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Abstract: Kazim and Husain! studied subtractive abelian loops by means of postulates in
terms of the “left difference’ and the ‘right difference’, while M.K. Sen? studied
characterization of abelian groups by means of postulates in terms of the two binary
operations. In this paper, various sets of two-postulates systems in terms of the two binary
operations have been developed, each set characterizing subtractive abelian loop individually
as well as established equivalences of some of these sets.

1. Introduction

According to Bruck®, a loop is defined as a groupoid with canceilation laws and an
identity. Sen? studied characterization of abelian groups by means of postulates in terms of
the two operations. Kazim and Husain! studied subtractive abelian loops by means of two
postulates in terms of the ‘left difference’ and the ‘right difference’. In this direction, Agrawal
and Kumar* have also formulated various sets of two-postulates in terms of the two binary
operations characterizing subtractive abelian loops individually.

In this paper, we have formulated new sets of two-postulates, each set characterizing
subtractive abelian loop individually as well as established equivalences of some of these
sets.

2. Preliminaries

Let G be a system of elements a, b, , ..... with three binary operations © 7, ‘¥’ and ‘0’
defined on its elements.

Forany a,b,c €G, consider the following list of postulates:

(A) (axb)joc=c*(axb) (Ay) éo(boc);:ao(c*b)
(A) (axb)oc= cx(boa) (A0 (aob)xc =(b*xa)xc
(A a x(boc)=ax(cxb) (A (aob)xc =(bxa)xc
(A (axbjoc=(boajoc (A)) (aob)xa=b

(A as(bocj=(bocjoa (A9 ao(bxaj=b
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(A) ax(bocj=(cxbjoa (A, bragra=1b
(A;) (aobjrc=cofaob) (A aob=c < cra=15b
(A)) (bxajxc = co(b*a)

We also consider the definition of Kazim and Hussain! expressed here as

Definition (2.1). For anya, b € G,
a b=(eoa) b

wheree = aoa = axaetc.

Proposition (2.1). According to Kazim and Hussain', a groupoid (G, ) with the
conditions

2.1 aob = bxa
and
(2.2) ‘ (aob)ra=5b, aobxa =b

is a subtractive abelian loop under the Definition (2.1).

Propesition (2.2). I has been established by Agrawal and Kumar® that the system
(G. ) with the postulates A, 4,,} " characterizes a subtractive abelian loop.

Proposition (2.3). /1 has also been proved by Agrawal and Kumar® that the system

(G, ) alongwith the postulates {A 1w A4 characterizes a subtractive abelian loop.

Proposition (2.4). (4;5) = (4;,)

Proof. Consider aob = ¢
= (aob)xa = cxa
= b in view of (A)

Thus, we get (A,
Proposition(2.5). (A4;5)=(4;3).

Proof. Consider c xa = b
Pre-operating by a w.r.t. ‘o’, we have
aofcxa)=aob

) = ¢ inview Of(Ans)
which is (A,
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3. Some Results

In this section, we consider some new combinations of two-postulates from the list
(ADto (A which lead to the characterization of subtractive abelian loops individually as
follows:

Results (3.1). The system (G, ) with the postulates (4, A,,) characterizes a
subtractive abelian loop.
Proof. Setting a o b in place of b in (A ,), we have
(ao(aob)) xa=aob
Applying (A,,), we get
bxa = aob
which is (2.1).
Again, (A,)) with (2.1) yields
aofbxa) = b
T}_ms, we obtain (2.2). Consequently, the result follows in view of the Proposition (2.1).
Result (3.2). The system (G, ) with the postulates {4, A 15/ characterizes a
subtractive abelian loop.
Proof. Pre-operating (A ,) on both sides by a w.r.t. ‘o’, we have
aofao(bxa) = aob
or, by virtue of (A, ))
bra=aob
which is (2.1).
Again, (A, ) alongwith (2.1) leads to
(aob)xa = b
which is (2.2).
Hence the resuit.

Remark (3.1). The system (G, ) with the postulates {4, At characterizes a
subtractive abelian loop in view of the Proposition (2.4) and the Result (3.1).

Result (3.3). The system (G, ) with the postulates {4, A,/ characterizes a
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subtractive abelian loop.

Proof. Post-operating (A,,) by a w.rt. ‘»’ on both sides, we have
(faob) xa) xa = bxa
Applying (A ,), we obtain
aob = bxa
which is (2.1).
Again, (A,,) with (2.1) yieldsao (bxa) = bi.e. (2.2) is satisfied. Hence the result.
Result (3.4). The system (G, ) with the postulates {A 1y A, )} characterizes a
subtractive abelian loop.
Proof. Pre-operating (A,,) by a on both sides w.r.t. *0’, we have
ao(tbsa)xa) = aob
In view of (A,), we get
bxa =aob
which is (2.1).
It is simple to obtain (2.2) from (A,;) with (2.1). Thus, the result follows.
Remark (3.2). The system (G, ~ ) with the postulates {4 10 A5 characterizes a

subtractive abelian loop inview of the Proposition (2.4) and the Result (3.3 ) or alternatively,
in view of the Proposition (2.5) and the Result (3.4).

Result (3.5). Thesystem (G, = ) with the postulates {4 - A} characterizes a subtractive
abelian loop.

