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Abstract: Certain properties of a three dimensional Landsberg space with constant
unified main scalar have been discussed in the present paper. A new scalar K has been
introduced and its importance has been shown.

1. Introduction

In 1984 F. lkeda! studied the properties of Finsler Spaces satisfying the condition
L2C2? = f(x), where Listhe fundamental functionand C is the length of the torsion vector C;.
in his paper? he considered the condition L2C2 = non-zero constant, which is stronger than
the corresponding condition considered in the-paper’. A two dimensional Berwald space is
an example of sucha Finsler space with constant function LC. However in three dimensional
Landsberg space the function LC is not always constant. Some properties of three dimensional
Finsler space with non-zero constant function LC have been studied by Ikeda3. The function
LC has been called the unified main scalar in the case of three dimensional Finsler space. By
introducing a scalar T. F. Ikeda has shown that every three dimensional Landsberg space is
a Berwald space provided unified main scalar and T-scalar are non-zero constants.

The purpose of the present paper is to discuss some more properties of three
dimensional Landsberg space with constant unified main scalar. We have introduced a scalar
K which has important role in this paper.

In the three dimensional Finsler space We have three essential scalar fields called main
scalars H, 1, J and h- and v-connection vectors by and v;. The orthonormal frame field called
Moor’s frame (I,m',n') plays important role in three dimensional Finsler space®.

2. Scalar Components in Moor’s Frame

We consider a three dimensional Finsler space F3with the fundamental function L(X,Y)
and the frame (¥, mi, ) called Moor’s frame of F3 where I is the normalized supporting elemet
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ie. I' = 'L , mi is the normalized torsion vector i.e. m' = c'/c, n' is constructed by g I'n' =0,
g;mni = 0, ginind = | and g, is the fundamental tensor of F3 defined as .
I o0 0
g, = =08, 10, 8 =—
2 &

In the Moér’s frame an arbitrary tensor be expressed in terms of scalar components, for
instance a tensor T (=T*jk) of (1.2) type can be written as

~ — !
T/A' - Taﬁ:f €a) €py) sk

where €, =1', e5)' =m', e;)' = n" and the summation convention is applied to greek indices

also. The scalar components T, are given by

_ t J k
Tapr = Tueapep ey,

From the equation g; em)ieﬁ)J =5,5 we have

Q.1 g, =L, +mm; +nn,

1 . .
Next the C-tensor C, =—0, 8, satisfies C.,1'=0 and symmetric in i,j,k, therefore if
3] 2 ) ijk

C,py are scalar components of L Cy i.e.

afy
LCyy = Copy€ayi€p) €y

then we have

22) LCy = Hmmmy =J s, { mm m JHIs y {mnm J+jnn m

where, s { } denote the cyclic interchange of i,j,k and summation and

23) Cip, =0,Copp=H, Cy33==Cpp3 =J, Cp55=1.

i

We shail be using Cartan’s connection CI'= (Fj-ik , G'J, Cjx) inthe following section of

this paper. The h- and v- covariant derivatives of a tensor field with respect to CI” are
indicated by the short and long lines respectively.

First we have 4

24) I,/ =0, m; , = nh;, n, =~m,h_l- ,

(2.5) Ll ;=h;, Lm; ==Lm; +nyv;, Ln, ==lLn,—-mv,,
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where hy; are components of angular metric tensor, h; and v, are component of h and v-
connecuon vectors respectively.

The equation (2.4) and (2.5) may be written as
(26) Can J =g )py eﬂl'eﬂ/ ¥
@7 Leyyi; = Vaspy €pn%r01

where Haypy and VeopysY being fixed are given by.

2 &3
0o 0 0 0 5}' 5r
2
28) (Ha)ﬁr)z 0 0 hy (Va)ﬂr): -6, 0 v
0 -h,0 _5;’ ~v, 0

where h, and v, are scalar components of h- and v-connection Vectors h,and v; respectively,

i.e.
(2'9) hi =hrerﬂ ! Vi =Vy€yn

The first scalar component v, of v-connection vector Vv vanishes identically*.
If Topys bC scalar components of T;‘km then we have
210 Tapy.s =(8iTapy )eg) +TyupyH wos + Touy Hujps * Tapu H pro
where, 8, =8, —Gyor
Similarly if Tapys be scalar component of LT then
@m Taﬂr.d = L(@ apfy )e5} +T, ubr u/d5 +T ﬂrVu)ﬂo +Ta/3ﬂVu)r5
The scalar components Coprs of Lchjj‘!k are given by?

Clﬁ 5 -—0 C7225=H5 +3Jh5,
C2235 = "J +(H Zl)hg,

@12)
Cy335 = 1535 Ci335=J s +31hs

where H ; for instance is the h-scalar derivative of Hie Hjz=(&H) eia) .
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On the other hand. the scalar components Cg. 5 of LChmk is completely symmetric

therefore it gjves

@.13) 3Jv, +(H =21y, =1,=J,,
3y, +3 v, = - Jo+1

We quote the following theorem which has been proved by M. Matsumoto+ in page 197.

Theorem (2.1). 74, h-curvature tensor Ryx of CT in any three dimensional F. insler

Space is written in the Jorm

(2.14) Ry = O i 8Ly +8uly }

where L is defined as

R
2.15) L= Ry-~g,.

Rij is the h-Ricci tensor defined by RK; = R,-hjh and R = R,gi.
Here Qu'k) denote the interchange of indices J. k and Subtraction.

The scalar component L, of L are given by
/ N * *
@.16) Lap=50up* R,y ~*Rp,
where *R .5 are scalar componets of *R's and *Rrs ig given by Rk =€, e ks *R™.

