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Abstract: In the present paper, I have introduced the concept of fuzzy 

anti n-inner product function on a linear space and discussed its 

properties. Fuzzy anti n-inner product has been defined relative to 

fuzzy anti n-norm.  Lastly Parallelogram law and polarization identity 

has been proved. 
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1. Introduction 

 

 Majumdar and Samanta1 were the first to define fuzzy inner product 

function on a linear space and discussed properties of fuzzy inner product 

function. They also induced a fuzzy norm from the fuzzy inner product 

function and derived several results. Sinha, Mishra and Lal2 introduced the 

definition of fuzzy anti inner product space. and proved parallelogram law 

and polarization identity on fuzzy anti inner product space. In 2007, 

Vijayabalaji and Thillaligovindan 3 introduced the concept of fuzzy n-inner 

product space.  

 Here, I have introduced the concept of fuzzy anti n-inner product space 

and established some theorems on fuzzy anti n-inner product space in the 

present paper. I have also proved parallelogram law and polarization 

identity on fuzzy anti n-inner product space. 

 

2. Preliminaries 

 

 This section contains some definitions and preliminary results which 

will be used in this paper. 
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 Definition4 2.1: Let X  be a linear space over a real field .F A fuzzy subset 
N  of  XXX ...... R  such that Xyxxx

n
,,......,,

21
and Fc  is 

called a fuzzy anti n-norm on X  if and only if it satisfies, 

  

(Fa-nN1) For all Rt  with   1,,......,,  ,0
21

  txxxNt
n  

(Fa-nN2) For all Rt  with   0,,......,,  ,0
21

  txxxNt
n

if and only 

if
n

xxx ,......,,
21

 are linearly dependent. 

(Fa-nN3)  txxxN
n
,,......,,

21

 is invariant under any permutation of 

n
xxx ,......,,

21
 . 

(Fa-nN4) For all Rt  with ,0t   1 2, ,......, ,nN x x cx t  

1 2, ,....., ,    if  0n

t
N x x x c

c


 

   
 

, 

(Fa-nN5) For  , Rts   with ,0 t  

        1 2 1, ,....., , ,n nN x x x x y s t

    

           1 2 1 1 2 1max , ,..... , , , , ,..... , ,n n nN x x x x s N x x x y t 

   

(Fa-nN6)  txxxN n ,,....,, 21

  is non-increasing function of  Rt  and  

  0,,....,,lim
21

t



txxxN

n
 

 NX ,  is called a fuzzy anti n-normed linear space.  

 Following condition of fuzzy anti n-norm 
N will be required later, 

 (Fa-nN7) for all Rt  with   1,,......,,  ,0
21

  txxxNt
n

 implies 

that
n

xxx ,......,,
21

 are linearly dependent. 

 

Example4 2.1: Let   ,.....,,,X  
 
be n-normed linear space. Define  

  txxxN
n
,,......,,

21

 =
n

n

xxxt

xxx

,......,,

,......,,

21

21


, when ,0t  Rt , 

Xxxx
n
,......,,

21
 

                              = 1, when 0t , Xxxx
n
,......,,

21
 

Then  NX ,   will be a fuzzy anti n-normed linear space.  
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Theorem
4
 2.1:  Let  NX ,  be a fuzzy anti n-normed linear space, if we 

assume that for all ,0t   1,,......,,
21

 txxxN
n   implies that

n
xxx ,......,,

21
 

are linearly dependent. 

Define,  )1,0(,),,....,,(:inf,....,,
2121

 




txxxNtxxx
nn  

is called 

 - n-norm. Then   )1,0(:,.....,, 



  

is a decreasing family of  -n-

norm on linear  space X . 

 

3. Fuzzy Anti n-Inner Product Space 

 

In this section, I have introduced the definition of fuzzy anti n-inner 

product space and discussed its properties. 

