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Abstract : Recurrent Finsler spaces were introduced and studied by A. Mooér' initially,
and thereafter several mathematicians including P N. Pandcy2 and Shalini Dikshit?,
contributed much to such space. U. P. Singh and G. C Chaubcy" studied a hypersurface
of a Finsler space whose associate Berwald curvature tensor Hijn is recurrent and called
such space as recurrent space. This definition of a recurrent space differs from the
definition of such space given by Moor, Pandey and Shalini Dikshit. In general, they are
not equivalent. However, they are equivalent if the space is affinely connected. The
current paper is devoted to the study of a hypersurface of a recurrent space being
chatacterized by the recurrence of Berwald curvature tensor. Special attention has been
given to the study of an umbilical hypersurface of such space.

1. Preliminaries

Let F, be an n-dimensional Finsler space equipped with a metric function
F (', ') satisfying the requisite conditions. The metric tensor and () — /v torsion tensor
are defined by g; x, ) = %6, 5j F?(x, y) and G = Eékgy respectively, where 5,(
denotes the partial differentiation with respect to yk Corresponding to contravariant
vector ¥ there is a covariant vector y; such that

(a.n yi=8 V.

The (k) hv — torsion tensor C,-jk satisfies the following identities

(12) (a) CUk yi = Ck’] yi = Cjki yi = 0,

® Chy=Cyy=0

i

where =28 Cp-

The v-covariant differentiation and h-covariant differentiation of an arbitrary vector
field X are defined as follows :
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(1.3) @ X=X +X"Ch

®) X=X - (a,x‘)c; + XTI

where T™* ! are Cartan’s connection coefficients, G} = I';”)* and 0, = a/xk.
Jk k sk k
The vector 3 vanishes under A-covariant differentiation i.e.,
i
(1.4) i =o.

The Berwald covariant derivative of an arbitrary tensor field 7 j’ with respect to x*
is given by

(1.5) ﬁkT;'.:akT}-(ésT;) S+ T5GL - TiGY.
The Berwald covariant derivative of the metric tensor is given by
(1.6) ﬁkgg=—2cyk,h)ﬁ=-2)ﬁghcyk.

The Berwald covariant differential operator commutes with the partial differential
operator with respect to yk according to

a.7) (880 - By )T} = T§Glus = Ti Gl

where Gl = ékG .

The commutation formula for Berwald’s covariant differentiation is given as
(1.8) B By X' = By BX = X" Hlpy ~ (3,X' ) Hly
where Berwald curvature tensor H ihk and the tensor H Zk are defined by

Hig:=0Gly+ GGy + GiuGh - k/h

and sz L= H;h/\ _)/"v

The notation —k/h means the subtraction from the former term after interchanging the
indices k and A.

2. Hypersurface of a Finsler Space

Let F,_, be a hypersurface of F, given by the equation X=X W),
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(=12, ...n~- 1). The metric tensor gaB(u, %) and the torsion tensor CQBY of
F, _y are given by
@.1) @ gupw V) = g, »BYg
ijk

)  Copy = Cijk Bapy

where B Y5 = B, B ... B
i
B = By and v = u
ou*

At each point u*of F,_y,a unit normal vector N =1 (u, v) is defined by

(2.2) @ g;&@, y@ v) B.N*/ =0,

(b) g;N"'N" =1

and is called as the secondary normal to the hypersurface at the point.

The induced and intrinsic cartan connection coefficients FE‘; and TE‘; 3 are
related by

2.3) T3% = A%, + TS
where
Q.4) 2oy A = Ay = (Mpy Qb + Moy s - My @ )i

A A A ‘G,
- (MMx Ch, + My Chy = My Cho ) Qg

. -
and MBY = NT C_;kB]ﬁ BY .

The normal curvature of the hypersurface F,_; of a Finsler space F, in the
direction of «° is given by ’

@.5) k, (u, 1) = (ng 20 iﬁ)rz(u, .

If the vector #° is of unit length ie. F(x, i) = 1 then the expression for the normal
curvature k, may be written as
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(2.6) k, (@, #) = Q% u° u*
In view of (2.6) the quantities Afx[} satisfy the following condition

®) gy g Abp = = ky Mg

where () Mp =g "M,

The mixed covariant derivative of an arbitrary tensor field T ; is given by
2.8) BT =8,T, - (5,71, )8,G" - TL Gy + T( Gpy By
where GZY are the induced Berwald connection parameters. In particular,
2.9 ByBl, = Vig =B - By Gég + Gly B

This equation can be written as’
(2.10) ip = N"Qy - B Al + Cipo v ) + Chayy 37 Bl

where Q * op are the components of the second fundamental tensor. Gauss equations for
Berwald curvature tensor, obtained by Sinha and Smgh are given by

(2.11) Hyspy = Huk; Biahy + (Qzﬁ Dy — Oy Qgﬁ)
+ ZMIth(Q;B Vf{O' - QZYVEG) (ZN Chkir Y Uup B 78
—2B5g AV, -2 B Al gas - 2 B,y 1V Bibly
~ 28y, Y Bl Vi ™ = 2 Coy Bish ¥ 3
= 2y, B VA - BrY).

