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Abstract: To find the Finsler spaces having a given family of curves as geodesics is
an interesting problem for differential geometers. This is an important problem
from the standpoint of application also'. In his paper M. Mastsumoto? treated
semi-circle, parabola and hyperbola respectively as the given family of curves and
find fundamental function L(x,y) in each cases. The purpose of the present paper
is to find the fundamental function L(x,y) in two-dimensional Finsler space whose

geodesics are the family of semi-ellipses and family of pair of straight lines.

1. Preliminaries

Let us consider an n-dimensional Finsler space P = (M", L(x.y)) on an underlying
manifold M" with the fundamental function L(x,y). The fundamental tensor i, the angular
metric tensor h; and the normalized supporting element 1(xy) are defined by

2’L oL
g = hy+lily =L oyl li= Py, ’
’ i

. . ~dx
respectively. The extremal of the lenght intergral, s = 50 L(x,y), wherey'= 7= along

{f

an oriented curve C:x = xi(t) from point P = Xi(to) to point Q= xXi(t), 1> 0 is given by Euler’s
equation

d ,OL
a.n g;(‘a';i‘)"‘ i =0

oL
where L;= "é‘T _In terms of F(X,Y) = L2 (xy)2, (1.1)is written in the form
X

d?x! i dx’
+2Gi(x,x)=h(t)——
2 (x,x)=h(t)—

(12
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where we put

O’F__oF d’s/di’

S and hfy) = ————
gy RO

o T
(1.3) 2¢yG(xy) =V —

ox' ey

Consider two dimensional Finsler space and use the notation (x.y) and (p.,q)
respectively, instead of (,\",xz) and (y"yz). The fundamental function L(x,y:p,q) L. and L,
as well are positively homogeneous of degree one in p and q.

Therefore, we have
(1.33) Ly= p[‘.\‘p + qL,\'q ; Ly = pLyp + quq
Also from homogeneity of L, and L we have
L ~L L
PP Pqg _ Tqq9 __ )
(13b) 5 = =—5=W(say),
q pep

where W is called Weirstrass invariant. The two equations of (1.1) are given by

d d
—C-{-I-L/)—L_\.:O, ELq—Ly=0.

using (1.3a) and (1.3b), these two equations reduced to
1.4 Lyg—=Lyy,+ (pqg—qp)W =0
which is called Weirstrass form of geodesic equation.

Now consider the associate fundamental function A(x,y,z), z=y'=dy/dx defined
as follows

(15) A(x,y,2) = L(x.y;1z) L(x‘y'-p’q): A(X,y,%)p

Therefore Lp =A-z4,, Lp =4, Lyp = Ay _ZAyz’ qu =4y,
-l e —
Lpp =(z /p)A:zv qu =( 4/p)Azz: qu _(1/p)AZZ'
On using these values in (1.4). we have
(1.6) A Y"+A4,. y+A, — Ay =0,z =)'
which is called the Rashevsky form of geodesic equation, but y’' = (q/p) gives
. p4-gp
y = 3 .

4
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Hence from (1.2) we have another form of geodesic

(17 y=(2/ p G - pG?)

Next consider the function Gi(x.y) in detail. In " we have Berwald connection
BI =(G'y,GY) defined by G =7G"/ &y and Gly =G} /2v* and two kinds of
covariant differentiation of a Finslerian vector field 1( x,y ) given by

i, =ov e —(ev' /& GV Gy, V)= ovi/ oy,

called the h-and v-covariant derivatives of /' respectively. Since BI" is L-metrical i.e.

L =0, we have
(1.8) L= l,,G,-r-
Furthermore from (1.8) we have

(1.9) L, =(1/L)h;G] +1,G.
Next, from (1.3) we have 2gUthj =(oF/ex" )y’ thatis

(1.10) 261 =L,y -

Now we shall return to two-dimensinal case. Since the matrix (hy) is of rank one, we
get ¢= +] and the vector field my(x.y) satisfies

(1.11) hy =emmy,
so we have
(1.12) gij =i+ emm,;

Therefore, we get easily

(1.13) li =1, m'm; =€ 1'm=0.

therefore we obtain the orthonormal frame field (17, m" ), called the Berwald frame.
From (1.13) we have

-1, m’ ~11

L, m! l my
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Therefore, we have scalar field h(x,y;p.q) and k(x.y;p,q) such that

(mymy)=h(~1,1'), (m' m?)=k(-1,,4;),
(4 (hl! )(kiy )+ (~hI% )(~kl5 ) = mm! +mm?®  and  hk =€.
Then (1.12) and (1.14) gives,
(1.15) | g =det.(g;)=81,82 ~ 812 = €(lymy—lm; )’
(1.16) g =c hand (1/h)(m! . m? )=(hk/h? )(~15,0;) =(1/g)(~I2.1;).

