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Abstract: Some Tauberian theorems for functions based on Kwee-Cesaro product
summability method have been obtained in this paper .

1. Introduction

Ishiguro' introduced the summability method (D,a) for sequences and raised the
question of what are the main properties of (D,o). Kuttner® dealt with this problem and
introduced the summability method (D) for functions. Pathak® defined the summmability

method (D,00) (C,?) for functions. Kwee' introduced a summability method (D,c.,B) for
series and functions by generalizing the (D,o0) summability method. In this paper, we obtain

some Tauberian theorems based on (D,a,B) (C,¢) summability methods of functions.

2. Some Relations and Definitions

Let s(y) be any function which is Lebesgue itegrable in (0.X) for all finite x>0, and

which is bounded in some right hand neighbourhood of the origin. Integrals of the form E

. X X
are throughout to be taken as lim jo ) jo being a Lebesgue integral.
X >0

Forany ¢ >0, we write s¢(X) for the * pth integral’,

se(x) = j;(x—y)e’IS(y)dy. and's,(x) = s(x).

r(’)

The (C,¢) transform of s(x), which we deoted by C,(x), is given by
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S(x), l=0
Corx)=14 ¢
@n ’ -

% r_
j;)/.\'—y)f 1s(y) a, >0
"

Ifthis exists and C,(x) tends toalimitsas x —y

%, then we say that s(x) is Summable (C, r)
tos, and we write S(x) >s G0,
We write
I{a+p+1) . §&
&= a, L = Temeeeans dX',
2) 8(y)=gla,py) = T AT y j: Py S(x)

if this exists. We also write

F(a+ﬂ+ 1) ﬁ;/ x4/
U =77 ' 7 Colx)dx
@3 waal} M) ™ do (e Cets)
if this exists where ¥>0, o0, B>-1,¢>0 .

Suppose that S(X) is of the form

Q4) S(x) = fﬂx aly)dy,

where a(y)is Lebesgue integrable in (0,x

) for any finite X. Then it is €asy to show, under the
assumption that the integral defining U

ap.r-1(y) converges, that, for 4 v>(0
(2.5)

d
)'EUa,p,/‘()’) = ‘ﬁ‘[Ua,ﬂl’(y)‘Ua,ﬂ,é«/(y)]

=Bapilvi. ()

F(Q’+ﬁ+1) B+l [ =
where p , =—_r7 P ——
a.p.e() Hariges)” ]:rm) 1%

Also, we know that
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f

2.6) )’%Cc()’) = V[C(-/(,w‘Cf(y)FTr,(y)=)7 j,: (y-u) " ua(u)du

1f we do not assume (2.4), then the first equation of (2.6) still holds if £ = 1. Further. we take

the second equation as defining 1,(y) when =1
Srivastava® defined the strong and absolute summabilities to index p, denoted as

[(D,a,B)(C.N], and | (D.ouPY(C. N, respectively as follows:

Suppose that a >0, B>-1,¢21 p=z1. Then we say that the function

s(x) is
(i) summable [(D,o,B)(C, 0], or strongly summable (D, o, B)(C, ) with index p to

the sum s, if
X
L \Ug pi-i(y)=sIP dy=o(x) asx—,
(ii) summable | (D, 0., B)(C. )l ,if
SCl d
j, y ll-v'CEUa.ﬂ./,(YMP dy <.

According to Mishra®, the function s(x) is summable [C, f]p ,where £>1,p21, if

X
j/ {Cry(y)=s \P dy=o(x) as x—>®.
3. Known Results

7 = : CmA/(x)
Theorem A. (Mishra and Srivastava’). If £>m > 1,00>0,B3>-1 and jj —}7;3"

&

converges, the for x>0,

B Iree) —(b=1) (¥ . m=l, . f-m=1 .
a1y (D Ua./z.z_z(x)————————r(g_m)r(m)X joy (x=y) Ug pm-1( Y)Y,
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a.p.-10X)| < lim IUa,ﬁ,m—/(x/ l

X7

where (3.1) is 1o pe taken as including the assertion that both sides exist,

Theorem B, Let 0 <p<],

Stw) =L [ #x)ax (#x)20),
w

and  § = sup s(w).