3. Constant Unified Main Scalar

Contracting (2.2) with 2k, we get
(3.1) LG, = (H+1)m,
which shows that the unjfieq main scalar LC js equal to H+1,

We now assume that the unified main scalar LC is non-zero constant then by addition
of first and third €quations of (2. ] 3) we get, (H+l)v2 =0, which gives Vv, = 0. Hence we have
the following:
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Proposition (3.1). Ina three dimensional Finsler space with non-zero constant unified
mains scalar the v-connection vector v, may be written as v, = v;h;

A Finsler space is called a Landsberg space, if the Berwald connection BT is h-metrical
which is equivalent to Py = 0%,

Since
(32) Prik = Qqiny {Cijin +C{u' Pac}s
(33) Pluk[ = Q(hl) Iléh Pijk + thr C:; Ily

we have the following.

Proposition (3.2). A finsler space is a Landsberg space if and only if C,j, , Is completely
symmetric tensor.

If F3 is a three dimensional Landsberg space then Copyy =0 and in view of prposition

(3.2) it follows that Cp, 5 =Capy o Which gives

(a) H,+3Jh=0

(b) —J,;+(H-2Dh =0
(4) (c) I,-3J=0
(d) J,+31h=0

(b) 3Jh+(H-2Dhy=I,+J;

3.5
(¢c) 3lh+3J=—J,+I;.

Now, if unified main scalar LC(=H+1) is non-zero constant then addition of (3.4) band
(3.4)d givesh,=0 and hence H, = I, =] ; =0 further more addition of (3.5) aand (3.5) c gives
h, =0. Hence from (3.5) it follows that
(3.6) -3Jh;=J,+H; (H-21)h; =1,+J ;.

If all the main scalar H, 1, J are constant then from (3.6) it follows that either h, is equal
to zero or J=0 and H=21. Summarizing these results we get,

Theorem (3.1). In a three dimensional Landsberg space with non-zero constant
unified main scalars we haveh,=1,;=J,;= H,, =0.

Theorem (3.2). In athree dimensional Landsberg space with non-zero constant main
scalars either h-connection vector vanishes or J = 0 and H =21
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The h-covariant derivative of (3. 1) gives LG = (H+I)n|~hj, where we have used the
equation (2.4) and the fact that L, = 0and H+1 is constant. Since ina Landsberg space C;; is
symmetric tensor, the above equation gives that the h-connection vector h, is parallel to n
and we have the following:

Theorem (3.3). [f the unified main scalar of three dimensional Landsberg space F3 is

hon -zero constant then C, , and h-connection vector h, are represented by
C, = L'Knpn, h, = (H+[)"! Kn,

respectively.

The function K which occurs in theorem (3.3) will be called K-scalar and is given by K
=(H+Dh,.

Next we consider the Ricci identity* C, ,, ~C,, ; =—C,Ry —C,, R}, substituting
equation (2.14) into this identity and paying attention to equation (2.4) and theorem (3.3) we

get,

G.7 L_I[Kknj —ank -KZ(H+ I)"(m_,nk —mknj)]n,
= _Cr(g:jL’I; +6[LU _glkL; —S;le)_'clr(y_/["l; +5/:LQ] _ykLr; _J;Lak )

where we have used the fact that R}, = g“RhUk yh = RLJ-kyh and Ly =g’'L.

Since C; = Cm,, in view of (2.5) and proposition (3. 1) its v-covariant derivatives gives

(3.8) C,=CL![vinn,-mi, -lm].

Since L are scalar components of Liand L are given by equation (2.16) we may write

) I
(39) Ly =3(*R22 +*Rg3 =*Ry ), +E(*R” +*Rys —*Ry, Jmm;

+§(*R]/ +*R22 -*R_;_;)n,nj —*Rzll,-mj —*Rum,lj

* * %
—*R;)lin, - R,3n,-lj —*Rs,m;n, Rysmim;.

Now we assume that K is constant then from (3.7), (3.8) and (3.9) we get

(@) K’ =~(H+I1)’("R, +v;*R,)),
() *R,+*Ryv; =0

3.10
10 (¢) *Ris+*Roy; =0
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From these results, we have the following;:

Theorem (3.4). Let F3 be a three dimensional Landsberg space. If the unified main
scecalar of F? is non-zero constant and the K-scalar of 7 is constant, then (*R ntvi*R;)) s
constant and the equation (3.10) holds.

Now we consider the Ricci identity*:

Ci‘jik_Clkj =_C, !/';‘ “C,',C/rk -C Pr

irt k-

If F3 is a Landsberg space then P =0= Pj . Therefore, in view of equation (2.2) and

theorem (3.3), the above Ricci identity reduces to
@3.11) Ciik—Cia =L‘IK{Jn,mjmk —In;(n,m, +m o )=Jnn iy ).

Now assuming the K-scalar to be a constant, in view of equations (2.4), (2.5), (3.8) and
theorem (3.3), the L.H.S. of equation (3.11) may be written as )

G12)  Cu-Cy, =-1" K[nn o +hnm +nlm +(mn, +nm, v, ]

+L_2K[m,-n‘/1,{v3 +nnl, +'l,n,lk]"(H+l)L"'7n,vk‘,.

Comparing equations (3.11) and (3.12), we get

[ (H+)v,, =—LKJ
(H+lv;= LK]

S (H+lpvy,= LKEKy,
3] (H+lvy;= LKJ

| | (H+Dpvy = K

Since v, , =0 and h; = (H+1)'K equation (3.13) gives
J=0, vi; =0, vi;vy=hw,
Hence we have the following.
Theorem (3.5). Let F? be a three dimensional Landsberg space. If the unified main

scalar of F3 is non-zero constant and the K-scalar of F? is constant then J = 0, v;3=0,v;
Vy3 = hyvy
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