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Abstract: L. Berwald"? developed the theory of two dimensional Finsler spaces
using a special orthonormal frame. His study was based on two scalars | and R,
which were scalar components of the torsion tensor and the curvature tensor with
respect to the orthonormal frame. A. Moor® developed the theory of three
dimensional Finsler spaces using a special orthonormal frame whose first vector
was the normalized supporting element and the second vetor was the normalized
torsion tensor. He found three main scalars which are regarded as a generalization
of Berwald main scalar . Makoto Matsumoto®™ also studied three dimension Finsler
spaces using Moor's orthonormal frame. He obtained some results for certain
special Finsler spaces. T.N. Pandey and D.K.Diwedi® extended this idea to  four
dimensional Finsler spaces. In this paper we have discussed certain special Finsler
spaces of dimension four and obtained some results for such spaces.

1. Introduction

Consider a four dimensional Finsler space F* with the fundamental function L(x.y).
T.N. Pandey and D.K. Diwedi® have constructed the orthonormal frame on the basis of
Moér’s frame. In this frame an arbitrary tensor is expressed in terms of scalar components

as follows
(L) Tjx =Topy €y €py €y ok

', ey =n' e} = p'and the summation convention is applied to

where ), = (', ey =m
Greek indices also.

. i ik
The scalar components T, are given by Ty, = Tj’k €y )i e;” €y

1
Let Hgypy and :Va)ﬁy respectively be scalar components of the h- and
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v-covariant derivaties e}, »; and €y ) 1; of the vector e,", )s 1€

(1.2 eét)lj =Ha)py e,iB) €y )y
and
(13) L ey i=Vayp €y

The orthogonality of Miron frame yields
Hy)p, =0, Ho)py =~Hpjay
Yoy =98y =01581,  Vaypy =~Vpjay.
We now define Finsler vector fields

Hypspepy = hy =hg epg)

(14) Hyapep) = Jj =Jp e
Hsjupepy = ki =kp ep)
Also
V2)sy y)p=u;=ty e
(1.5) Vajy ey =vi=vy ey
Vijay ey)j=w;=wy e

Definition:The Finsler vector fields (h, Jj k;) and (u,, v, w)) are called h- and v-

connection vectors respectively.

The skew symmetric matrices )z, and V)4, for fixed yare given by

0o 0 0 0

[ R
Whr=io -n 0 &
0 j, -k 0
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and
0 &, &, &
7 =92 0 u, vy
a)fy =1_ S _ 0
y  TY Wy
) o TV =W, 0
Taking h-covariant derivative of (1.1), we get
T = (SnTapy )€ 125) & 1k + Tapy €l €5) 2
(16) +Tapyea ) @p)jih € ik + Tapyea) €p) €y iih -

Let T,g, 5 be scalar components of Tjk[h then

() Tikh =Tapy.s € )ep) 1€y k€5 h-

Then we obtain
h
(1.8) Topys = (OnTapy )es) + TupyH yjas + Tapy H ) s + T 1)y

2. Main scalars of a four dimensional Finsler space

Motsumoto® have shown that if Capyare the scalar components of LCjj with respect
to the Miron frame then

0] Cypy are completely symmetric.
@) C =0

(iii) Cy, =LC, Cy,, =C,

yu = - =Gy = 0 for n>3 where C is the length of C',

Therefore in four dimensional Finsler space, we have
Cgy =0.
@ Co2z+ Cay3+ Cogy =LC
C322+Cs33+C344=0
Ca2+Cy33+Cagg=0

Cy34 # 0 in general
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Thus putting
22) : Copp=A, Cy3=B, Cyy=C Cin =D,
Ciz = E Cyn=F Cy3 = G, Cazy =H.
we have Cyyy = — (D+E), Cyy=—~F+G).
Difinition: Eight scalars A, B, ......, G, H given by (2.1) are the main scalars of a

Jour dimensional Finsler space.

3. Certain Theorems

If C,p, be the scalar components of LC; then from (1.7), we have

@D Lk =Copys €asnepiey ) €s
where
~ k ~
G2) Caprs =(5Capy es) +CrpyH ujas + CapyH )5 + Caputl 56

The explicit form of Cyg, 5 is obtained as follows

Ca225 =(84Caz)el ) +3Ca22Hy )55
=(d A)eg‘) +3C3522H3)25 +3C20H 1 )25 +3C225H )25

= A,5+3D(~h)+3F(J5)+0 where A5=(8; AJef

(333) =A,8—3D h5 +3F.,5.

As we put C,5, = A, we should notice the difference between Agsand Cyyy5.

Similarly, we get

(3.3b) Co336 =Bs+(2D-E)hs +GJs ~ 2Hks
(3.3¢) Cr445 =C.sH D+ E)hs +(=3F -G )J 5 + 2Hkg
(33d) C322,(5 =D,§+(A—23)h§ +2HJ§-F’(§

(336) C333‘5 = E, S +3Bh¢5 —36/(5
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(3.30) Cir2s = F5+(2C = A)J 5 — 2Hhs + Dk

(3.32) Ci335 =G.5—BJg+2Hhs +(2D+3E jhy
(3.3h) Ca345 =H.5+(B=C ks ~(2D+E )5 +(F -G )by~
(3.3i) Cs445 =-Dis~E.5+Chy +(F+3G ks - 2HJ
(3.3)) Cyig5 =—F.5~G.5~3CJ5 ~(3D+3E Jhs

Adding (3.3d), (3.3e), (3.3i) and using (2.1), we get

(3.4) C3225 +C3335+Csyy5 =(A+ B+C )hs =LChg
Adding (3.3f) (3.3g),(3.3j) and using (2.1), we get

(3.5 C1226 +Cy336 +Cqyys =~(A+B+C)J5 =—-LChs
Adding (3.3a), (3.3b), (3.3¢) and using (2.1), we get

(3.6) C2226+C2335+Coyy5 = A5 +Bs+Cs=(A+B+C)5=(LC)

Definition. A Berwald space is characterised by Chjw =0, which is given by in
terms of scalar Cap, 5 =0

For a Berwald space, from (3.4) we have h; =0 and from (3.5) we have J5=0 and so
from (3.3a) A,5=0.

Thus, we have
Theorem (3.1): A non-Riemarmian Berwald space of dimension 4 s characterised by the

Jact that the two components h, and J; of the h-connection vector vanish and the main scalar A is
h-covariant constant,

Also from (3.6), we have

Theorem (3.2): In a non-Riemannian Berwald space of dimension 4, the unified
main scalar LC is h-covariant constant.

Definition. 4 Landsberg space is characterised by
(3.7) Chi/ p=0and  Cpp\=Cpy,

ie. in terms of scalars C,g,.; =0 and Copy5 = Cops,y-
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For a Landsberg space, from (3.4) and (3.5), we get, h, =0, J, =0 and so A, =0
Also from (3.4), we have

LChy =C3255+C3335+Cy4y7
=C223+Co333+Cayyz

=FLE from (3.6)

(LC);3
hy = —— 22
hence 7, c
From (3.5), we have

“LCI; =Cupr+Cy332+Cyyyn
=C0024+Co334+Coyyy

=(LC),; from(3.4)

(LC),,

Jy=—
hence > LC

Also from (3.5), we have

“LCJ3=Cp3+Cy333+Cyys3

=C3024+C3334+C3y44

= LC./’I4

hence J3 =-hy.

Thus, we have

Theorem (3.3): /n a non-Riemannian Landsberg space of dimension 4 the
components of h-connection vectors are given by

hl=0=Jl,
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