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Abstract: In the present paper, | have introduced the concept of fuzzy
anti n-inner product function on a linear space and discussed its
properties. Fuzzy anti n-inner product has been defined relative to
fuzzy anti n-norm. Lastly Parallelogram law and polarization identity
has been proved.
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1. Introduction

Majumdar and Samanta® were the first to define fuzzy inner product
function on a linear space and discussed properties of fuzzy inner product
function. They also induced a fuzzy norm from the fuzzy inner product
function and derived several results. Sinha, Mishra and Lal* introduced the
definition of fuzzy anti inner product space. and proved parallelogram law
and polarization identity on fuzzy anti inner product space. In 2007,
Vijayabalaji and Thillaligovindan * introduced the concept of fuzzy n-inner
product space.

Here, | have introduced the concept of fuzzy anti n-inner product space
and established some theorems on fuzzy anti n-inner product space in the
present paper. | have also proved parallelogram law and polarization
identity on fuzzy anti n-inner product space.

2. Preliminaries

This section contains some definitions and preliminary results which
will be used in this paper.
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Definition* 2.1: Let X be a linear space over a real field F. A fuzzy subset
N* of XxXX...xXxR such that x,X,,..... X, yeXand ceF is

17 720

called a fuzzy anti n-norm on X if and only if it satisfies,

(Fa-nN1) For all te R with t <0, N*(X,, X, 000, X, ) =1

(Fa-nN2) For all teR with t>0, N*(x,X,,...., X ,t)=0if and only
ifx, X,,......, X, are linearly dependent.

(Fa-nN3) N*(x,,X,,......, X, ,t) is invariant under any permutation of

X,y Xy yeveeeny X, -

(Fa-nN4) For all te R with t>0, N*(x,%,,......,cx,,t)

(Fa-nN6) N*(x,X,,...., X,,t) is non-increasing function of teR and
MmN (X, X, ey X, 1) =0

t—o

(X, N*) is called a fuzzy anti n-normed linear space.

Following condition of fuzzy anti n-norm N~ will be required later,
(Fa-nN7) for all teR with t>0, N*(X,X,...., X,,t)<1 implies
that x, x,,......, x, are linearly dependent.

N (X, X, peeenny X, 1) = P % % ,whent>0, teR,
t X, X, e X,
X3 Xy pereeey X, € X
=1, when t<0,x,X,,...., X, € X

Then (X, N ) will be a fuzzy anti n-normed linear space.
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Theorem® 2.1: Let (x N*) be a fuzzy anti n-normed linear space, if we
assume that for all t>0, N* (1, Xy yenenes ,xn,t)<1 implies thatx, X, ,......, X
are linearly dependent

Define, [, X, ...

C=inf N X e X, 1) <@ € (01)) is called

oo...9 1ae(0)) } is a decreasing family of « -n-
norm on linear space X .

a - n-norm. Then {

3. Fuzzy Anti n-Inner Product Space

In this section, | have introduced the definition of fuzzy anti n-inner
product space and discussed its properties.

Definition 3.1: Let X be a linear space over the field C of complex
numbers. Let x4 : X™ xC —[0] be a mapping, such that the following
conditions hold,

(Fan-1P1) Fors,teC,
1 (XA X YKy ey X[t +[S]) < max{y*(x, Y|X, e X, ),,u*(x',y|x2,....,x
(Fan-1P2) For s,tC,

(X, Y%y e X, [SE) Smax{,u*(x,x| X, yovens n,s|2) *(y YKo e X, 2)}
(Fan-1P3) For teC,u*(x,y|x2, o X, ) = u(y,X| PRLIY n,t),

)

(Fan-1P4) u" (ax, y|x2,....,Xn,t)=,u*(x, y|X2,....,Xn,L|], a(z0)eC, teC
a

(Fan-1PS) Forall teC, 4 (X XXy, X,,t) =1,V teC\R®

(Fan-1P6) y*(X,X|X2, . X,,t) =0, for every t >0, iff and only if x,x,,...., X,
are linearly dependent.

(Fan-1P7) ,u*(x,x|x2,....,xn,o):R—)[O,l] is a monotonic, non-increasing
function of R and

lim " (x, XX, X, 1) =0 @S t —>00.

t—o>o

Then " is said to be fuzzy anti n-inner product (Fan-IP) function on X
and the pair (X, N *)is called a fuzzy anti n-inner product space.
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Example 3.1: Let (X,(o,o|o ....... .)) be an n-inner product space. Define a
function 4" : X™ xC —[0]]

=1 vte(C\R')u{0}and V linearly dependent X...., X,y € X

and V linearly dependentX,...., X,y € X
Then 4" is a fuzzy anti n-inner product function.