Definition 3.1:  Let X  be a linear space over the field C  of complex 

numbers. Let ]1,0[: 1  CX n  be a mapping, such that the following 

conditions hold, 

(Fan-IP1) For ,, Cts   

    sxxyxtxxyxstxxyxx
nnn
,,....,,,,,....,,max    ),,....,,(

222
     

 (Fan-IP2) For   ,, Cts   

    2

2

2

22
,,....,,,,,....,,max  ),,....,,( txxyysxxxxstxxyx

nnn

    

 (Fan-IP3) For  ),,,....,,(),,....,,(,
22

txxxytxxyxCt
nn

    

 (Fan-IP4) CtC
t

xxyxtxxyx
nn















    ,)0(   ,,,....,,),,....,,(

22



  

 (Fan-IP5) For all    ,Ct  
  RCttxxxx n \  ,1),,....,,( 2  

 (Fan-IP6)  ,0),,....,,(
2

 txxxx
n

 for every 0t , iff and only if nxxx ,....,, 2  

are linearly dependent. 

 (Fan-IP7) ]1,0[:),,....,,( 2  Rxxxx n  is a monotonic, non-increasing 

function of R  and   

                        

                           0,,....,,lim 2 


txxxx n

t
 as t . 

 

Then  is said to be fuzzy anti n-inner product (Fan-IP) function on X  

and the pair  NX , is called a fuzzy anti n-inner product space.  
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Example 3.1: Let    ,.....,,,X  be an n-inner product space. Define a 

function ]1,0[: 1  CX n    

   
n

n

n

xxyxt

xxyx
txxyx

,....,  ,

,....,  ,
),,....,  ,(

2

2

2

*


  0\ Ct   

and linearly independent Xyxx n ,,....,  

             1  for 0t  and   linearly  independent Xyxx n ,,....,  

               1    0\   RCt  and   linearly dependent Xyxx n ,,....,  

              

,
,....,  ,

,....,  ,

2

2

n

n

xxyxt

xxyx


   0\  Rt  

and   linearly dependent Xyxx n ,,....,  

Then *  is a fuzzy anti n-inner product function. 

 Proof : (Fan-IP1)  If at least one of t  and s  is zero, then the result is 

trivial. Consider the case when none of t  and s  is zero. 

Let us assume, without loss of generality, that 

 

   sxxyxtxxyx
nn
,,....,  ,,,....,  ,

22
    

 

n

n

n

n

xxyxs

xxyx

xxyxt

xxyx

,....,  ,

,....,  ,
 

,....,  ,

,....,  ,

2

2

2

2







  

 

n

n

n

n

xxyx

xxyxs

xxyx

xxyxt

,....,  ,

,....,  ,
 

,....,  ,

,....,  ,

2

2

2

2







  

 

1
,....,  ,

 1
,....,  ,

22






nn
xxyx

s

xxyx

t
 

 

nn
xxyx

s

xxyx

t

,....,  ,
 

,....,  ,
22


  
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nn
xxyx

t

s
xxyx ,....,  ,. ,....,  ,

22
  

2 2 2

2

x,   ,...., ,   ,...., x,   ,....,

 . ,   ,....,

n n n

n

y x x x y x x y x x

s
x y x x

t

  


 

nnn
xxyx

t

s
xxyxxxy ,....,  ,   1,....,  ,,....,  x,

222 












  

 

2 2 2

2

,   ,...., x,   ,...., ,   ,....,

1    ,   ,....,

n n n

n

x x y x x y x x x y x x

s
x y x x

t

    

 
   
 

 

 

nn
xxyx

t

st
xxyxx ,....,  ,   ,....,  ,

22 











 
  

 

t

xxyx

st

xxyxx
nn

,....,  ,
  

,....,  ,
22





  

 

nn
xxyxx

st

xxyx

t

,....,  ,
  

,....,  ,
22




  

 

1
,....,  ,

  1
,....,  ,

22







nn
xxyxx

st

xxyx

t
 

 

n

n

n

n

xxyxx

xxyxxst

xxyx

xxyxt

,....,  ,

,....,  ,
  

,....,  ,

,....,  ,

2

2

2

2







  

 

 
 

 

