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Abstract. In this paper weé have obtained the Bayesian estimation of reliability of
generalized Burr distribution with the help of a censored sample. The loss functions used
are precautionary as well as squared error loss functions. These estimators are derived
considering non-informative and beta prior-distributions.

1. Introduction

Reliability and life testing is very fast growing and very important field in consumer
and capital good’s industry, in space and defence industries. Reliability and life testing
provide the theoretical and practical tools whereby it can be ascertained that the probability
and capability of part, component, products, and item to perform their required functions
in pacified environments for the desired function period without failure, or the desire or
specified reliability and life have indeed been designed and manufactured in them. The
life time distribution used to model the situation is of prime importance. In recent past the
generalized Burr distribution has been found to be an excellent model to represent a life
time distributon in many situations.

The two parameter generalized Burr (type XII) distribution with probability density
function (pdf)
(1.1 f(x,'c,k)=ckx"’(I+XC)"("+” ; (ck)>0, 0<x<.
and its distribution function (cdf) is
(1.2) F(x,'c,0)=l—(1+Xc)'k ; (c,k)>0, 0<x<o.

This was first introduced in literature by Burr'. The Burr distribution is widely used
in areas such as business, engineering, reliability, hydrology and mineralogy as a failure
model and its properties have been studied by Burr and Cislak®. The Burr (c.K) distribution
was proposed as a life time model by Dubey™. Rodriguez® and Tadikamalla®. They show
that the Burr distribution covers the curve shape characteristics for the Normal, Logistic
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and exponential (Pearson type X) distribution as well as a significant portion of the curve
shape characteristic for Pearson type 1 (beta). 11. 1l (gamma), V, VIL IX and XII
distributions. Lewis’ noted that the Weibull and exponential distribution are special limiting
cases of the parameter values of the Burr distribution.

Wingo® have considered the M.L. method for inferential problems in Burr XII
distribution. Hossain and Shyamal'® studied the estimation procedures in presence of
outliers. Popadopoulos™, Evans and Ragab", Lingappaiah®, Al-Hussaini and Jaheen' have
used Bayesian approach for obtaining the inference about this distribution.

Let us reparameterize the c.d.f (1.2)to getthe c.d.f. of generalized Burr distribution
in the following form

/
(1.3) F(x)= J—(1+x%) 6 - (c,0)>0, 0<x<oo.

whose probability density function (pdf) comes out to be

{1 \
- =+ Ii
(1.4) f'(x;c,f)):-é—xc_l(l+xc) k{) I 0,8>0, x>0

where ¢ and 0 are the shape parameters. This reparametrization leads to mathematical
tractability in calculations. One can easily verify that

i 1 1 1 ]
(1.5) Mea"(ﬂ1)=53[~5—;.(l+zﬂ,

and

2 11 NI
(1.6) Variance( py ) = é B[gw%. (1+;ﬂ - {é B[—é———c— , (1+;ﬂ} ,

and it exists for (c/8)>2

For generalized Burr distribution. the reliability function is

1
() Rn)=b+fTo ;6>0, 1>0,

and the instantaneous failure rate or hazard rate is given by
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e
(18) h(z)=%zc-’(1+f) C >0,

The Bayesian estimation procedures for reliability function have been developed
generally under squared error loss function

(1.9) LRt), R(t )= (ko) -Ree D

which is a symmetrical loss function and assigns equal losses to over estimation and
underestimation. Canfield* points out that the use of symmetric loss function may be
inappropriate in the estimation of reliability function. Over estimation of reliability function
or average lifetime 1S usually much more serious than underestimation of reliability function
or mean failure time. Also, an underestimate of the failure rate results in more serious
consequences than an overestimation of the failure rate. This led to statisticians to think

about asymmetrical loss functions which have been proposed in statistical literature.

Norstrom'® introduced an alternative asymmetric precautionary loss function and also
presented a general class of precautionary Joss function with quadratic loss function as a
special case. We have used this loss function for the purpose of Bayesian estimation of
reliability in this paper.

A very useful and simple asymmetric precautionary loss function is

- 2
(1.10) k), Rl (Eﬂﬂ

R(t)

Let Eg and E_denote the prior and posterior expectations respectively. The posterior
expectation of loss function in (1.10) is

2

- R(t - .