Associate Berwald curvature tensors of the Finsler space F), and the hypersurface
F, _ being denoted by Hyy; and Hggg, respectively.
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3. Hypersurface of a Recurrent Finsler Space

A recurrent Finsler space F, equipped with Berwald connection G J'k is
characterized by the:condition

I i i

3.1 By Hptg = Mg H oy » Hpyy # 0.

The non-zero covariant vector A is the recurrence vector. This vector is independent of
directional arguments y'.

Let the hypersurface F,, _; of the recurrent Finsler space F,, be umbilical. Then the
Gauss equations for umbilical hypersurface F,, _; , obtained by Singh and Chaubey4 are
as follows :

hikj * |
(32) HeBBy = thkj BSSBY + M er(ggﬁgéy - gsygaﬁ)

+ 2M8k3,(g8[;g6y - gEYgGB)uG + Pespy
where

G3) @M M =K, (b) Qo (, 1) = k8o (0, W)

hl ;
© PsSBy = 2leh B;A(AXGQ;Y - A;LGQ:B)uG

" ki ;
- {ZN* Chinir?" g Byy = 2Bs8iASp Vo = 2 6y Agp Bus

hikj hik

+2£/Ch1k|ryrBeBBy+zajchlk“yrBsSBVlYGuc
hik ‘ Ik . h
+2Chlk|ngsgV;6 uc++2ch1k1ryrBSgVys'B/Y}

The covariant derivative of H_g By is given by

O Hy 1 - 1kj
(34) ByHgs5py = (gmthijg' * oy o U’ BZSBY

o B MM} (2o y - Eyets) + 2Me R (8epBoy ~ Serop )

ki n hkj 1 T hik .
+P88ﬁ7]+thkj(BSB'YVee+B£ﬁ’YV56+BSBYVBB+B V']ye)
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Transvecting (3.1) by g and using equation (3.2) and (3 4), we get

(G5 ByHyspy = ho| Heapy - MM (gep sy - Zev8op )
_2M6ki21(gaﬁgcy 'geygo[s)’f _Psﬁﬂy]
¥ {(é’mg”)ﬂ;',kjﬂg’ x %@V{,e iﬂ}Bﬁé’E{Y
+ 6%[A4*iA4;(gsﬁg$y"gysgSB)

* 2M8k%1(gsﬁgcy - geygcﬁ)uc - Pséﬁy}

lkj h hkj
+ Hypiy(Bygy Ve + B

s i Vo + BLo Vo + Bl Vo)

5B
where )‘e = km Bg‘ N

Let us assume

(3.6) TsSByz sSBy—M*iM;(geBgSY_geygﬁﬁ)

- 2M8k121(gs[3gcy - geygcﬁ)uc - PeSBy'

e3Py
lkj h hkj hilj hilk
+ Hyi| Bopy Voo + Bogy Vo + Bl g Vo + Bisp ¥ ]

Therefore £, T, 5 By = =roTeopy if and only if

| ; OH o | hlk)
3.8) {(gmg”)H;’ijg+ETLV'(‘YQMG}BE§[57

lkJ h hkj U ek hik
+ Hy k| Bygy Voo * Bogy Vho + Blg Ve + Biyp VY 0] =0
Hence, we conclude :

-
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Theorem 3.1 : If an umbilical hypersurface F, _y is immersed in a recurrent Finsler
space f,, whose recurrence vector field A, is not normal to the hypersurface F,, _,, then
Tespy is recurrent with the recurrence vector Ao = Ay By if and only if (3.8) holds
good.

Suppose

(3.9 JSSBY=(M*"M?)(geggm—geygaa)

+ 2M5klz1(g£BgGY = gSYgGB)uG + PESB“{'

In view of the equation (3.7), the equation (3.9) may be written as

(310) HSSBY= ESBY‘f‘JESBY.