2

2

2

,   ,...., , ,
,   ,...., , max

,   ,...., ,

n

n

n

x y x x t
x x y x x t s

x y x x s












  
     

  
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(Fan-IP2)  If at least one of t  and s  is zero, the result is trivial. Now, 

consider the case when none of t  and s  is zero. Let us assume, without 

loss of generality, that 

 

           2

2

2

2
,,....,  ,,,....,  , txxyysxxxx

nn

    

 

  

   
n

n

n

n

xxyyt

xxyy

xxxxs

xxxx

,....,  ,

,....,  ,
 

,....,  ,

,....,  ,

2

2

2

2

2

2





  

 

     
n

n

n

n

xxyy

xxyyt

xxxx

xxxxs

,....,  ,

,....,  ,
 

,....,  ,

,....,  ,

2

2

2

2

2

2





  

 

     1
,....,  ,

 1
,...., ,

2

2

2

2



nn
xxyy

t

xxxx

s
 

 

     

nn
xxyy

t

xxxx

s

,....,  ,
 

,....,  ,
2

2

2

2

   

 

     

nnnn
xxyyxxxx

t

xxxxxxxx

s

,....,  , ,....,  ,
 

,....,  , ,....,  ,
22

2

22

2

  

 

     
2

2

2

2

2

2

2

2

,...., ,,....,,
 

 ,....,  , nnn
xxyxxx

t

xxxx

s
  

 

     
2

2

2

2

22

2

2

4

,....,,,....,,
 

 ,....,  , nnn
xxyxxx

ts

xxxx

s
  

 

 

Taking square root on both side, 
 

     

nnnn xxyx

st

xxyxxx

ts

xxxx

s

,....,  ,,....,, ,....,,

 
 

 ,....,  , 2222

2

   
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nn
xxyx

st

xxxx

s

,....,  ,
 

 ,....,  ,
22

2

  

 

     

1
,....,  ,

 1
 ,....,  ,

22

2



nn
xxyx

st

xxxx

s
 

 

     n

n

n

n

xxyx

xxyxst

xxxx

xxxxs

,....,  ,

,....,  ,
 

 ,....,  ,

,....,  ,

2

2

2

2

2





  

 

     
n

n

n

n

xxyxst

xxyx

xxxxs

xxxx

,....,  ,

,....,  ,

 ,....,  ,

,....,  ,

2

2

2

2

2





  

 

         stxxyxsxxxx
nn
,,....,  ,,,....,  ,

2

2

2

    

 

      2

2

2

22
,,....,  ,,,,....,  ,max,,....,  , txxyysxxxxstxxyx

nnn

    

(Fan-IP3)   for ttCt      ,  

 

        

 

 

22

2

2 2

2

2

2

,   ,..,,   ,..,
,   ,.., ,

,   ,..,  ,   ,...

,   ,...,
,   ,.., ,

,   ,...,

nn

n

n n

n

n

n

y x x xy x x x
y x x x t

t y x x x t y x x x

x y x x
x y x x t

t x y x x









 
 

 


 

 

(Fan-IP4)     ,0 C Consider the following cases: 

Case (i) If   ,0 Ct  yxx n ,,......,   are linearly independent. Then: 

(a) If n
xxyx ,....,  ,

2 =0,then  

 

0
,....,  ,

,....,  ,
),,....,  ,(

2

2

2

* 



n

n

n
xxyxt

xxyx
txxyx




  
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

















t
xxyx

n
,,....,  ,

2

*    

                      

                        

n

n

xxyx
t

xxyx

,....,  ,

,....,  ,

2

2







 

 

(b) If 0,....,  ,
2


n

xxyx  , then 0,....,  ,,....,  ,
22


nn

xxyxxxyx   if 

0  

  

n

n

n

n

n

xxyxt

xxyx

xxyxt

xxyx
txxyx

,....,  ,.

,....,  ,.