Proof : (Fan-IP1) If at least one of [t| and |s| is zero, then the result is
trivial. Consider the case when none of [t| and |s| is zero.
Let us assume, without loss of generality, that

y*(x, AR xn,|t|)2 ,u*(x’, Y[ Xy s X, s)
Kx, AL xn> <x’, Y%, xn>
|t|+‘<x, Y [ X, e X, >‘ S|+ (X', Y [ Xy 00 xn>‘
|t|+‘<x, Y[ X X, )8+ (X Y [ X X, )
Kx,y|x2 ...... X,) Kx Y [ X, e x>‘
= |t| +1< |S| +1
‘<x,y|x2 ...... xn> ‘<x',y|x2 ...... xn>
ok ;
Kx AL x>‘ (X, Y[ X, 0o x>‘
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‘x Y%, ‘_||‘xy|x ...... x>‘
:>‘<x,y|x2 ...... xn>+‘<x’,y|x2 ...... xn>s‘<x,y|x2 ...... xn>
+ %.Kx,ﬂxz ...... xn>
:>‘xy|x ...... ‘ ‘x Y[ %, .- >‘ {1+H]‘<xy|x ...... x>‘
:>‘<x+x’,y|x2 ...... xn>s‘<x,y|x2 ...... xn>+‘<x’,y|x2 ...... xn>
_[1+ %J Kx Y | Xppeenns X >‘
:>‘<x+x’y|x2 x>‘g[|t||‘:|| |j ‘<xy|x2 ...... x>‘
‘<x+x AL xn>‘ Kx Y [ Xy ey X >‘
t]+] t
M Hew
Kx VAR x>‘ ‘<x+x VAR x>‘
= |t| +1< |t|+|s| +1
‘<x,y|x2 ...... xn>‘ ‘<x+ XY | Xy peees xn>‘
|t|+‘<x,y|x2 ...... xn>‘< |t|+|5|+‘<x+x’,y|x2 ...... xn>‘
‘<x,y|x2 ...... xn>‘ - ‘<x+x',y|x2 ...... xn>‘

y*(x,y | xz,....,xn,|t|),
1 (XY | X X, 8])

:>y*(x+ X,y | xz,....,xn,|t|+|s|)s max{
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(Fan-1P2) If at least one of |t| and |s| is zero, the result is trivial. Now,
consider the case when none of [t and |s| is zero. Let us assume, without
loss of generality, that

s|2)2,u’"(y,y|x2 ...... X,

/,z"(x,x|x2 ...... X,

N 2‘<x,x|x2 ...... xn>‘ N 2‘<y,y|x2 ...... xn>‘
ls| +‘<x,x|x2 ...... xn>‘ t| +‘<y,y|x2 ...... xn>‘

‘<x,x|x2 ...... xn> ‘<y,y|x2 ...... xn>
2 2

= |S| +1< |t| +1

‘<x,x| X, ey X >‘ Ky Y [ Xy e X >‘
o i

Kx X | X, ey X >‘ ‘<y,y|x2 ...... X >‘
_ i ) i

Kx X | X, e X>H<X X | X, e x>‘ ‘<x,x|x2 ...... X>H<y AL x>‘
L i

Kx X[ Xgreeo % )| XX XY X X
I S

Kx X [ Xy X )| XKoo XY X X

Taking square root on both side

:> s sl st

Kx X [ Xp e xn> 1%, X ey X [ [[ Y5 Xreves X | Kx AR xn>
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W LM
Kx, X [ X, peeees X, >‘ Kx Y [ X, ey X, >‘
= |S|2 +1< |St| +1
Kx, X | Xy yereey X, >‘ Kx Y| Xy e X, >‘
|S|2 +‘<x,x | X, e xn>‘ § |st|+‘<x,y | Xy peenes xn>‘
Kx, X | Xy yereey X, >‘ Kx Y| X, e X, >‘
_ sz,x [ X, eenr xn>‘ g Kx,y [ X, eens xn>‘
8 +‘<x,x [ Xy X, >‘ |st|+‘<x, Y [ Xy e X, >‘
:/,["(x,x|x2 ...... X, 32)2 /,z*(x, Y| Xyreeees X, st|)
= y*(x, Y%, |st| < max{ (x, X | Xy peeee xn,|s|2)/[‘(y, Y| Xy