O<w<on

Then [ x “grxjtesCp)s o

If we take S(@)=0(1) a ¢

This is given by Mishra®.

>, then

f X P x )dx = o(w'™)
J

4. Some Definitions

Suppose that P2La>0,B >-1L0>1. Suppose that the function s(x) satisfies the

condition that s(x) is Lebes
some right hand neighbour

gue integrable i (0,x) for all finite x>0 and w
hood of the origin, and that (2.4) holdgs,

We say that the function S(X) is summable

M ICey, i

@5

(I (D, B)(C, ¢ ), or absolutely summabje

T,(t)|P
J: l/#dlﬂn, for some T>0,

defiining Ugpe(t) is convergent for all t > ¢ ang

42

<00,

P
rl Ba,ﬁ,:(’)’ dt

hich is bounded in

(D,o,BXC, ¢ ) with index p, if the integral



Some Tauberian Theorems Based on (D,0.B) (C, ) 11

where B g/ (t) is defined in (2.5)

We also say that the function s(x) is summable

o [Cr ]p to the sumss, if

o | Cy —sl\P
(43) { L";f(it)——s‘—dz <o, (T >0),

(i) [D.oPXC, )], t0 the sums, if
\Ug pe-1(1)=S s
@a4) f__—r———d, <o

It is worth mentioning that (as may easily be proved by integration by parts [C¢ ]P
implies [C, ¢ ], but not conversely.

It is easily seen that, for 7>0. [C",¢ ]p implies [C, fr+1]p _We thus see with the aid of
(2.6)anda straigthforward application of Minkowski’s inequality that summability [C, ¢ ]p is
equivallent to summabilitly {C", f+l]p together with summability |C, ¢ \p . In analogy with
[C, ¢ ]p, this enables us to extend the definition to the case ¢=0. We say that the function
s(x) is summable [C",0] if itis summable [C*1] and is also summable [C,0] .

In fact, the proof of the above statement is given below: First we note that

d
g Gt ([C, (v)=Co(p)] P27 [1Coy(y)=s" +1Cety)=s1"]

Hence from (2.6) and Minkowski’s inequality, we have if p2 1

!

]
(Coy(y)-slP  |P \Coly)-siP  |P
pop ==l _ peb ;
{j: d ; dy} {j: 2P P o <

¥

g d p
{f: y! Ly G dy} .

! 1
o \Co_i(y)-sIP . |P \Co(y)-sP  |F
S“r 2PeP__—_————y dy} +{j: 2PeP__—-——y dy} .

Since summability [(C¢ ]p, implies [C*, e +1] » the necessary and sufficient conditions that
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PGy (y)-s P
J.T bf/y\ V< are that

o d * Y
fT yllyd‘Cf(y)(” afV<‘X) and J‘;O%dy<oo
-}/'

5. Tauberian Theorems Op D,a.B)(C, ¢ ) Summability Methods
In this section, we prove the fo”owing theorems.

Theorem 5.1, Suppose thar (2.4) holds and if o > (), B>-1,0>] and ( >m>0. Then
Jor any s,
.1) Sup IC/—/()’)‘SISC sup |z,(t)|
f<i<ewo