.1 Eq [L(R(Uy R(f))]=5ﬂ(—-——( ig(:)j } E (R(1))=2E,(R(1))
The value of ]i(t) that minimises (1.11), denoted by ﬁ(t)p , Bayes estimator of R(t)

under precautionary loss function is obtanied by solving the following equation

d -
—E R(t) R(t))=0
o ATON0)

which implies

1

(1.12) R(t), = [E,,(R(t))ZF,
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It may be noted that E (R(t)) is the Bayes estimator under squared error loss function.

Let us consider two prior distributions of R(t) to obtain the Bayes estimators of
reliability which are given by

(i) Non-informative Prior: For the situation where the experimenter has no
information about R(t), he may use the non-informative prior distribution

1
3 h R = — e . <
(1.13) 1(R(1)) R IogR) O<R(1)<I

(i) Beta Prior: The most widely used prior distribution for R(t) is a beta distribution
with parameters m, n>0, with density function given by

I

u—1 _ v—1 .
B(y,v)[R(t)] [1-R(t)] ; O<R()<1,

(1.14) hy(R(1)) =

The object of the present paper is to obtain Bayesian estimator of Reliability R(t)
using two prior distributions under Precautionary loss function with the help of item
censored (type II) sample.

2. Bayesian estimation of the Reliability function
of the generalized Burr distribution

Let R(t), the reliability function at time ‘t’, that is the probability that a system will
survive a specified time ‘t’,

1

R(z)=(1+tcf5 ;650,150
which implies
1 -logR(1)
@D 0  log(1+t°)

Substituting the value of 1/0 from equation (2.1) in equation (1.4), we get

—lotR(t) 4]

(22) f(x;c,R(t)):c{:—[EM} < 1+x6) ["’g( Bt ] 0<R(t)<l
log(1+1°)

Let us suppose that n items are put to life test and terminate the experiment
when m(<n) items have failed. If U , X denote the first m observatios having a
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common density function as given in (1.4) with c the shape parameter is known. The joint
probability density function is given by

. [iﬂgi!{._,},
_ -clogR(t) “ c—/} log(i+t* "
(x|R(1)) = i :
A (n—m).’{ log(1+tc)} (,l:!x }e
where
(2.3) Iy = [Zlog(l+xf)+(n~r)log(]+x,c,,):|
i=1

Thus, the maximum likelihood estimator of R(t) comes out to be

m

(2.4) R(1)= (l+tcy2—,; :

2.1 Bayes Estimator of R(t) under h (R(t)): Under h (R(t)),the posterior
distribution becomes

um

r(m)

f(R(t))x) = [R)]* [~logRt)]™!

(2.5)
where

- Zm
log(1+(€)

The Bayes estimator of R(t) under squared error loss function is the posterior mean

2.6) R(t)s =(1+~{-)

u

The Bayes estimator of R(t) under precautionary loss function li(t)p using the value

of f(R(t)|x) from equation (2.3), is the solution of equation (1.12) given by
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i ] -ms2
2.7) R(1), = (H—)

u

In this case the risk functions and Bayes risks are not easy to calculate. A simulation
study is recommended in order to obtain the risk functions,

2.2 Bayes Estimator under hz(R(t)): Under hZ(R(t)), the posterior distribution is

utp~l p mrpr, v—1/
Q8 SRy = LRI [logRet))" [1-Rat)y o O0<Ry<1.

v/ m+/
(v-1
Tim+1)] Y (-1)] " ( A ]
i=0 i U+t pr+1§ J

The Bayes estimator of R(t) under squared error loss function is the posterior mean

v=1 v—] / m+/
A st
2 )[,

) ~ Ut 4l
(2.9) Rt), = |22

.y m+/
o pre= i ]
z Y . .
( )( i J(z:+y+i)

1=

They Bayes estmator of R(t) under precautionary loss function li(t)p using the

value of f(R(t)|x) from equation (2.8), is the solution of equation (1.12) given by

I
5

| L PR

A rd J U+pu+j+2
(2.10) R(1), = |£

v—1 . — / m+]
S .
i=0 !

In this case the risk functions and corresponding Bayes risks are not obtainable in
closed forms.
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