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Abstract. This paper contains the discussion about the following Operator
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and some approximation results including Voronskya type results.

1. Introduction

For a function f defined on the closed interval {0, 1] of the real x-axis the
expression.

(1.1 BU® =3 f[f]p,,k(x)
k=0

where
pnk(x) = (Z)‘}’(l - x)n -k

n=1,2, 0 s k=01, 2, ..y ., is called the Bernstein polynomial of order n of the
function £, It is well known that if f € [0, 1] the space of all real functions of f defined
and continuous on [0, 1], then
lim B, (/) = /()
¥ n—»®

uniformaly on [0, 1]

In 1965, Schurer!, generalized the Baskokov operators2 by introducing a parameter
in the definition of these operators. These generalized Baskokov operators are define in
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the following way.

Let M [0, ) be the class of functions f defined on [0, ) for which
LfOl <ma+ ", t e [0, ©) where my, m, > 0 are constants depending on f
then Lmp(n € N, p € R, n+p 2 1) is defined on M[0, ) by

(.3) (Lup )@ = € 9Py ("“’Zk” 1)#‘(! +x)"‘f[§)
k

=0
where x € [0, o) for p = 0, the operators reduced to Baskakov operators.

By slight modifications by Lenhnoff, May“, the following operators

> k
(1.4) @y O D T Pk, x)f(;]
k=0
where ¢ is a real number and
k
- nx (nx) _
e 0 c=0
(1.5) Pu k(e X) = "
k+—-1 (cx !k
c o c#0
ko] +ede’
We note that the cases ¢ = -1, ¢ =0 and ¢ = 1 give the well known operator

Bernstein, Szdsz, Mirakian and Lupas respectively motivated by Derriennic’, Sahai A.
et al.8, studied the following modified Lupas operators defined for functions integrable on
[0, ) as

(16) M@ = 6 - D S us® [ Pi DO D
k=0
where 0
n+k-1 tk
(17) ¥ pn,k(t) & ( k ) (1 + t)n+k

In the present paper we study the following operator

(L% +pf)(x)

x _’1 k
(1.8) (E_erfj(x):c(ﬂer_ljzc+p+k—1 (e}
c c k=0 k (1 + cx)z+l7+k
“(n k
Ic+p+k—]_____(c_t)n_____f(t)dt
0 k a+ ct)?“”k

by putting p = 0 in (1.8) we get
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Bik=1 (cx)f

(1.9) (Lﬁ f)(x) = c[ﬁ — 1) z c ;
e’ ¢ sl ok Ja+ene
| N N
0 kg +enett

By putting ¢ = 1 in (1.9) we get the operator due to Sahai, A. et al®. Again, by

putting ¢ = 1 in (1.8) we get the following operator.
. (n +p+k- 1),__(£L_E
n+p+

(10 (L% +pf) o = l)kgo k 1+ x)

j(n+p+ k- 1)—4%%&7f(t)dt’
0

4
k 1+

which is extension of the operator due to Sahai A. et al.% and an integral analogue of the

operator (1.3) due to F. Schurer.

2. Basic Results

In this section we write some basic results to prove our theorems.

Resuit 1
For n = | one obtains,
Q2.0 Ln, 1)@ =1
P P
n
22) ( g+pt)(x) = — (e +pxs 1)
€ c(z +p-2)

Proof. Clearly
' « (n &
2 - (cx)
(Lﬂ+p])(X)=c[%+p_l)z C+p+k 1 cxﬂ+p+k
< =0 k A +cx)c

[o o]
h _ k
Ic+p+k 1 (ct)ﬁ kf(t)dt
0 k a+epe T
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= + k-1 (cx
(£+p \J(x)=c‘(%+p—l)z C+p L
e k ( +cx)c
j . +p+k 1 (ct)ﬂ fGydt
0 k (A +che

! *x® n S k
=42 _ Paprk-_ (e
—E(c+p 1)Zc Zip+k

— - 1 0
—+P+k-1) Ij (ct)" 4
—_— " [
k‘(—+P—l)‘ c 0 (1 + ct);+l7+k
L{—+p—1)z —+p+k—l __—_c_)_____l
k a -
where n
] — § @
) —(C+P+k D! lj (ct)k
y o=
k!(%»fp-l)! € (l+ct)c e
I = k+1D