,....,  ,

,....,  ,
),,....,  ,(

2

2

2

2

2

*














  

 

                                
n

n

xxyx
t

xxyx

,....,  ,

,....,  ,

2

2







 

                                


















t
xxyx

n
,,....,  ,

2

*  

 

        


















t
xxyxtxxyx

nn
,,....,  ,),,....,  ,(

2

*

2

*  

 

Case (ii)  If t=0 and yxx n ,,....,,  are linearly independent, then  

 

                  1,,....,  ,),,....,  ,(
2

*

2

* 


















t
xxyxtxxyx

nn
 

 

Case (iii)        ,  0\ RCt  linearly dependent Xyxxx n ,,....,, 2 , then  

 

                  1,,....,  ,),,....,  ,(
2

*

2

* 


















t
xxyxtxxyx

nn
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Case (iv)  Let  ,0\Rt  If 
yxxx n ,,....,, 2  are linearly dependent then, 

 

n

n

n

n

n

xxyxt

xxyx

xxyxt

xxyx
txxyx

,....,  ,.

,....,  ,.

,....,  ,

,....,  ,
),,....,  ,(

2

2

2

2

2

*














  

 

                              
n

n

xxyx
t

xxyx

,....,  ,

,....,  ,

2

2







 

 

                              


















t
xxyx

n
,,....,  ,

2

*  

(Fan-IP5) 


 RC
xxxxt

xxxx
txxxx

n

n

n \ t     1
,....,  ,

,....,  ,
),,....,  ,(

2

2

2

*     

(By definition) (Fan-IP6)  Xyxx n ,,....,  are linearly dependent  

 

           0,....,,,....,  ,      
2

22


nn
xxxxxxx  

 

            

0
,....,  ,

,....,  ,
),,....,  ,(,0   

2

2

2

* 




n

n

n

xxxxt

xxxx
txxxxt   

 

(Fan-IP7)   Rt and 

n

n

n

xxyxt

xxyx
txxyxt

,....,  ,

,....,  ,
),,....,  ,(   ,0 

2

2

2

*


   

 

                                       

   0

1
,....,  ,

1

2







n
xxyx

t
 as t  

 

Thus it is monotonic non-increasing.  

Hence  *,X  is a fuzzy anti n-inner product space. 
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Theorem 3.1: Let   be a fuzzy anti n-inner product on X . Then the 

function ]1,0[:  CXN n

  defined by 

                 
   n

nn txxxxtxxxN ,,......,,,,......,, 21121

   , Rt  and 0 t  

                                            

Rt       , 1  and 0 t

  is a fuzzy anti n-norm on X .  

Proof:  (Fa-nN1) Rt  with   1,,......,,  ,0
21

  txxxNt
n

    

(From definition) (Fa-nN2)   

 

Rt  with 0t ,    n

nn txxxxtxxxN ,,......,,,,......,, 21121

    

 

this implies that 
n

xxx ,......,,
21

are linearly dependent [ by  (Fan-IP6)] 

(Fa-nN3)   By definition it is clear that ),,......,,( 21 txxxN n

  is invariant 

under any permutation of nxxx ,......,, 21 . 

(Fa-nN4)   For all Rt  with 0t  and 0c   

  

                    ),,......,,(),,......,,( 211

*

21

* n

nn tcxxcxcxtcxcxcxN 

  

 

                















c

t
cxxxcx

n

n ,,......,, 211

*    

                         

 [ by  (Fan-IP4)] 

     

 

                 















c

t
cxxxcx

n

n ,,......,, 211

*  

 

                 















2211

* ,,......,,
c

t
cxxxx

n

n  

                

       ,,......,, 211

*






























n

n
c

t
xxxx

    

         
[ by  (Fan-IP3), (Fan-IP4)]
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














c

t
xxxN

n
,,......,,

21

*  

 

(Fa-nN5)   It has to be proved that Rts  ,   and Xyxxxx
nn




 ,,,.....,,  
121  

 

                
 

 

1 2 1

1 2 1

1 2 1

, ,..... , , ,
, ,....., , , max

, ,..... , ,

n n

n n

n

N x x x x s
N x x x x y s t

N x x x y t





 



