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Abstract: In this paper we obtained metric Function of two dimensional Finsler space
whose geodesics are two parameter family of astroids.

1. Introduction

S. Hojo! studied five Finsler metrics in R>-{0}, all the geodesics of which are logarithmic
spirals with the pole 0 and he obtained certain sufficient conditions for a Finsler space to
have such special geodesics. Finsler metric function of two dimensional Finsler space, whose
geodesics are two parameter family of curves have been obtained by M. Matsumoto?>*. He
considered parametric and non-parametric equations of curves and obtained metric function
in both cases. Such metric function contains two arbitrary function of coordinates. T.N.
Pandey’ found the metric function of two dimensional Finsler space whose geodesics are
two pararmeter family of cycloids and tractrices. The aim of this paper is to obatin the metric
function of a two dimensional Finsler space whose geodesics are two parameter family of
astroids.

2. The Metrizability Problem

Usually we find a linear connection I' = {l“jik (x)} in an n-dimensional manifold M"
form a Riemannian metric g;(x) on M®, and we obtain the equation of parths.

L.P. Eisenhart, T.Y. Thomas and O. Veblen®, considered the reverse problemi.e. to find
a Riemannian metric from the given equations of parths. He also found the condition for the
existence of a Riemannian space whose geodesics are te given paths.

0.Varga’ discussed this problem for a Finslerian metric. His consideration was based
on the Cartan connection. He formulated the problem in the following manner. Given a

connection CI' = {F;k (x,y),Cijk (x,¥)} in the tangent bundle TM?, find a Finsler space
F" = (M", L(x,y)) such that CI" conicides with the Cartan connection.

Later on, after a long gap of twenty years L. Tamassy® discussed the similar problem
and obatined his result simpler than that of O. Vorga’.
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The same problem was discussed by A.Rapcsak® . He considered the equations of
generalized paths:

d-x' dx
9 +G' x,— =0
@0 [x dt)

%

dt*
and found a Finsler space F" whose Berwald connection BI' = G', (x,y) constructed from

fundamental function L(x,y) is given by G}k(x,_&’)=3jék0'(x‘)'/» He assumed that G' is
positively homogeneous of degree two in y'.

In view of Euler’s theorem on homogeneous functions and degree of homogeneity of
G'iny', the equation (2.1) can be written as:

d’x' dx dx’ dx*
22 — et G (X, — ) —— =0
. ' dr’ T

Now we shall give some definitions:

Definition (2.1) If G 'ﬁ. (x,y) are independent of y', the space is called Berwald space.

Definition (2.2) Two path spaces are called projectively related to each other, if their
paths coincide with each other.

We know that the necessary and sufficient condition for path spaces P" and pn to be
projectively related is that there exist a function P(x,y) called projective factor satisfying.

23) G'(xy)=G'(xy)+P(x,y)y".

In fact, Rapcsak® discussed the problem to find a Finsler space which is projectively
related to it, from a given path space P" with {G'; (x,y)}.

Makato Mastumoto® considered the set of all Finsler spaces defined on the same
underlying manifold M". He defined an equivalence relation in this set by the consideration
that a Finsler space of the above set is related to another if the first one Finsler space of the
set is projectively related to the later. This equivalence relation partitions the above set into
equivalence classes of Finsler spaces. Obviously one equivalence class contains all those
Finsler space which are projectively related to each other. He called such equivalence classes
as projective equivalence classes of Finsler spaces.

Let us consider a co-ordinate neighbourhood of a two dimensional Finsler space.
Since our problem is of local character. It is enough to consider a Finsler space
F? =(R’? L(x,y,x,y))defined on {x,y) plane R2. Henceforth, we use the symbols (p,q) for

(x,y).Since it is possible to regard p >0 in our consideration, by suitable orientation of the
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parameter t, we may write G'(x,y, p.q) = pz(}’(x, yl,q/ p)then(2.1) gives.

% . .
&y _ P9
2 3

=2yGl(x vl y )-2G2(x 0.1 ¥ )
v P

therefore equation of paths in the normal form is given by:
24) V= Fxy )= YV P Yy ) Yy )+ Yy
where ¥; =G, Y, =2Gy,-G3,, ¥, =G|, =263, ¥, ==Gj).
Thus F(x,y,y") is a ploynomial of atmost third order in y' in the case of linear connection.

The equation of paths for a general parameter T are rewritten in the form

d’x +G'(x,£) = iy
dr’ dr dr

dt
then the affine or natural parameter tin (2.1) is given by 7 ~= exp{ J. h(z)d T}» Therefore

(2.4) is the required of paths as a point set. In fact from (2,3) we find the same differential
equation (2.4) for two dimensional path spaces, which are projectively related to each other.

Lemma (2.1) 7o cach system (2.4) of geodesics as point set, there corresponds a
projective equivalent class (F p(RZ)) of two dimensional Finsler space.

3. The Inverse Correspondence

Since the differential equation system (2.4) of geodesics is of the normal form, so
solution of (2.4) is uniquely determined by the initial conditions, if the function F(x,y,z)
satisfied Lipschitz conditions. Therefore from (2.4) we get finite equation.

@G.D y=f(x,a,b)

of geodesics C(a,b) as a point set with two constant parameter a and b.
Therefore equation (3.1) may also written in the parametric form

(32) x = d(t,a,b) y =¥(t,a,b) wheretisa parameter.