2l+p-nC4r-2)
c C

c (n A pt+k-1
Ln, 1)) 7(’+P*l)2 c*P
o P 4 k=0 k

() k + 1)
A+ ee P Cep-DE+r-2)

o

1 1 - —+p+k—l (cx)
c————————n Z_: (k+l)
(;+P—2)’“° k a -+ CX)C



et Nl prk+] gcx)"‘ ‘
] k + Z C ™ e
(1 +cx)e k=0 k a+ cx);HH ‘
we know that
L cx P
24 QA +cx)e = = (l - cx)
. n
i2 D
) i( +p+k H! (CX)k
o g Bap-nr OF en)©
c

Differntiating (2.4) w.r. to x, we get
# (% +p+k-1)!

(p—+p)(l+cx)c+p—lc= S - c
¢ i k1 C4p- D!

P £
a + 0k (1 + ex)F+!

=§: ;+p+k—1 () k

e k (a+ ek x0+ cx)
w |77 _ k

@.5) c(l’c-+p)x=z Ztprkl Xy _
Sk Jasen e

Using (2.4) and (2.5) in (2.3) we get,

(2.6) (ng f)(x)=% - ! {c(%+p)x+ 1]
C

c
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- k-1
Ln, G-0\@=cC+p-DT|c™P" — e —
c p C k=0 k (1 +cx);+p+
[o2] n .
j;+p+k—l—’g:—t)7;‘—k(t—x)dt
g k a+c)e?”
< | N k
—+p+k-1 cX
(27) L!l_+p (t—x) (x):c(%+p_1)z c P —___-(__lﬂ_:_:;
. c k=0 k (1 +cx)c p
J‘z+P+k—l "“—‘gg%_p-;tdt
0 k A +ehe
o | N &
—+p+k-1 cx
_cx(%+p_1)z . TP ‘_4(~)ﬂ_+—+—k
k=0 k (1 +cx)c £
I%+p+k—l ___(_c_tlk_____dt
n
0 k a+enettrt

Using (2.6) and (2.1_) in (2.7) we get,

(L

a &- x)) ®) = (L

=+
cP

. t)(x) - x(Lﬂﬂ) 1)(x)

—n-——l——[c(ngp)x + 1} - X
C+p-2)
c

o3

o |—

——1—'——[1+2cx]

n
C+p-2),

Q |m=

1 +2cx
“n4+c(p-2)

1+2c¢cx

(28) (L _:_:t_:‘_*_p (t - x)) (x) = m
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Result 2
Let % +p>m+2
“+p+k-1 cXx
2.9) Tﬂ+pm=c(%+p—1)z ¢ P "’L')E’7
c 7 k=0 k (1 + cx)c+p+
®(n
;+p+k—-l (ct)k - " de
n
0 k (1 + ct)c+p+k
n '
(2.10) c(?qo-m-z)z"%ﬂw+l =x( + cx){T %epm +2m T%er,m_l}
+(m+ H(a + 2¢X)T2,pm
with ¢
2.11) Tu,, o=
otp
1 +2x¢
2.12 T =
@12) Lept ntcl -2
Proof.
Differentiating (2.9) w.rt. x
» (N - k(Z+p+h)
Tﬂ+pm - C(£+p"1)z 'E+P+k"1 P ___,(L(i)k_n__l-——___c_'f__‘;,_._—-—
i ¢ k=0 k (+exyet?tr (Q+ex)e P rr!
[o o] 9
n _ k
j’ c+p+k 1 ___iC_tln__,_l_c (t - "t
ol K a+enet’”
w (R k
n —+p+k-1 (cx
_C(E“Lp_t)z ¢ ? )ﬁ+ +k
L k (Q+cx)e ¥
j %+p+k—1 et m(t—x)"’“dt
n
0 k (1 + ct)c+p+k
~4+p+k
, 2| =+p+k-1 ck xk k c(Gtp+h
T'n =cC+p-DY|c Fo x (1+en)
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m ook et
0 N (A +che ’
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ol kg e ene™tE
© n k |
Jlerprht| - e T
0 koo jasenetHE =
n
' . = - -1
x(1 + cx){T%+p"" + mT%+p,m—l} c(c #8 =l
. (n _ k _k
Z c+p+k I ____(“_')E’_".___—k{k—xc(g +p)}
= k (1 +exye Pt
- &
I Baprk=1l__ 0 gmg
_’1
0 k (1 +ct)C+P+k~
» (1 k b
, B k-1 K x
—c(Z4p-nTlc’ (s cxyitpek
Sk Jarenet

(_H:k - c(—'cz + Py + c(% + P)t — xc(g + P)}

n k
;+p+k—l (<)) ¢ - X" dt

n
k a +ct)c+p+k
x (1 k k
n —+p+k-1 c'x
—e(grp-DT e E ek
=0 k (1 +cx)e ?