  
    

  

  

 

Consider the following cases 

(a)       s+t  < 0    (b)  s = t = 0   (c)   s+t > 0 , s > 0, t < 0,  

          or s < 0, t>0,  (d) s >0,t >0 s+t>0 

 

For (a), (b) and (c) the results are obvious. For (d), 

 

    n

nnn tsxxyxyxtsxxxxyxN  



 ,,.....,,,,,.....,,, 2132 
          

                              n

n

n

n txxyysxxxx ,.....,,,,,,.....,,max 22

   

  

[by (Fan-IP1), (Fan-IP2) and by using induction hypothesis]

  
    

 

                          

    txxyNsxxxN nn ,,.....,,,,.....,,max 22


   

         

(Fa-nN6)   ),,....,,(,,....,, 21121  

nn xxxxxxxN   from (Fan-IP7) is a 

monotonic non-increasing function of R  and tends to   0 as .t  

Theorem 3.2:  If 

1  and 

2  are two fuzzy anti n-inner product on X , 

then     21 ,max   is a fuzzy anti n-inner product on  X . 

Proof:  (Fan-IP1)  

                
 

 

1 2

2

2 2

,   ,..., , ,
,   ,..., , max

,   ,..., ,

n

n

n

x x y x x t s
x x y x x t s

x x y x x t s












   
    

   
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   

   

1 2 1 2

2 2 2 2

 max ,   ,..., , ,  ,   ,..., ,   ,
max

max ,   ,..., , , ,   ,..., ,   

n n

n n

x y x x t x y x x s

x y x x t x y x x t

 

 

 

 

  
   

  
    

 

 

           
   

   

1 2 2 2

1 2 2 2

 max ,   ,..., , ,   ,   ,..., ,   ,
max

max ,   ,..., , ,   ,   ,..., ,   

n n

n n

x y x x t x y x x t

x y x x s x y x x s

 

 

 

 

  
   

  
     

   

 

                 ,,...,  ,, ,,...,  ,max
22

sxxyxtxxyx
nn

    

 

             
 

 

2

2

2

 ,   ,..., ,  ,
,   ,..., , max

,   ,..., ,  

n

n

n

x y x x t
x x y x x t s

x y x x s












 
     

  

 

 

(Fan-IP2)  For Cts , , 

 

            ,,...,  , ,,,...,  ,max,,...,  ,
22212

stxxyxstxxyxstxxyx
nnn

    

 

                       
   

   

2 2

1 2 1 2

2 2

2 2 2 2

 max  ,   ,..., , ,  ,   ,..., ,   ,

max

max  ,   ,..., , ,  ,   ,..., ,   

n n

n n

x x x x s y y x x t

x x x x s y y x x t

 

 

 

 

  
  

  
  
  

 

 

                            ,,...,  ,, ,,...,  ,max
2

2

2

2
txxyysxxxx

nn

   

 

(Fan-IP3)  

 

                 ,,...,  , ,,,...,  ,max,,...,  , 22212 txxyxtxxyxtxxyx nnn

    

 

                                           ,,...,  , ,,,...,  ,max 2221 txxxytxxxy nn

   

 

                                       txxxy
n
,,...,  ,

2

   

 

(Fan-nIP4)  For 0 ,  
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            txxyxtxxyxtxxyx
nnn
,,...,  ,,,,...,  ,max,,...,  ,

22212
    

                                   








































 







t
xxyx

t
xxyx

nn
,,...,  ,,,,...,  ,max

2221
 

 

                          













 




t
xxyx

n
,,...,  ,

2
 

(Fan-IP5)  

 

        txxxxtxxxxtxxxx
nnn
,,......,,,,,......,,max,,......,,

21122111211

    

 

                                RCt     ,1  

 

(Fan-IP6)     Follows from the definition. 