If the finite equation (3.2) is a geodesic, then we obtained the fundamental function
L(x,y,p,q) of F2= (R’ L(x,y,p,q)). In the parametric case (3.2) we are concerned with the
equation of geodesics in the Weirstrass form

W(C)= L.rq '—Lyp +(P‘]_‘IP)W =0



(3]
o
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welmw Ly Ly, . o
where BE) T2 is the Weirstrass mvariant.
q Pq P

Now we consider an auxiliary parameter ¢ such that
(3.3) Y=gictab) y=y(erab).

We use the following notation ®=@,(ct,a,b) and v=wy(ctab)
G4 p/e=g(ct.ab) gc=y(ctab).
From (3.3) and (3.4) we obtain a,b.c and t as function of (x,y.p,q):

AToxYP) b=B(xypa)  c=yxypq) t= UX.Y.p,q)-
These function o.B,y and T are (0).00). (1)and (-1)p homogeneous respectivley.
From (3.4) we get

P/t =dlctab) @ =yletab)

which implies
G p=drna ) =Pixypg)i=iira B’ =0(xy,p.q),

where P and Q are (2)-p homogenous functions. Again we consider

(3.6) n(X.y,p.q) = Pp + Qq and

[Irviab)= (p(v.a.b)y(v;a, b).9(v;a,b)i(v;a, b))
where v = c(t+t,).
From (3.6) We get

(3.7) Ulv,a,b)=exp J. [iveab)dv, (X, y,pq)= Ulyr,a, B)

where v is (0)-p homogenous function. Consequently we get.

Hia,B)
3

(.8 W(x,y,p.q)=
Yy vy, pg

L= [[Wedp 1y = p? 11 [[widg)?
Therefore we get fundamental function
(3.9) LUxy,p.g)=1(xy,p.q)+C(x,y)p+ D(x,y)q

where L = L*; or L*2 and C and D are arbitrary function of (x,y) satisfying

(3.10) Co=Dy =Ly =Ly +( pQ—gP W |
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The function C(x.y) and D(x,y) must satisfy (3.10). Let us choose a pair (CO(x,y), D%x.y))
such that which satisfy (3.10). Then we have (C- C%), =(D-D")_fora general (C.D) hence we
have a function E(x.y) such that (C-C°) = E_and D- Do = B,

consequently L(x,y,p.q) is written in the form
(3] 1) L(X7yep1q) = L*(xayrpaq)AL (CO + Ex)p + (DO + E\)q -
Therefore the metrics of Finsler spaces with the two arbitrary function H(w,B) and

E(x.y) belonging to a projectively equivalent class.

Theorem (3.1): For cach given projective equivalence class F (RZ) of two dimensional
Finsler space whose geodesics are given by (2.4) as point set are the solution of the second
order different equation (2.4) gepdesics.

4. Family of Astroids

We consider the family of astroids C(a,b) in parametric form of the equation
x=acos't, y = asin®t+b,
which are written in the form
(4.1) x=acos’ct, y =asin®ct+b
where a,b,c are constants and t is parameter.

Differentiating (4.1) with respect to t we get

(42) p=x=-3acsinctcos’ ct, q=y =3acsinct.cosct

solving (4.1) and {4.2) we get

3/
(p’+q’ )Y’
a:a(x'y,p‘q)__f___?__
P
(Py+a’x)
b=pxy p.q)="LITTL
P
,
c=y(x, =P
4.3) r(xy,p.q) e
t /
t=1(x.y p.q) = —3xqtan” (q r)

p

This function o,B,y, and Tare(0),(0). (1) and (-1) p homogeneous respectively.

Again differentiating (4.2) we get
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(44 P=6ac” sin’ ct.coser— 3ac” cos’ et

. 2 E .3
4 =6ac* cos’ ct sincs— 3ac? sin’ ¢t

From (4.2) and (4.3), we get

LA
3 3xg? I Pq ),
._pqg 2p°
T3y 3o =09(xypq)
3x  3gx
From (4.5) we have
4.6) ﬁ(x,y,p,q):pp+Qq =5p/3x—2p3/3xq3,
Using (4.1), (4.2)and (4.3) in (4.6) we get
@7 Hiv,a,b)= =Stanv +2cotv

where v = ¢(t *t,) consequently, we have

Uy, a,b)=cos’ v, sin? v,
b

“8) Vix.y.pq)= %(pgiqz ).

From(3.4), (4.3)and (4.8), we have

49 Wixy.pq)=a’ Hig ﬁ)x5/3q2/p6 =x5/‘3q2 /p°Hia, B)
where 1—1(02,3)=aj/3H(a;,3).

Since H(a,B) is an arbitrary function, we choose [_{( &, B)=1then (4.9) becomes

2
(4.10) Wixy,p.q)=x" ZT.

Now from (3.4)and (4.10) we get

@11 L =L7=(q7)
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4

L:v =( (/ - )"\‘5 3
12p '
From (3.6) we have
_, 4 243
“.12) Cp=D=(3 i

Since C(x,y) and D(x,y) are arbitrary function,we choose D = 0, then (4.12) gives
€= (—_q7 ).xz/jy
3p°

Using (4.11)and (4.12) in (3.5), we get fundamental function

5/3

4
q X - q 2/3
Lix,v,p.q)=("—). —(—).x"
y.p.q) (pJ) = (3p) y

Theorem (4.1) The fundamental function L(x,y,p,q) of a Finsler space (R?,L(x,y,p, qQ
having the family of astroids (4.1) as the geodesics is glven by (4.13) and such path spaces
are projectively related to Finsler spaces.
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