Next consider W. We have hyy= LL,, = LWq” and h;; =¢ (m,)z = h2(12 )2

=e h’(q/L)%,
So, we have
(1.17) ’w=eh’=g
Now consider the expression G' in Berwald frame®. From (1.9)

e m

€em,

(myGf —m;G3 )

em,

w1'Gy +1°G5)

= S0 weGryt)
L2

i r i 2
From homogeneity of G', we have Gy’ =2G , therefore 2G' m; = (Lyg—Ly,)L°/€h.
This equation and (1.10) give

2G (11 + e mm? )=( L,y ) +m! (Loy =Ly, ) I [

(L18) 2G' = (Ly" ) +(I I h)(L,, ~L,,)m'.
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If we put

(1.19) Lo=L.y". M =Ly~ Ly,

then it follows from (1.16) and (1.17) that (1.18) is written in the more convenient from

I M
26! ==(Lyp-—L5 )
L( 0P W q)
(1.20) > 1 M
2G? =—=(Lyg——1L
L( T p)

2. From geodesics to the Finsler metrics

Consider the family of curves {C(a,b)} on the (x.,y)-plane R?, given by the equation

@) y = flx;a,b).

with the parametrs (a,b). From (2.1) we have

22) 2(=y')= fx(xab).
From (2.1) and (2.2) we have,

23) a=a(x,y,z), b=p(xy, 2

Next, y'= fu(x;ab) and (2,3) gives the function u(x.y,z)

@4 2= fa(x0 B) =u(%.y.2),
which is second order differential equation of y characterizing {C(a,b)},
Now from Rashevsky form (1.6) of geodesic

qu =(1/p)Azz and A.. = Wp3
so from (1.5) and (1.17) we have
25) g=13W =44

Thus it is suitable to call Az, the associated Weirstras invariant. If we put B = A, . than
differentiation of (1.6) with respect to gives

(26) B, +Byz+B:u+ Bu. =0,

which is first order quasai linear partial differential equatioﬁ. ts auxiliary equation is given
by .
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de _dy _d:  db

N 1z u — S, '
dx _ dB B —_‘- udx B = M
Consider ™ = ‘_E which gives Hiaf) e or . fu-as . therefore
_H(a,B)
238) B=———
Vix,y.z)

where H is an arbitrary non-zero function of line arguments. From A, , = B we get A in the form

2.9) A(x,y,z)=A4%(x,y,z)+C(x,y)}+zD(x,y),

where A* = J{ J‘B(x,y,z)dz}dz‘, A* = fo(z—t)B(x,y,t)dt , C and D are arbitrary but
must be chosen

so that A may satisfy (1.6) that is

2.10) Cy -Dy =A%, u+z4 *yz +A4*,, -4 *y-

If (Cy, Do) be chosen such that they satisfy (2,10) then (C-Cy),=D-Dy),. So that we
have locally function E(x,y) satisfying E,=C-Cy and E,=D-Dy. Thus (2.9) is written as
.11 A:A*+C0+D02+Ex+EyZ.

Therefore (1.5) leads to the fundamental function

Lix,y:p.q)=Ly(x,y;p.q)+e(x,y, p.q)
Ly=A*(x,y,9/ p)p+Co(x,y)p+Dy(x,y)q
e(x,y,dx,dy)=E,dx+E,dy

@.12)

Here e is derived form.
3. Family of semi-ellipses
Consider the family of semi-ellipses {C(a,b)} given by the equation
G.bH x? +ay2 =p, v,b,a>0.

on the semi-plane R.2 having center (0,0) on x-axis, and find the Finsler metrics in this
section
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From (3.1), we have

’

(32 x+ayz=0, z=)y.