(Fan-1P3) forteC It| =t

T
|t|+‘<y,x|x2,...xn>

) ny|x >

[El+ iy x T x0m0,)

4 (]

=15 (XY [ Xy Xo0t)

(Fan-1P4) «(#0)e C,Consider the following cases:

Case (i) If t(20)eC, Xyurenry X,,Y are linearly independent. Then:

(a) If<x, Y | Xy e xn> =0,then

265
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Kx,y | X, 1evee x>‘

t
|Ll||+‘<x,y|x2 ...... x>‘

(0) If (X, [%y0me X, ) £ 0, then o,y [ X,e X, ) = at(X,

a#0

KX, Y | Xy ey X, 1) =

Case (iii) te(C \ R*)u{o} ,V linearly dependent X, X,

,i]=1
a

..... X., Y € X, then

t]:l
a

H(OX, Y | Xy X0 1) = y*[x, Y [ Xy xn,—|
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Case (iv) Let teR"\{0}, If X,X,,...., X,, Y arelinearly dependent then,

) Kax Y | Xy X, >‘ |a|.‘<x, Y | Xy X, >‘
V% )= =
(X, Y | Xy g X, 1) 4y [ X, )+l (XY [ X %)

(Y X, )

oy [,

]

= 1 -0 ast—ow

i
Kx, Y[ Xy X, >‘

+1

Thus it is monotonic non-increasing.
Hence (X,y*) is a fuzzy anti n-inner product space.

267
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Theorem 3.1: Let x* be a fuzzy anti n-inner product on X . Then the
function N*: X" xC —[01] defined by
N* (X, Xy yevvene ,xn,t):y*(xl,xl‘xz, ...... ,xn,t"), VteRand t>0
=1, VteRand t>0
is a fuzzy anti n-normon X .
Proof: (Fa-nN1) VteR with t<0, N*(x,,X,,...... x,,t)=1
(From definition) (Fa-nN2)

vteR with t >0, N* (X, Xy,....., X t):y*(xl,xl‘xz, ...... X t”)

this implies that x, x,,......, X are linearly dependent [ by (Fan-1P6)]
(Fa-nN3) By definition it is clear that N(X.,X,,......, X,,,t) is invariant
under any permutation of X;,X,,......, X, .

(Fa-nN4) ForallvVteR witht>0 and c#0

N (CX,, €y ey Oy 1) = 21 (€X,, Xy [Xy ey €, 1)

[ by (Fan-IP3), (Fan-1P4)]
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. t
=N {xl,xz, ...... , xa]

(Fa-nN5) It has to be proved that vV s,teR and X, X0, X 1, X, Y € X

N (X Xgrevee Xy, i t)

Consider the following cases
@ stt<0 (b)s=t=0 (c) stt>0,s5s>0,t<0,
ors<0,t>0, (d)s>0,t>0s+t>0

For (a), (b) and (c) the results are obvious. For (d),

N (X + Y, Xy, Xgporeeny X, g, X, S +1) = y*(x+y,x+y|x2, ..... : n,(s+t))

= MaX{N (X, Xy1uvrees X5 S) N (Y, Xy X, )]

(Fa-nN6) N*(Xl,xz, o X ) u (xl,xl|x2, 4 X,,#) from (Fan-IP7) is a
monotonic non-increasing function of R and tends to0 as t — co.
Theorem 3.2: If x4 and g, are two fuzzy anti n-inner product on X,
then u* = max{/,zl*,ﬂ;‘} is a fuzzy anti n-inner producton X .
Proof: (Fan-1P1)
m(x+x,y | x2,...,xn,|t|+|s|),}

L(XHEXLY | Xy X[t 4]S]) = max
( [ t+1sl) {y;(x+x’,y | Xpueens X t] +]5])
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max[ﬂf(x,y | Xy Xpalt])s 28 (X0 Y | X X,0]]) } ,
<max
max[y;(x,y | Xgeee X)) 185 (XY | Xgeme X ] }

oy D) 46 D) ]
max| 4 (XY | XuemXoul8]), 5 (XY | %0 Xosf8]) |

S

),y"(x’,y|x2 ..... X, )]