® W B
L2 -
ILk B C(g +P)t} C+P+k 1 (Ct!ﬂ+p+k ¢ - X)mdl
k (+che
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w [N k _k
n —+p+k-1 c'x
+c(z+p—l)2cp C
k=0 k (1 +cx)e’?
o0
n _ k
IC(LZ""p} c+p+k 1 -———Lc‘t)—ﬂ——;(t—x)"H'ldt
0 k A +enett?
n
n ST Hp+k—1 ck xk
=c(;+p—1)2cp — .
k=0 k (A +enectPt
0
n _ k
[[e e[z p)er? ot | - ora
0 k A +ecyc??

n
+c|—+P|Tn
c z+p,m+1

n
x(1 + cx)[T'n +mTn -c|—+p|T,
—+p.m —+p.m- ¢ —+p,m+1
c ¢ c

< (R _ k Kk
=c(P+p-DY A Ik"cﬁ+p’
c zp 2ip+k c
k=2 k (1+Cx)cp 0

n B k
c+p+k 1 Ag%——(t—x)’"dt
k ( +cyetPrE

ﬁ+p+k—l (ct)k
< n
=+P+k

k Q+ecne

lim 0 =
‘E+P,/€()

then we can write on

(G +erp OG- aCpdpn, O

: n
x(1 + cx){T 5 s T T%w,m} - c(cﬂ?] T%mmﬂ

= (n _ k
:c(-zl+p_]jzc+p+k1__._(_€£)___

Tip+k

k=0 k (+cpe
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42
0
, _ n
Jra + enprn, @€ - mfd
0 c
= (R _ K
R R powc =
k=0 k a+ cx)c+p+k
© L ]
j[(l +2¢x) (t—x)+c(t—x)2 + x(1 +cx)]p’,, @O - m"at
B ;+p,k
= —(m+l)(l+2cx‘4)T%+p,m—c(m+2)T%+p,mH—mx(l+cx)T%+p’m_‘
x(1 +cx){T'%+p’m + mT%er,m_l} + (m+ 1) +2cx)T'ﬂ+p’m_]
&
+mx(1+cx) Ty, ={C(£+P—m—2)i\Tn
2pm—1 c “+p.m+1
¢ c
_ 1+2cx
ﬂ+p 1 - n
¢ C(—+P—a
and ¢
, 3 2
£+p1— 4
c c(;+p—2)

In particular by putting m = 1 in (2.10)

c(2+p-3)T", =x(1+cx){T'n + 2T, }
c —-+p,2 —+pl Z+n0

¢ c

+ @A +2e0)T',
—+p,1
c

5 (1+2c0)(+2x) [ 1 +2¢ex

+2.1 n -
c(—c—+p—-2) c(;+p—2)

=x(1+cXx) .
C(;+p-2)

n
(C+p-D N 21 +2cx)P

= 2x(l+cx) "
c(Zep-2| e( +p-D
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n
21 +cx)(—+p-1
2.13) ¥ :__(_,_)_(_E_f_-_)— . 2(1+2cxy

ep? 2 Rep-D(GHp-d A(2+p-2) (G +p=D)

ey
C+P, n

T, :_______,_2,_————————[cx(l+cx)(%+p——1)(l+2€x)2]

Pt 2Rap-0 (G-

and

(2.14)

i)
=
1

n
2(—+p-3)
”——c”‘—“'[cx +coxt + czxz]

21 _ o
c(c+p (,+p 3)

1l

n
2(;+p—3)
" ——’n’“‘cx i +cx]
HE+p-2( +pP-I

i

2(%+p—3)x(1 +cX)

s

20 _75_ _
A(Lrp-2) (L +p-3)

(2.15) = My p @ (say)

3. Main Results

Theorem 1. If a function " is such that its first and second order derivaties are
bounded in [0, ®); then

G.1) lim {n +elp - 2)}{(Lﬂ+p f)(x) -f(x)}

n—>®

=f'0 + 2ex) +x(1 + cx)f"(x)