Thus, equations (3.1) and (3.2) gives, the functiions o (x,y,z) and B(X,y,2):

X X
(33) a=-—=a(x).2) b=x -2 = p(x,.2).
Yz z

Therefore the function u(x,y,z), as in the last section is given by,

2

e

G4) (= y")=§—‘7=u(x,y,z)
or
' ' 2
. YY)
G4y’ = 2 =0

wehich is second order differntial equation in y, characterizing {C(a,b)}.

Next, we find the function U(x;a,b) and V(x,y,z) defined by .7);

1 2z 1 2x

U, =———, fh, =—+
x ¥y X b-x

2

1 2x
Therefore U(x;a,b) = exp j(;+

Jdx = .
b—x’- b—x’

z
and V(x,y,z):——):

Consequently we have from (2.8) and (2.9),
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(35) B(x,y,z)= —fH(a, p)= fﬂ(a, 8)
and A*(x.y,z)=](,—t)—H(a B)dt
1
or
* 3 il
G6) A(xy,z)= yj—t—F(t)dt
where Fay=H-X, -2
yt t

Here in (3.5), on account of arbitrariness of H, we may observe negative sign in H. and

it is noted that _[ applied in (3.6), instead of I . because t is in the denominator of F(t).
/ 0

The associate fundamental function A(x,y,z) is written as,

(X)) A(x,y,z):A"‘(x,y,z)+C(x,y)+zD(x,y)

X X 2 Xy
Now if we put Fl(t)=Ha(‘}?x2—~tl), Fy(t)= Hﬂ(—-——x e

then from (3.6) we have

Z z z
z-t x rz~—t z~1
TA* = F(t)dt +— |——F;(t)dt —xy ——F,(t)dt,
g ;.' t y! 'l ;[tz

z,f

F(1) 4 X ] Filt) g - Fy(t)
j L dr jt dt,

I

yz
l

r4
At = yji{--’-F,(:)+(2x--y-)F2(:)}dt,
i t
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A*,_ =B=2H(a.p).

N e

Thus (2.10) impies

z z
Fy(t
(38) Cy=Dy=(E-2)H(a )+ ijdr—j———’t(z ) dt
/ i
z z -
+X ]'F1t(t) deyj'th(t) ’t—yszzgt) i
yl I} 1 t

Therefore we obtain,

Every associate fundamental function A(x,y.z) of a Finsler space (R.

Theorem 1.
lipse (3.1) as the geodesics is given by,

,L(x.y;p,q)) having the semi-el
A= A*(x,y,2)+C(x, ) +2D(x.¥)

where A* is defined by (3.6), H is an arbitrary function of (0,,B) given by (3.3) and function

(C,D) must be chosen so as to satisfy (3.8).

X .
a = —— in the above result.

In particular, we first put H(a,p)=
yz

Example 1.

Then (3.6) and (3.8) give

jz—t(——z‘—-)dt=x(1—z+log z).

A*(x,y,2)=Y
t yt

1

x
Thus choosing C =0 and D=Xx- e from (3.7), we hav e

A(x,y,z)=x(1+logz—ﬁf-).
2y

A(x,y,z)=x(1+logz——x—z—).
2y
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Therfore it follows from (1.5) that, the fundamental function L(x,y;p.q) is given by
. xq
(.9) L(x.y.p.q) =x(p+plog(f1/p)—5)-

Therefore Lyp=0. Lxq = (p/q)-(x/y),Lqq = -(px)/q*. From (1.3) (b) we have W = -(x/(pq?). So
using these values in (1.4), where we use ( pg—gp)=y" P’ and g/ p=z=y . Then it

leads to (3.4)" immediately.

