Otsu, Japan, 1986. 