Proof. Using Taylor’s theorem we write that

L !
(=2 gy + E53n0 9

(3.2) f@) - f@ =@ -0f "(x) + 21

when n(, x) is a bounded function V7, x and
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lim n@, x) =0

t—»X
Now,'applying (1.8) and (3.2), we get,
(L% s f) () - f() (L% ! )(x)
= f'(x) (L% +p(t - x))(x) + L% (L,_c,+p(t - x)Z)(x) + 14
where

Iy = %(anu - 2P0 9

Using (2.1), (2.12) and (2.13), we get,

—— = £ . x)
(L%+p+f)(x) @ = f@Tn,, * g T, h

N n 1 + 2xc ()
(L%”;L f)(x) /@ —f(x)[n+c(p_2)] 2

n
x(1 + cx)(z+p—1) a + 20x)2
+ + I

ARrp-(Lep-3)  SCrp=D(Grp=D)

[n+ece- 2)]{@“0 f)e - S} = £@ 0+ 29 16

(Z+p-1 2

¢ 5 Lt 22 +{n+c(p—2)}13,
n n

c(;+p—3) c(;+p—3)

x(1 +¢x)

— 0. Let

Now, we have to show thatas n — =, the value of {n + c(p - 2)}15
x|

g > 0 be given since n(t, x) — 0 as  — 0, then there exists 8 > 0 such that when | ¢ —
< & we have | n(¢, x) | <€ and when |t —x| 28, we write

2
In@ x| <M. 1 §MQ_235£)_

Thus, for all £, x € [ 0,0 ) we can write

2
In@ x)|<e+ M U _Szx)
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{n+c(p—-2)} ‘13\ £ [”JfC(P“2)]{L£+p(t#x)2[a+y_g5—;—x)—2)}(x)

{n+c(p,—2)} BE 8[n+c(p—2)](L%+p(t_x)2)(x)

At _ a4
+ ‘8”2 (n te(p 2)) (L%+p(z %) )(x)
Now, using (2.13) and (2.14) we see that, as n —

{n+c(p-—2)}\13‘ >0

Thus, we get

lim {n+ct- 2)}{(Lg+p f)(x) —f(x)}

n—»®

=) +2x) +x(1 + cx)f"(x)
This completes the proof.

Remark. By puttingc=1, p=0 in (3.1), we get this following result.

tim 7 {(L, X - J@) = +2x) + x1 +3) fr®)

n-—»®

which is due to Sahai A.‘, et al.

Theofem 2.lfg € C; [0, ) then we have

(33) L, g\®-gW| <k, , Mzl &
Zap P B
1 +2 1
where Mppc® = max{n +c+ px— 2 ’—z_“n.p,c(x)}

Proof. We write that
 : 1 rt
34 gD gt = (¢ - NgW + 5 - ' E'E
where £ lies between ¢ and x

Now applying (1.8) on (3 A4) we write

(L§+p g)(x) -g®

; el \(L%ﬂ, - x))(x)

(ch_ﬂ, ¢- x)z)(x)

+2lg”
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Now using (2.12) and (2.13) we see that

! (L’—’+p g)(x) - W

‘ + 2.\' , “n‘ 3. C(.Y) o
nrep oy g Il

A

IA

Pncp OGN+ 18711 < 2 @i
K

Theorem 3. For f ¢ CB [0, ©) one obtains

l (Lﬁwf) ® -/ < 24 {mz(f, —n—p-c——“‘(*')]+min [11—"’5] Iflle, )

2 2

where constant 4 depends on fand A, e (x).

Proof. For f € CB {0, ®)and g € CZ {0, ) we write
C

L,y DO = la, Nl , )@

+ (L:_7+p g) ) -gx)+gkx)~1(x)

c

'(Lg+p HNE -1 < KL%*“P )] (X)—(ng g) ()l

+ I(ng g)()-gW)l + 1g(x)-f()| Using (3.3)

£ ||Lr_c1+p S-gl + l,,,p,cllgﬂci + 1/ - gl
S2f-glh+ 2, , Mgl 2
f npc g Q
1
g 2{Hf—gll + S hp @il C‘,,}
Using Peetre X functions
1
< 2K{f;57\”‘pgc(x)}
A
< 24 {OJZ(f, —-)\‘L-f;-ﬂ(—xz + min (l,_n";ﬂjﬂflch}
This completes the proof.
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