This equation shows that H_ 5 is recurrent with the recurrence vector field A if the
tensors T By and J_g ; e Fecurrent with the same recurrence vector field A,. This
fact and the theorem 3.Pprove the following :

Theorem 3.2 : The sufficient conditions that the curvature tensor Hgspy of an ..
umbilical hypersurface immersed in a recurrent space, whose recurrence vector field A,
is not normal to the hypersurface F, _y, be recurrent with the recurrence vector field
Ag are that the relation (3.8) holds and J g ., is recurrent with the recurrence vector field
le .

Now, suppose that the recurrence vector field X, is normal to the hypersurface
F, ngl i.e. A, BN = kg = 0. The Bianchi identity for a recurrent Finsler space is given
by '

(3.11) x,H;,kj+xjH;',rkmkH;‘,j,:o.

Transvecting (3.11) by g, we get

(3.12) X,Hh,kj+thh,rk+kth,j,=0.

Multiplying the above equation by B: ékBj ¥ and using the conditions Ay = A Bg’ = 0 and

)»r % 0, we get

N hikj
(31_)) Hh”\’j Beﬁﬁ‘{—

In view of equation (3.13) the equation (3.2) may be written as

(3.14) Hespy = MHM’;(geﬁgSy - gaygSB)

+ 2M6k%1(gsﬁgcy = geygcﬁ)uc + Pespy:

This leads to :



16 P. N. Pandey and Sunita Pal
Theorem 3.3. If an umbilical hypersurface F, 1 is immersed in a recurrent Finsler

space £, whose recurrence vector A, is normal to the hypersurface F, _,, then the tensor
T.s By defined by (3.6) vanishes.

Transvecting (3.14) by ¥ and using MB & N;‘C;k BJBN*/", we get
(3.15) HsBByl’5 = /W*’Mf(gsﬁgay - gSYgSB)I.IS + Pz:BBy"’ﬁ'

Transvecting the equation (3.3¢) by % and using the equations My, y h 0, (1.2a),
(L.4) and (2.10), we get

3 8 _ / -0 j ] A X :
(.16)  Pygp il = [-235g,.,u AN, - B (A + Clapn i)

Using equation (1.1), (1.2b), (1.4) and (2.1) in the equation (3.16), we have

GIT Pospyu® = 251 AZp[ A%y + €%y, " |

Using the equation (3.17) in the equation (3.15), we get

(3.18) Hgspyl.lsZM*iM;(geBgSY—gSYgSﬁ)l}S

~+ 2g(18 llb[AgB(A_;"o. + G;Uln u") - [;YA?B - B/Y:l
The hypersurface F,, _| of constant curvature is characterized by the equation
- 5
(319) Hssﬁyu = K (gSBgBY-gSYgSB)u )

From equations (3.18) and (3.19), we conclude :

Theorem 3.4 : If an umbilical hypersurface F, _| is immersed in a recurrent Finsler
space F, whose recurrence vector field A, is normal to F, _1 , then the necessary and

sufficient condition that <, n -1 be @ space of constant curvature is that

gt 52y ~ ATy (AS + Chpyin) - pry ] = 0

If the hypersurface £ _, is of minimal variety then curvature vector will vanish and
equations (3.3a) and (3.3b) give
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(3.20) k, =0, &, p =0

In view of (3.20) the equation (2.4) implies
g _
3.21) Ag, = 0.

Using the equation (3.21) in the equation (3.3c), we get

Tkj : hik -
(322) PSSﬁY_ZWCh/kIF)/B +Za_/Ch[/\|I‘} BSSB o

ik ¢ Lk p
=+ 2Chl’;|l‘ BSS[} V;U ° + 'ZChIkIrstﬁ pys = B/'Y.

Using equation (1.6), (2.10), (3.20) and (3.21) in the equation (3.22), we find.

_ hikj : hik .

i ms c i
( ms|n Byc ~ B, Cyal) utu )
11k . ms o Y 4y M
+2Chlkl BI [C’ ‘I]) B "B;Cy]ol}.” u )

+2( By ) B, 3 Vi = By

Using equations (1.2a), (1.4), (1.6), (3.13), (1.7) and t}f’x = 0 in the equation (3.23),
we get

hikj Ik . h
G24)  Pospy = CoHE B + bt Byp Vie = B/Y).

In view of (3.24) and (3.20), the equation (3.14) gives

hikj
HSSBY = rthz B eSPBy (yr Zkl B BV B/y)'

This leads to :

Theorem 3.5 : If an umbilical hypersurface F,,_; is of minimal variety and is
immersed in a recurrent space F, whose recurrence vector field is normal to F, _,, then
the space F,, _, is Minkowskian (1 e. Hgg By = 0) if and only if

hikj

k h
C 88[37=_y" Zk,BSﬁVYe—B/‘Y'

r

niHi,;B
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