Example 2. If we take H(0,B) = B = x* -xy/z then, we have from (3.6),

Tzt C
A*(x,y,:):yv[—;—(xz—%)dt -
!

or A*(x,y,z)=xy{(xz+y)logz+(x+y)(1—z)}
and from (3.8),

2
Cy~Dy =2xy-x-y".

2
Itwechose C=0and D= ~x2—+xy2 —x"y , from (3.7), we have

A(x.y,z)=xv{(xz+y}ogz +(x+y)(1-z)} +xz(§+y3 -xy)

2

or A(x,y,:):xy{(xz-i—y)logz+22y+(x+y)p}+—q»);—

Therefore, it follows from (1.5) that the fundamental function L(x,y;p,q) is written as
qx 2
L(x.y; p.q) = {(xq+yp)log(q/ p)+2qy+(x+y)p}+=—

4. Family of pair of straight lines

Consider the family of straight lines {C(a,b)} given by the equation

@.1) (x—a)’ -by? =0, by>0,

on the plane R.’. passes through (a, 0) on x-axis.
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0 (a,0)
From (4.1), we have
42 (x—a)-byz=0, z=)".
X From (4.1) and (4.2) the function o (x,y,z) and B(x,y,z) in preceding section are given
y
@3) a=x—§=a(x,y,2), b=1/z2=p(x,y.2)
Next, from (4.2), |
1 " 22
@4 (=Y ):;);_—y—: =u(xy,2)
which is a differential equation
4.5) y'=0

characterizing {C(a,b)}. Therefore, the function U(x;a,b) and V(x,y,z) defined by (2.7) are
given by,

w, =0, U=ewp Judv=1 Vieys =1.

Consequently we have from 2.8),

46) B(x,y,z)=H(a,B) A*(x.y.2)= j{jH(a,ﬂ)dz}dz

The associated fundamental function A(x,y,Z) is given by

@7 A yz) = A*Exyz) + C(xy) + zD(xy)
where C and D must be chosen so that they satisfy (2.10). Now
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43) a* = {(z-0)F(t)d
/

y 1
where £(t) = H(X—T't—z).Further, if we put
F — Y / y 1
l(f)—Ha(x“t—,7), F2(1)=Hﬂ(x*—,7),
Then we have from (4.8)

z 2 z
a*, =~ [Z2LFynd, 4% = [Feod, A%, - [flt g,
7 t ) ] t

Z
A*y, = .[Fl(f)df and A*,. =B=H
1

Thus (2.10) impies
@9) C-Di=0
Therefore from (4.9), we have a locally function J(x,y) such that,
@9’ ' c=J, D=J,
Therefore from (4.6), we have
(4.10) A(x,y,2)=A4" (x,y,z)+J+2],.
Therefore, we have the following:
Theorem 2. Every associate fundamental function A(x,y,z) of Finsler space

{R % L(x,y;p.q)} having a family of pair of straight lines (4.1), as the geodesics is given
by (4.10), where A* defined by (4.8), H is an arbitrary function of (o,B) given by (4.3)

and function J(x,y) satisfy (4.9)".

Example 3. If we take H= o =x— (y/z) then from (4.8)

A* = j(z—t)(x——)ti)dt or A*=(xz+y)(z——1)—(x/2)(zz-—I)—zylogz
: ;
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and from (4.9) Ci—=Dc=0
If we choosen J(x,y) = Xy — y%/2, from (4.10) we have

A=(x/2)z* +1)-zylogz.
Therefore from (1.5) it follows that the fundamental function L(x,y;p,q) is written as

2

X
@11) L(x,y;p.q)= —(~q~2—+ Dp - gy log(L).
2p P

Example 4. If we take H = B = 1/ then from (4.8), we have
A*(x,y,2)=(z-1)-logz.

Choosing J(x,y) = 0, from (4.10), we have A(x,y,z) = (z-1)-log z. So from (1.5), it follows that
fundamental function is given by
@12 L(xy;p,q) = (q - p) - p log (¢/p).

From (4.12) it is clear that, the fundamental function L(x,y;p,q) is independent of
positional coordinates (x,y) of the space. Thus we have the following:

Theorem 3. A two-dimensional Finsler space {R.%,L(x,y;p,q)} whose geodesics are
Sfamily of pair of straight lines is a locally Minkowskian space provided arbitrary func-
tion H(a,B) is independent from o

Further from (4.12)

Lig=0.Ly,=0Ly=p/q’°.

2 2
50 W=Ly/p’=1/pg®. M=Ly-L,=0 Ly=Ly =0.

If we use these values in (1.4), it leads to (4.5) immediately. Further, from (1.20),
G'=0,i=1,2.
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