(Fan-IP7) We know that if   

,...,,
21 n

xxyx and  

,...,,
22 n

xxyx are 

monotonic non -increasing  in R  and tends to 0 as t , so also is 

max ., 21

   Hence the result follows.                                                                                     

Theorem 3.3: (i) For Xzyx ,,  and  ,, Cst   

 

            
 

 

2

2

2

,   ,..., , ,   
 ,   ,..., ,     max

,   ,..., ,

n

n

n

x y x x t
x x y x x t s

x y x x s












  
    

  

 

 

(ii) For C  and 0 ,    txxyxtxxyx
nn
,,...,  ,    ,,...,  ,

22
    

 

 (iii) For all Rt  and 0t , 

 

             Xxxtxxyxtxx
nnn
  ,...,     , ,,...,  ,    0    ,,..., 0 ,0 

122
  

Proof: (i)   From the definition, 

 

           
 

 

2

2

2

,   ,..., , ,  
,   ,..., ,     max

 ,   ,..., ,

n

n

n

x y x x t
x x y x x t s

x y x x s












  
    

  
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(ii) For C  and 0 , 

 

                 txxxytxxyx nn ,,...,  ,    ,,...,  , 22     

                                           













 




t
xxxy

n
,,....,,

2
 

                                           













 




t
xxyx

n
,,....,,

2
 

                                           
 txxyx

n
,,.....,,

2
   

(iii) For all Rt  and 0t  , 

 

(3.1)             0    ,,..., 0 ,0 
2

 txx
n

  

             

(by Fa-nIP6)  
 

and   

 

(3.2)             1 ,,...,  ,
2

 txxyx
n

   

                                               

So from (3.1) and (3.2)  

 

                    ,,...,  , 0    ,,..., 0 ,0 
22

txxyxtxx
nn

   , Xxx
n
 ,...,

1
 

 

Hence the results follows.                                     

Further, assume that   satisfies the condition : 

(Fan-IP8)      tindependenlinearly    are  and 1,,....,, 2

211 yxtxxxx n   

Definition 3.2:  Let  ,X  be a fuzzy anti n-inner product space 

satisfying (Fan-IP8) ,  ,1,0  

    1,0,,,....,,:0,....., 2

2111
 




txxxxtxx
nn  is called the  -n-norm 

on X  generated from   

(Fan-IP9)  for all Xyx ,  and ,, Rqp   

        inf     2

2

2

2
2,,.....,,,2,,.....,, pxxyxyxqxxyxyx

nn
  
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          inf     2

2

2

2
,,,.....,,,,,....., qxxyypxxxx

nn

   

Theorem 3.4 : (Parallelogram Law) : Let   be a fuzzy anti n-inner 

product on X , satisfying (Fan-IP8) and (Fan-IP9). Let  1,0  and  
*

1
,...,

n
xx  be the  -n-norm, generated form the fuzzy anti n-inner product 

  on X . Then 

           

 2*

2

2*

2

2*

2

2*

2
,....,,,....,,2,....,,,....,,

 nnnn
xxyxxxxxyxxxyx  . 

Proof:  We have, 
2*

2

2*

2
,....,,,....,,

 nn
xxyxxxyx   

 

                               
  

  

2

2

2

2

inf :  and , ,...., ,

inf :  and , ,...., ,

n

n

t t R N x y x x t

s s R N x y x x t





 

 

   

   
 

 

Where N is the fuzzy anti n-norm  induced from  . 

 

                            
 

 

2 2

2

2

: ,  and , ,...., , ,
inf

, ,...., ,

n

n

t s t s R N x y x x t

N x y x x t





 



     
  

   

 

 

(3.3)                     
 

 

2 2

2

2

: ,  and , ,...., ,
inf

, ,...., ,

n

n

t s t s R N x y x x t

N x y x x t 

 



    
  

    

    

 

Also, 

 

                             2*

2

2*

2
,....,,,....,,2

 nn
xxyxxx   

 

                           
  

  

2

2

2

2

2inf : and , ,...., ,

2inf :  and , ,...., ,

n

n

p p R N x x x p

q q R N y x x q





 

 

  

  
  

 

(3.4)                    
 

 

