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Abstract : S. Sasaki' and K. Yano® introduced the concept of a concurrent vector field i m
a Riemannian space. This concept was extcnded to a Finsler space by S. Tachibana’,
Makoto Matsumoto and K. Evuchl P.N. Pandcy has also discussed a concurrent vector
field in a Finsler space cquipped with Berwald comnection. In the present paper.
concurrent vector fields in certain special Finsler spaces have been discussed and it has
been shown that an affinely connected space, a C"- tecurrent space, a C"-birecurrent
space, a Finsler space having vanishing T-tensor and a Finsler space of scalar curvature
do not admit a concurrent vector field.

1. Preliminaries

Let us consider an n- dimensional Finsler space F, equipped WIth the metric
function F (x', x’), the metric tensor By and Cartan’s Euclidean connéction F 'k If T’ is
an arbitrary tensor field of type (1, 1), its h-covariant derivative and v-covariant denvatwe
are defined by 63

(L.1) Tie=8Ti- (ar) LE & TITY L o,
and
(1.2) Tile= F(8T) + TjCly - TiCh)

respectively. The symbols 0, and 6 stand for'partial differentiations with respect to xk
and x* respectively.

The tensor C j’~k is defined by

2 ] il
(1.3) C;k = g' Cﬂk.
where g is the associate metric tensor and
l .
(14) C'jlk = Eajg]k.

The tensor Cﬂk is positively homogeneous of degree -1 11 x’ and satisfies

(1.5) Cin = Cyy = Cyy
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The commutation formulae for Cartan’s covariant differentiation and directional
ditferentiation are given by

(1.7) éh(xgk‘) -(é,,x')‘fxféhf"‘,k -(’arx")Py,k
and
(1.8) Xiik!h - X{hlk = XI‘Kj'kh - (arXi> ,;kh’%s
where
and
i i - Y i fm
(1.10) Krkh=5hrkr+ 5,1",,,1 rskxs+r'”hrkr—k/h.

The tensor, defined above, is called Cartan’s curvature tensor and the symbol — k/h
means the subtraction from the former terms obtained by interchanging the indices & and
h. The Cartan’s curvature tensor K T is skew- symmetric in its last two lower indices and
its as.socj,iate tensor Kjxp » defined by Ky, = 8jj K |y 1s also skew-symmetric in its last
two indices.

2. A Concurrent Vector Field

Makoto Matsumoto and K. Eguchi"’ called a vector field Xi(xj‘) as concurrent vector
field if it satisfies

Q.1 Cip Xt =0
and
(22) x{,=-9

or, equivalently,

(2.3) Xy =~ 8-
Since C ik = %6, 8k and the vector field X! is independent of x', (2.1) may be written as

éi (gijk) =0, i.e. éin — 0. This shows that the vector field XJ is also independent of

%1 In view of this fact and the independence of X' from x', we may prove that the square

of the magnitude (X 2 = gy X X7)of X'is also independent of the directional arguments.

The covariant derivative of a vector field X' in the sense of Berwald is defined as
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follows :
2.4) Xl = 8 X7 - (é,x") Pt XTGE

where G, are Berwald's connection coefficients and G} = G k. Berwald’s
. . i . . *
connection coefficients G jk and Cartan’s connection coefficients I Jk are connected by

5 * . 5 .
(2.5) G;k=r;k+C;AIh xh

and
Gj=Gjik=Ti i
Therefore, (2.4) may be written as
Xipy = 8,X' - (é,x")lt;,, NS ‘;‘,{
+XTC L X
or .
2.6) X = Xjg + X7CLypy 3,
If X' is a concurrent vector field, it satisfies (2.1) and (2.2); in view of which, we have
@.7) Xy =-8L.
Similarly, by reversing the arguments, we may show that the equation (2.1) and

(2.7) imply (2.1) and (2.2). Therefore, a concurrent vector field X'(x/) may also be
characterized by the equations (2.1) and (2.7).

Let us consider a 2-dimensional F insler space. In such space the tensor Cijx has the
form [Rund(’]

(2.8) FC,-jk =Jm m; .

where m, is a unit vector field orthogonal to x and J is a scalar introduced by Berwald. If

the space admits a vector field ' which is independent of » and satisfies (2.1), then we
have at least one of the conditions

(2.9) (a) mX' =0
(b) J=0.

The condition (2.9a) implies that the vector ﬁeld X is.qrthogonal to m' and hence
parallel to x'. Thus, there exists a scalar ) such that X' = A x', which implies

(éjx);}u A8 = 0.

Contracting the indices i and J> we have A = 0. Therefore X' = 0, Hence (2.9a) can not
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hold. Therefore we must have (2.9b). In view of (2.9b), (2.8) implies Cijk = 0, i.e, the
space considered is Riemannian.

Hence a 2-dimensional Finsler space admitting a vector field X‘(x’) satisfying (2.1)
is necessarily Riemannian. Since a concurrent vector field X'(x) satisfies (2.1), we
conclude that a 2-dimensional Finsler space admitting a concurrent vector field is
necessarily Riemannian.