1 (XY | X Xoult]) }

M (XY [ XX

= max{p’ (%, Y | Xy, X,

=4 (x+X,Y | xz,...,xn,|t|+|s|)smax{

(Fan-1P2) For s,teC,

st) ]
Smax{ max[,uf(x,x | xz,...,xn,|s|2), ,uf(y,y | xz,...,xn,|t|2) } }

max[ ﬂ;(x,x | xz,...,xn,|s|2), u;(y,y | Xz,---’xn’|t|2) J

st|), 7y (x, Y| X0 X,

st]) = max(, (%, ¥ [ %100 X,,

oy 5t

)

t

:max[y’"(x,x|x2 ..... x,sz),y*(y,y|x2 ..... X,

n

(Fan-1P3)
i ot )= et ) 1 )]
:max[yl’“(y,x|x2,...,xn,f),y;"(y,x|x2 ..... xn,t)]

=y*(y,x|x2,...,xn,f)

(Fan-nIP4) For a#0,
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=1, VteC/R'

(Fan-1P6)  Follows from the definition.
(Fan-IP7) We know that if yi(x, y‘xz...,xn,O)and ,u;(x, y‘xz...,xn,O)are

monotonic non -increasing in R and tends to 0 ast —oo, so also is
max {y’;, u;}. Hence the result follows.

Theorem 3.3: (i) Forx,y,ze X and t,s eC,



272 Parijat Sinha

(i) ForAeC and A #0,

. t
:y(y,xx2 ...... xn,ﬂ}
= 4| X, Y|X X L
=1 X, Y|X, e, “Ti
:,u*(/Ix, Y[Xg ey X t)

(by Fa-nIP6)
and
(3.2) ,u*(x, Y[ %, X, ,t)sl

Hence the results follows.
Further, assume that " satisfies the condition :

(Fan-IP8) ,u*(xl,xl‘xz,....,xn,t2)<1:>xand yare linearly independent
Definition 3.2: Let (X,,u*) be a fuzzy anti n-inner product space
satisfying (Fan-IP8) , Vo e (0,1),

;:/\{t >0:u*(x1,x1|x2 ...... xn,t2)< a,ae(O,l)} is called the & -n-norm

on X generated from z”
(Fan-IP9) for all Xx,ye X and p,qeR,

inf{,u*(x+ Y, X+ Y% e xn,2q2),,u*(x—y,x—y|xz ....... xn,2p2)}
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sinf{,u*(x,x|x2, ..... ,xn,pz),y*(y,y|x2, ..... ,xn,qz)}

Theorem 3.4 : (Parallelogram Law) : Let 4" be a fuzzy anti n-inner

product on X , satisfying (Fan-1P8) and (Fan-IP9). Let & <(0,1) and
—

n
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be the a -n-norm, generated form the fuzzy anti n-inner product
u"on X . Then

[X= ¥, % s X, ;2

X+ Y, Xy ey X

A :2(“x, X oo X ||

Proof: We have, [x—y,X,,...., X ;2

*2)
a )"

=inf{t*:teR" and N" (X ¥, X,,.o0, X, ) <t

+inf{s*:seR" and N" (X+Y,%,,.... %, t) <@}

Where N~is the fuzzy anti n-norm induced from z".

_f{t2+s ‘t,seR" and N (X =Y, %,,...., xn,t)<a,}
=in

|t +stit,seRT and N (X =Y, Xy X, 1)
(3.3) =inf
ANT (X4 Y, X e X ) <

Also,

=2inf{p*: peRand N (X,X,,.... X, p) <t}
+2inf{q*:qeR" and N" (Y, %,,.....%,,0) <t}

(3.4) it p>+9>:p,geR*and N*(X,X,,..... X,, P)
' AN (Y, X000y X0, 0) < @

Now by (Fan-1P9)
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*2 *2
gt [ Yt |
(3.5) .
<2 X [y X
Again,
X+y X-y y 2
; . > o X |,
[% X oo X+ [|Ys X X[ = Y
X+Yy X—Yy
o T e X
1 . .
=EQ|(X+ Y)+ (X = Y) Xy X[+ [(X+ Y) = (X = ¥), Xy X, ;)
2—[||x+ Yo Xy oo X, ||0[2 H|X =YXy s xn||1:2 +2[X+ Y, X X, ||a
X = Y2 Xy v X |
[y +% Xy eees xn||12 [X =¥, %pueens xn||;2 = 2|y + X, X, .. Xn”;
[X =y, %, xn||;
2—x2[||x+y Xy oees Xo [+ [X= Yi Xy X, ;]