+supra.ﬂ,m (l)—& ,
fl<t<on 7

Proof. LetT= SUP’T’“)’.
t

By Theorem A, we have

17/'*'/) ~f -] m
(52 Vapef ’)*S=m’ J;("x) x {Ua.ﬁ,m(x/—s}d’f

_{a+p+1) Bl gl

! - Col'x )= ~
Ha)r(pi1) 0 (oag BT Cilx)=s}

The expression on the right of (5.2) is equal to

F(a+,8+l) (B

a-/
- X
————(Cy(x)-C
T(e)r(p+1) J: (x+,)a+,8+/{ o(X)=Cy(t ) dx

a-/
N f(a+,8+]) [/;Jf/": b

() s 1
f(a)[‘(,5’+/) (x+[)a+ﬂ+j{ ((t)=s}
Hence
I(0+] , -
(5.3) {C/(I)‘Sfﬁm,-r J;([-xjf m./meUaﬁ‘m(x)-s,dx
-/
+M,ﬁ+/ x¥

H@riper) o o mavgrt Cot)~Colx)ja|.
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Now, we have, for x <t

} T Tl
‘»(‘,(I)f(';(.\')l:ij ‘—udu‘.
Yoo

<T| r wld =T log t—%.
X X
There is a similar result with x, t interchanged when x > 1 and thus in any case
. {
54 (C,(1)=Cp(x)ET log—|.
X

Hence

F(a+ﬂ+]) Bl
F(a)F(ﬂ+])

1C(t)—Cp(x)}dx!
(5.5) r i f T A ¢

_ I(a+B+l) pei g7 !
T [(a)l(p+1) 0 (xar)2 P

\wng

On making the substitution X = Vi, the expression on the right hand side of (5.5) be
comes

a-1
__’,__f(a+ﬁ+l,) Tr ML \log—\dv
Tl (B+1) 0 (1+v) P!

<CT.
Also, the first part of right hand side of (5.3) is

e+ f—m— I "
Ll CsuplU r)-si(t-x dx
(5:6) F(—mpT(m+1) P U pon fy(=x) \
Ssup\Uaﬁi,,,(t)—si
!
Thus

1C,(t)—s\sCT+sup\Uaﬂ‘,,,(t)—sl
1

Applying the second equation of (2.6), we have
T,(t)= 0[C,_(1)=C ()]
Thus
_ 1
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ToAt
or C/_‘(t)~S:C//(t)*S+#
Hence S [Cryit)=s]=C syp 1T 4sup | Ug 1y
O<t<m O<l<w l

Hence the Theorem

Summatie (C s l)ios, ((a> 0.B>~1¢> Lm20,75m> 0). The cases B=0,7= O0of

Theorems 5. 1.5 3 and Theorem 6.1 are due 10 Mishra ang Srivastava? While the cqse B=0
Is due 10 Singh!"

"_’f; sup through out provided that limit supremum on the right are 0. For, it is familiar and
easily verified that

/
lim sup| Tifs i

~ =m-] _m
-0 v - R U o oy d\‘
, Tt -m)l(m+7)" fy ot ong apm(X)~s Jdx|

< lim SUplUy gl(u)=s|.

U=

In dealing with the second term on the right of (5.3), let us now write

T'=u'L"l sup [t (u)]. Given €50, there is u, s.t. lr,(u)lsT'+eforu2u0 (or the

lC[(I)—C((X)IS(T'+€)L;%HQ/”{))—C{(X)I

<(T'+ e)/ogfﬂc,(uo)—c,(x)l

two terms. The first s equal to the €xpression (5.5) with T replaced by (T'+ €), and can be
dealt with Theorem 5. 1, the second is
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[ Cp(ug ) —Ce(x)! dx.

Ta+pB+1) J 0 x«!
67 EALA A )

Ta)r(p+1) 0 (x+t)a+ﬂ+l

It is easy to prove that, for fixed u, the expression (5.7)tendsto0as t —» o, thus. once
we have choosen ug, we can make (5.7) arbitary small by taking t sufficiently large. This gives
the conclusion.

Theorem 5.3. If the function s(x) is summable (D,o.B) (C, ¢ ) to s, where
¢>0,>-1 and a>0,and

d
(58) t4 Vape ()= o(l)

then the function s(x) is summable (D,o.B) (C, 7 —1) to the same sum.

Proof. Proofof above theorem follows form (2.5).
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