3. Non-Existence of Concurrent Vector Fields in Certain Finsler Spaces

Let us consider an affinely connected Finsler space which admits a concurrent
vector field X'. An affinely connected Finsler space is characterized by the condition

(3]) Cijk!h = 0

Since X is a concurrent vector field, it satisfies (2.1) and (2.2). Differentiating (2.1)
covariantly with respect to ¥/ in the sense of Cartan and using (2.2), we have

(3.2) ~Cyp + Ciprn X = 0.

From (3.1) and (3.2), we find C’.jk = 0, i.e. the space is Riemannian.
This leads to :

Theorem 3.1 : 4n affinely connected Finsler space admitting a concurrent vector
fleld is necessarily Riemannian.

Theorem 3.1 may be restated as :

A non-Riemannian affinely connected Finsler space does not admit a concurrent vector
field.

Makoto Matsumoto® introduced a C”-recurrent Finsler space characterized by the
condition

(3.3) Cijkyh = Mn Cijg» Cyp # 0.
If such space admits a concurrent vector field X' characterized by (2.1) and (2.2), we
immediately find (3.2), which, in view of (3.3), gives Cijh =0.
Thus, we get a contradiction to the fact that the tensor C,.jk is non-vanishing.
Thus, we have :

Theorem 3.2 : A C"- recurrent Finsler space does not admit a concurrent vector

field
Now, we propose :

Theorem 3.3 : A non-Riemannian C'-birecurrent Finsler space does not admit a
concurrent vector field.
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Proof : Let F,, be a non-Riemannian C’- birecurrent F insler space characterized by

the condition? -

(G4 Cisk\nlm = ym Cig

where Cx # 0 and a,,, is a non-null tensor field. If this space admits a concurrent
vector field X' characterized by (2.1) and (2.2), we have (3.2). Differentiating (3.2)
covariently in the sense of Cartan, we get

G.3) = Cijhim = Cipmin + Cijpnim X* = 0.

Using (3.4) and (2.1), we have
(3.6) Cljhlm+CjIﬂlh=0

i

Differentiating (3.6) covariantly in the sense of Cartan and using (3.4), we get

(3.7) m1Cijn + a4 Cijpy = 0.

Multiplying (3.7) by g/, taking summation over J and using (1.3), we have
(3.8) a1 Cly + ay,Ck =0,

Contracting the indices & and ; in (3.8) and putting C : » = C,, we have

(39) am,Ch + ah,Cm = (. ®

Since the space is non-Riemannian, the vector C,, is non- vanishing and therefore, there
exists at least one # for which C, # 0. Without any loss of generality, suppose C, #0.

Putting m =1=h =1 in (3.9), we find ay) Cy = 0; which implies ay; = 0. Putting
m=h=1in (3.9), we find ay; Cy = 0; which implies ay=0for C; # 0. Again putting
m =1 in (3.9), we find @Gy + ay Cy = 0. Since ay; = 0, we have a;,C; = 0. This
implies a,; = 0 for C) # 0. Thus, we have a contradiction. Therefore, we have the
theorem.

Theorem 3.4 : A non-Riemannian F, insler space satisfying the condition

can not admit a concurrent vector fleld,

Proof : Suppose a non-Riemannian Finsler space satisfying the condition 7 = ¢
admits a concurrent vector ﬁelq .X' characterized by (2.1) and (2.2). Cartan’s covariant
derivative of X' with respect to x’ is given by
G.11) Xil= F(ox' 4 CjeX?).

In view of (2.2) and the fact that the vector X' is independent of ).ci, (3.11) becomes
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(3.12) X', =0.
Transvecting (3.10) by X J and using (2.1) and (3.12), we have 'l yj) Cup = 0
Since the space is non-Riemannian, C,,, # 0. Therefore we have X/ ¥ = 0.

Differentiating X/ =1 with respect to x* and using ék 3j = 8 We get gijj
= X, = 0, which |mpl|esX’ 0. This gives a contradiction.

Theorem 3.5 : A Finsler space of scalar curvature does not admit any concurrent
vector field.

Proof : Let F,(n > 2) be a Finsler space of scalar curvature. Then it satisfies®!®
(3.13) Hi = sz(a;',-ﬂl,,), R %0,

where H and R denotes Berwald’s deviation tensor and the Riemannian curvature of the
Finsler space, and / i = F It it admits a concurrent vector field X ' characterized by (2.1)
and (2.2), we have X| ki = 0. Utilizing the commutation formula exhibited by (1.8) for
X' wegetX"K! = 0which implies X"K 4y = 0.1n view of

Kiikn == Kijkn = 2Cijy

;
Kskh X',
the equation X" K .. = 0 implies

3.14) K;

kn X+ 2cij,xf.1<§kh ¥ =0

using (2.1) in (3.14), we get Kl.jthf =0 oer. Kj::kh = 0.

Transvecting this equation by x' x* and using
K]kh x x = H" ,

we get

(.15) X HY = 0.
Form (3.13) and (3.15), we have

(3.16) X, = (lef)lk
Transvecting (3.16) by g’k, we get

G17) X1 = (X1/F )5

~ Since the vector field X' is independent of x', the equation (3.17) is true only when
X =0, This gives a contradiction.
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