(36) X=X X Xt VXX 2 2( [ X X 4 1Y X )

From (3.5) and (3.6) we get,
Therefore
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*2]
Theorem 3.5 : Let (X ,u*) be a fuzzy anti n-inner product space. If

y"(x,y|x2 ...... xn,t):y*( LYIX ey xn,t) for all ye X then X,......, X,,Yare
dependent.

mx, X, X[

a

X[+ X+ Y Xy X[ =

Proof: By definition,

= max {,u*(x, y|x2,....,xn,t),,u*(x Y
= maxu*(x, Y|Xg s xn,t)
SO Xyereeeny X,, Y are dependent.
Theorem 3.6: (Polarization identity): If X,Y,X,,...., X, are the
elements of the fuzzy anti n- inner product space (X ,u) then

4y*(x, y|x2,....,xn,st) =|x+ y,xz,...,xn||:;2 —[x =y, %, X, ||a2

- - *2 . . *
|| X+ 1Y, Xy xn||a —|||x—|y,x2,...,xn||a.

Proof : We know that,

X *2+in+iy,xz,...,an:—in—iy,xz,...,xn

1 Ag g A

[x+y,x

2""’Xn

= 1 (ot y b0t Y (5 b (X YD X Y, (5-07)
i (i e X i (i i )
((x+y) x+y xn,52+st+st+t2)

(

£ ((x=y),(x=y)|, ,xn,sz—st—st+t2)
y ((x+|y),(x+|y)| 2,...,Xn,32+st+st+t2)
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—igd ((x— )(x iy )| X, 10n00 Xy, 8° —St—St+17)

= u ( X 32)+ x y| 2,...,xn,st)+y (y,x|x2 ..... xn,st)
y (y y| X ) = (X XXy X, 57

—,u*(—y,x|x eeen X =St) = 2" (=¥, X[ X0y X, —S)
—,u*(—y,—y|x2,...,xn,tz)(x,iy|x2,...,xn,st)

+i;f(x,x|x2 ..... x,1,sz)+i,u*(x,iy|x2 ..... X,,st)
+iy*(iy,x|x2,...,xn,st)+i;f(iy,iy|x2,...,xn,tz)—i;f(x,x|x2 ..... xn,sz)
(X, AY[ X, e Xy =) = (1Y, XXy X, —SE)
W)

:y*(x X KXy ) 17 (X, Y0 Xy )+ 227V X000, 51

u
,u Y, Y| X xntz) ,u*(x,x|x2,...,xn,sz)

. st
U [y X[ %, ] U (y,x|x2,...,xn,—]
-1
Y%,

(y S Xt )+|ﬂ (x X[ %5, xn,sz)
(X|y| ..... X st)+|y(y XX, ey X, st)
Fig (i, 1y, e X ) iu (x x\ yrees X ,sz)

:y*(x,y|x2,...,xn,st)+y (y,x|x2,...,xn,st)— (x,y| 2,...,xn,—st)

1 (YK Xgsoon Xy =St +1a1” (X, Y] X000, 5

+iy*(iy,x\ X, . ,xn,st)+iy*(x,iy\ X, . ,xn,st)+i/[(iy,x\ X, e X,,51)
= 1 (X, Y[ Xy Xy SE)+ 2V X Xgene X SE) + 227 (X, Y] Xy 0 X, 1)

1 (Y X] X, X, SE) 2 (KT Y%, X, 1)

1 1,00 e X, U+ 122 (6 1Y X, 58 i, XX, 1)

+

—u
+ig
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y(x Y|, ,xn,st)+ﬂ*(y,x|x2, ,xn,st)+y*(x,y|x2, ,xn,st)

(Y, Y] Ko Xy St) HE () 7 (X, Y[ X0 X5t

)2 (Y X, S (6 Y X, SE I (VX e X, )
= (X, Y] Ky XS+ 22 (Y XX, 88+ 2 (X, Y]y, 5)

(Y X K XS 4 427 (X, Y] Koo X,

' (y, Xx XX, . xn,st)+y*(x,y\x2, JX,,st)- *(y,x\xz, X5t

= 4p(x,y\ Xy X, )

Hence the result.

w
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