2 2

2

2

: , and , ,...., ,
2inf

, ,...., ,

n

n

p q p q R N x x x p

N y x x q 

 



   
  

   

                      

Now by (Fan-IP9)                         



 

274                                                        Parijat Sinha 

 

                    
   
   

2 2

2 2

, ,...., , 2 , ,...., , 2

, ,...., , , ,...., ,

n n

n n

N x y x x p N x y x x q

N x x x p N y x x q

 

 

  
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From (3.3) and (3.4) we get,  

 

(3.5)             
 

*2 *2

2 2

*2 *2

2 2

, ,...., , ,....,

2 , ,...., , ,....,      

n n

n n

x y x x x y x x

x x x y x x

 

 

  

 
                

 

Again,  

 

             

*2

2

*2 *2

2 2 *2

2

, ,....,
2 2

, ,...., , ,...., 2

, ,....,
2 2

n

n n

n

x y x y
x x

x x x y x x
x y x y

x x



 



  
 

 
   

    
 

 

 

                           

        2*

2

2*

2
,....,,,....,,

2

1
 nn

xxyxyxxxyxyx   

             

*2 *2 *

2 2 2

*

2

1
, ,...., , ,...., 2 , ,....,

2

, ,....,

n n n

n

x y x x x y x x x y x x

x y x x

  



     


  

                                        
*2 *2 *

2 2 2

*

2

, ,...., , ,...., 2 , ,....,

, ,....,

n n n

n

y x x x x y x x y x x x

x y x x
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

   
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 

 

             
 2*

2

2*

2
,....,,,....,, 2

2

1
 nn

xxyxxxyx   

              

2*

2

2*

2
,....,,,....,,

 nn
xxyxxxyx   

 

   
 *2 *2 *2 *2

2 2 2 2(3.6) , ,...., , ,...., 2 , ,...., , ,....,n n n nx y x x x y x x x x x y x x
   

    
  

   
 

From (3.5) and (3.6) we get,  

Therefore  
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 2*

2

2*

2

2*

2

2*

2
,....,,,....,,2,....,,,....,,

 nnnn
xxyxxxxxyxxxyx   

 

Theorem 3.5 :  Let  ,X  be a fuzzy anti n-inner product space. If  

   txxyxtxxyx
nn
,,,....,,,,....,

22
    for all Xy  then yxx n ,,......, are 

dependent. 

Proof: By definition,  

 

  txxyxx
n
,,,....,

2
  max     txxyxtxxyx

nn
,,,....,,,,,....,

22
   

               = max  





























1
,,,....,,,,,....,

22

t
xxyxtxxyx

nn
  

                      = max     txxyxtxxyx
nn
,,,....,,,,,....,

22
   

                      = max  txxyx
n
,,,....,

2

  

So yxx n ,,......, are dependent. 

Theorem 3.6: (Polarization identity): If n
xxyx ,......,,,

2  are the 

elements of the fuzzy anti n- inner product space  *,X , then 

 

                
 

*2 *2*

2 2 2

*2 *2

2 2

4 , ,...., , , ,..., , ,...,

, ,..., , ,..., .

n n n

n n

x y x x st x y x x x y x x

i x iy x x i x iy x x

 

 

    
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Proof : We know that, 

 

     
2*

2

2*

2

2*

2

2*

2
,...,,,...,,,...,,,...,,

 nnnn
xxiyxixxiyxixxyxxxyx   

 

      =        2

2

*2

2

* )(,,...,)(,,,...,)(, tsxxyxyxtsxxyxyx
nn

   
 

                 2

2

*2

2

* ,,...,,,,...,, tsxxiyxiyxitsxxiyxiyxi
nn

   
 

         * 2 2

2, ,..., ,nx y x y x x s st st t       

         * 2 2

2, ,..., ,nx y x y x x s st st t       

           * 2 2

2, ,..., ,ni x iy x iy x x s st st t       
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    * 2 2

2, ,..., ,ni x iy x iy x x s st st t       
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Hence the result.         
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