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Abstract : In earlier results Chatterjec and Dikshit', Meir and Sharma2 existence of cubic
splines werc established under some restrictions on the interpolating points of uniform
partition. A general case of this problem was studied by Morsche®. The cubic splines do
ot exists if the points of interpolation are taken mid points Morsche®.  Here, we
construct cubic splines which can be interpolated at any point of the mesh which has the
same order of convergence.

1. Introduction

Let A, ={0=xXg <X < <X

o, =1} be a uniform partition of the
.. n. Suppose that the class of all
algebraic polynomial of degree m ( > 1), or less is represented by T, Let
S(m, A,) = {SS&) € Ty, ¥ € FTVE M E secCc" o, 11}
denote the the class-of all polynomial splines, where m is a positive integer. Concerning
the existance of cubic polynomial interpolating at certain points of the mesh, the

following problem was studied in Chatterjee and Dikshit'.

Problem. Lety; = X1 + A h, | IR VIS 1. Under what ristrictions on A,
there exists a unique spline in S (3, A) satisfying the interpolatory condition.

(1) fly = sp, i=h 2

where f(y) 's are given functional values. in the paper‘, existance of the cubic splines
was, obtained under the condition that A =€ [0, 1731 U [2/3, 1]. A more general
" case, i.€., splines of degree m was studied in Meir and Sharma®.

In the above studies splines were taken periodic. Further, it was shown that the
cubic splaines do not exists, if points of interpolation are taken mid points. From the
practical point of yiew, a common choice is cubic splines and 2 desired point of
interpolation is mid points besides other points. In view of this, a natural question is 10
construct cubic splines, sO that the splines satisfying (1) for all A exist. In this direction
we establish the following.
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2. Main Results

Theorem. Let f be a given function defined on [0, 1]. Then there exist cubic splines
s(x) € s(3, A,), n 2 4, which interpolate at any point in the mesh i.e.,
fO) =s0) 0=<A<l, 1<i<n
under the boundary conditions s"(0) = f"'(0), s"(1) = f"(1), and

6(s'g = f'0) = Ph(f"y - "),

The moment periodicity is replaced by another restriction the matrix involved is
establishing the existance of splines is non-circulants. To establish its non-singularity, we
make use of the following result.

Lemma. Let D, (0, 0), n > 4, be the following n-square quadruple diagonal
matrix

[gp0000...0000]
Fqgp000...0000
srgp00...0000
Osrgp0...0000

D0, 0) =
00 00 qp
1000 000‘..0'rq

where s, r, g, p are positive real numbers and s # 0. Then the matrix D (0, 0), is non-
singular if and only if g # 0 when p = 0.

When s = 0, then this becomes the case of tridigonal, and this has been dealt with
the result of Kumar and Govild,

3. Proof of the Results

Proof of the Lemma. Let D, = | D,(0, 0)| be the determinant of the matrix
D, (0, 0). Obviously, when p = 0, then D,, = q" and therefore, in this case the matrix is
non-singular if and only if g # 0.

Now,we assume here onward that p # 0. It can be seen that
) D ,=qD, ,-prD, ,+p*sD,_,

Setoa+PB+y=¢q, af + By +ya=rp, afy= pzs. Then the determinant
D,, of the matrix can be written as

Dn= o B 2 ”j(an+l—j _ Bn+|—j).
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ot zero, none of o, P and ¥ is zero.

We first of all observe that, since p and s are n
Incase o =B =1 by ind
B, = n+ Hl+ a2

uction we can see (2) that

3
which is not Zero, since o= pzs.
Now we consider the case =P #Y that is, 2 +Y=¢> ot +20y =1Ps aly= pls.
Again, by induction , Wr¢ obtain
no+ | OLn+1 1+l_an+l
o mrDe D
@) D"__( ) L1 4 )
vo @ (- @
Thus, writing a/y =2 £ 1, we find that the matrix is non-singular if and only if
1 - a}1+ l)
5 4 1 n+l £ (
&) (n + Da /(‘ g
ie.(n+ 1)a“+1 1 +a+ L+... +d
side i.e. qti, 0<isn, is bigger than

rm on the right hand
+1 {5 bigger than eac
d. By a similar argume

htermd, 0 = i < n. Thus, for these

For0<a<l each te
nts it follows that the inequality is

4+ Similarly for a >1,d"
cases the inequality holds goo
e other values of a.
folows. For 1 => %,
4+ 1 can be made
+1 5 0,as

true for th

Now, €O

< 1, whenn is finite, the inequality
n+1 _y 0, or in other words (n + 1)
rge n, while (I = a'th — 1, since

nsider the case lal
when | a|<1,we have (n + Da
arbitrary small for sufficiently la

n — . Thus (5) is always true.
y # pand P =7 # o 18 similartothatofa =B =Y.
caseo = P #FV We clai

R _B(jnrl —E’H‘)‘X

,,‘,Kgﬂ/;/
y- B

©) p,=o—F| 1-a
We prove this by induction.The statement given in (6) holds fo
forn=-2,n-1 and n, we have from (2)