Proof. Since (A)s5) = (A|3) in view of the Proposition (2.4), putc=ain(A,) and
applying (A ,), we get

aofaob) = (aob)xa
=b
whichiis (A|)). Consequently, the system {A,.A[,) imply {A,), A ,} and hence characterizes

a subtractive abelian loop in view of the Result (3.1).

Result (3.6). The system (G, . ) alongwith the postulates {Ag A} characterizes a
subtractive abelian loop.

Proof. Putc=ain (A,), we have
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(bxajxa =ao (b=xa
or, in view of the Proposition (2.5)
=p

whichis (A ). Thus, {Ag, Ajs} = {A4, A5} and hence the given system characterizes a
subtractive abelian loop in view of the Remark (3.2).

Result (3.7). Thesystem (G, ) alongwith the postulates {A,, A} forms a subtractive
abelian loop.

Proof. The proof follows in view of the Proposition (2.4) and the Proposition 2.2).

Result (3.8). Thesystem (G, ) alongwiththe postulates {4, 4,/ forms a subtractive
abelian loop.

Proof. The proof is evident in view of the Proposition (2.4) and the Proposition (2.3).

4. Some Equivalences
In this section, we establish equivalences among various sets of postulates formulated
from the list (A,) to (A ).
Result (4.1). {4, 4,} & {4, 4,)}
Proof. Putting ¢ = a and applying (A,,), we obtain (A,) so that,
vide the Result (3.1), we can infer (2.1) i.e.
bxa =aob
Applying (2.1) in (A,), we get (A,).

Conversély, pre-operating (A,) by a w..t. ‘0’, we have

aofao(boc)) = ao(ao(cx*b)
which, with (A, ), yields
boc =cxb
Thus, (aob)xc = co(aob)

which is (A,) and hence the equivalence.
Result (4.2). {4,,4,,} & {4, A d

Proof. Since (A,,) imply (A,,) in view of the Proposition (2.4), it follows that
A A = (A, A
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Conversely, we can infer (2.1) from {Al 5 Aw}' In other words, we can write

“4.1) cCxd = qoc
Let cxa = b
or, in view of (4.1), aoc = b

= ao{aoc) = agob
Applying (A})), we get c=aqob
Again, whenever aob=c¢
= (aob)sxa=cxq
or, in view of (Aypp)
b=cxa

Thus, we arrive at (A
Result (4.3). {4, A, o A, A}

Proof. From {A”, A,}, we infer (2.1).
Now, (A,)) with (2.1) yields
b =ao(ob)
=ao(bx a
which is (A},
Conversely, (A ;) with (A ;1) Imply (2.1) vide the Result (3.2).
Again, (A,)) with (2.1) yields
b=uaofaob)
= (aob) xa

which is (A,,). Hence the result.
Result (4.4). {4, A, & {4,,4,)

Proof. From A A,,}, we infer (2.1) vide the Result (3.3).
Now, (A,,) with (2.1) yields
b=(bxa) xa
= ao(bxal
which is (A}5)
Conversely, {A ,, A,,} imply (2.1) vide the Result (3.4). Then (A, with (2.1) yields
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b=(b=xa)xa
=(aob)ra
which is (A, 2). Hence the result.

Result (4.5). (A, 4,) < {4, 4,

Proof. Since (A)) imply (A,), if follows that
ApAg = A Al
Conversely, we infer from the Result (3.3) that {A,, A, . imply (2.1).
Then (A,,) with (2.1) yields

b=(aob) »a
=qofaob)
which is (A ).
Consequently, {4,, 4, g = {4,, 4, 2}

= (A4, vide the Result (4.2).
Therefore, {4, 4, P imply {4, , 4 v and hence the equality.

Remark (4.1). {4, A} e {4, A,
holds true in view of the Result (4.4) and the Result (4.5).

Result (4.6). (A, A4,} & (A, 4]

Proof. In view of the Result (3.5) and the Result (3.1), we have
bxa = aob
which, with (A), yields (Ay).
Conversely, in view of the Result (3.6) and the Proposition 2.4)
{A, A, = {4, A}
which, vide the Result (3.3), yields.
aob=bxa

Henceforth, we obtain (A.).
Result (4.7). {4, 4,) < {4 g Al

Proof. Since (A,,) imply (A ,). from (A, we get
(ao(boc) sa=(ao(cxh)xa
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Applying (A,z),
boc=cxp
Thus, (@ob)xc=(bxa«c
Converse]y, putc=ain (A] o)» We have
i (@aob)xa=(bxaxa
which, in view of (A),), yields
; b=(bxa) xa
Also, since A = (Alz)’ setting a o b in place of b and applying (Anz)’ we obtain
bxa =qob
Henceforth aotboc) = aoc b)
which is (A,),
Remark (4.2). The system (G, ) characterizes a subtractive abelian loop if any one
of the following hold :

Q) {A,A} (i) {Ag A (i) {A, A}
’(iV) {AIO’ AIS} (V) {A”~ A]Z} (Vl) {All’ A]3}
(vii) {A, A3 (vifi) {A . A} () {A A}

M (A AL,

" Proof. The proof follows in view of the Results (3.5) to (3.8), the Results (B.Dto
(3.2), the Result (4.2), the Result (3.3) and the Results (4.4)10 (4.5) respectively.
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