The cases & =
m that

Now we consider the

rn=3,4,Sis

obvious. Assuming that it holds
an - p"Dn—l + pZSDn—2
1 0((n+1__0tn+l) B(lz+l_Bn+\)}—X
= a+p+ -
el &( l3>v){-l—”"”'¥_OL ’L//’Y—B
W _ gl n N
~(@BHBYFY) {%3;/_% - ﬁ%’_%}

n-t _ o n-1 _ an-1
+a‘3y{a(v Y—aa ) B Y—Bﬁ )}



28 Arun Kumar and V. N. Jha

By solving the above expression, we see that

an - p’ADn—I + pstz7~2

I B VAR e W T A ﬁ"”)J

a-p v - a g—0
=D

This establishes (6).:

n+1

The determinant given in (6) is non-zero, if and only if

- (I-a) (1-d"
e —— ;t S s
=5) (- b'{T )b,

Where-cy£ = s % = /71 . Obviously a, # bl, a and bl # 1
The inequality (7) means
(I + b + b% + ok /7’{)/), # (1 + a + a% + o+ a';)al
which is always true for @, = b, , for any finite 4.

NO\?/ consider %he case when n — oo, If ap < 1, by < 1 then the factor
+ #® .

(1- a’f+ Y/ (1 - b'{ ) can be made very close to 1 by taking n sufficiently large. From

this we can see that the above inequality is true. If a; < 1, and b, <1 the right hand side

of (7) becomes ultimately zero. Similarly we can find for the case a; > 1, b < 1 the

inequality (7) is true if n is taken suitably large.
Hence the result.

Proof of the Therorem. For any function g, we write g(x;) =g, We set, for
i=12, ...,n

SO = s(). s"(x) = M, and s"(xp) = M

For the subinterval [x; _y, x], i = 1,2, ..., » we see that

, M, &, - M&-x_) 4

©) o = 24 N 2 h T 2n
where Al. ’s are constants, Continuity of s'(x) yields

(10) dy, g = A = B i= B e

From equation (9) we get,

M G- ME-x,_) 34,0-y) B
(1) s(x) = oh + cr + 5 + ry

where B, s are constants. Again continuiy of s(x) gives, fori = 1, 2, ..., n—1
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(12) = BA'HM + 348 - Mh
Applying the interpolatory condition (1), W¢ obtain from (1 1)
6h~ ) = M, - Ay + M+ ph? = 1, 2
By equations (10). (12) and (13), we obtain, for i = 1.2y e

sh-2 U0, 0~ J0))
=-M,_ 0

(14)
P MO 3>.+3x2—2x3)+Mi+\79 +3A‘,h‘2

From (10 and (14) we find the following system of linear equations, for

i=1 2 n— 2

2) - 2f(y“+\) +f()’,)]

e B (1 +h- W)+ M, N

asy  6h U0

=M, (- NP+ M4 +30° AREL
), (14 and the boundary conditions of the theorem, we obtain

From
f @ 43N 22+ 220

ae 6L T Fagl - 607
VAT U 221+ My N
Thus the sytem of equations o M, ’s can be written as
an AxX=U
where 4 = D, 1 0) with ¢ = [} L3 =ML p = N = [4+30° A
¢ mifl = Dy = Hp My, - My Y and U = lup g u, ) with
u = 6h~2Lf ~ fol - 6h'fy —CF 3 - 3+ Sy
u, = T ARy + fo), (223 en ]
singular. Hence the

Since, ¢ # 0 from the lemma we get that the matrix is non-

spline exists.

4. Error bounds .

at errof pounds for the above splines, We write ¢ = M| - f. ¥or
< Y4 > from (15) we have

We estim
n — 2,andy; < Tisd

i=1,2, .00
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(18) e 1(1 -2 + €[4+ 303 - 222)] + i1l +3M1 + A=A + e, , A3

=6/ Mis)) = fis 1+ (A =M [fie1-fi_ 1]
+ {43 -2MDY [, - £ - ML - fi+dl
60 (", )+ (1 = A (f", h) + @+303 -2 o (F", iy + 23 0 ", h

IN

i

(1 =30 - 302 + 3% e ", h

We can write
SO+ M) = [l + M) = h[f'(xg) + Ahf'(n) + h(1/2) f"(©)]
where { € (xy + )»h,xl + M), n e (s Xy + M),
In view of this equation (16) gives

el + 30 + A -] +ejnd
= 6h 72 [f(x, +Ah)—f(x0+xh)]-6h~‘f;,+(-2-3x+3x2-2x3]f5
= (1 + 30+ 307 - 337 - A3y

(19)

= GALS"M) =S 1)+ 300 - £ 11+ MLf - 10
+ (=230 +322 - 2 (f e - f11

S +30+ 322 =38 0 (f", h)

From equation (18) and (19) we get the following # - 1 system of the equations of

e;’s as
AY =V

where 4 = D, _ 10, 0),y = [e]", &' ..., e _ l]’,ea =0 = &

since s "(0) = £"(0), 8"(1) = f*(1), ¥ = [8, 6,, ... ,.6, ]

18;] = (1 + 3% + 322 - 3} o (f", ),

16,1 < (1 =34 - 302 - o (f", k), =2 3, ..., n— 1.

By using the result of the lemma, we get that the matrix is non-singular, since

L+3M1+A-A) =0 for 0<A <]
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Construction of C

Thus,
max\e/l = constant ® (" h)

between knots, W€ get

Since s"(x) is linear
le"()) = constant © (" h)

uniformly in {0, 11°
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