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Abstract: The main aim of the present paper is to apply the extended
Riemann Liouville fractional derivative operator for finding some linear
generating relations for the Hermite polynomials. Four main results are
obtained, which are presented in the form of four theorems.
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1. Introduction

The subject of fractional calculus, nowadays, is one of the most rapidly
growing subjects of mathematical analysis. The fractional integral operators,
involving various Special functions have found significant importance and
applications in various Subfields of applicable mathematical analysis. The
applications of fractional calculus are also seen in various fields, including
turbulence and fluid dynamics, stochastic dynamical system, plasma physics
and controlled thermonuclear fusion, nonlinear control theory, image
processing, nonlinear biological system, astrophysics etc.%.

In the last three decades, a number of workers like Love’, Mc Bride?,
Kalla®10, Kalla and Saxena'?, Saigo*?13, Kilbas'* have studied the properties,
applications and different extensions of various operators of fractional
calculus on a number of classical & non classical Special functions &
polynomials. A sufficient account of fractional calculus operators along with
their properties and applications can be found in the research monographs by
Kiryakova®® and Miller and Rose'®. The first application of fractional calculus
was due to Abel'” in the solution to the fractional problem. In fractional
calculus, the fractional derivatives are defined via fractional integrals.
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In recent years, certain extended fractional derivative operators,
associated with Special functions have been actively investigated and applied
on various Special functions. Authors Agarwal et al.'® have introduced certain
extended fractional derivative operators, and applied them on various Special
functions. Motivated by these recent developments in the field of applications
of extended fractional derivatives to various Special functions, in the present
paper an attempt has been made to obtain some linear generating relations
including Hermite polynomial, using extended Riemann Liouville fractional
derivative operator, defined by Choi & Pairs in their very recent paper?,
published in the year 2015.

(1) The extended Gauss hypergeometric function F,E,“’ﬁ""”)(a, b; c; ) is
defined by Agrawal and Choi*® as ollows:
Bzga’ﬁ’x'”)(b+n,c—b) ﬁ

B(b,c—b) n!’

1) ESPM@ b 2) = T2 e(@)n

(|z/<1; min {Re(a), Re(B), Re(x), Re(1)}>0; Re(c)>Re(b)>0; Re(p)>0),
where, B (u, v) is the familiar Beta function defined as:

(1.2) B(uv)= [] t“71(1 — )"~ dt, (Re(u)>0; Re(v)>0)}= = (u,v €C),

where I' denotes the Euler's Gamma function®®. It is to note here that, for p =
0, (1.1) reduces to the ordinary Gauss hypergeometric function 2Fi(a,b; c; z),
defined as follows:

(13) Fa(a, b; 0 2) = Tty L g0
(2) The Hermite Polynomial H,, (x) is deflned by Rainville!? s:
(14) HaGo) = ni 32 | U Gynzm,

m= Oml (n Zm)l

(3) The extended beta function BZE“'B ) (% y) is defined by Srivastava et
al® as:

L5) B y) = {[) 7 = 077 1Fa(@i B ) f

where k>0, pi>0, min {Re(a), Re(p)}>0; Re(x) > -Re (k a) >0; Re(y)> -Re (1
a) & Re(p).

(4) A further extension of the extended Gauss hypergeometric function
Fy.u(a, b; c; z;m) is defined by Srivastava et al.?:

@n(b)n B H b4nc=brm) gn
(©)n B(b+n,c—b+m) nl

where (p>0; Re(x)>0, Re(p)}>0; Re(c)>Re(b)>m; Re(p)>0).

(1.6) FEyyula b;c;z;m) =X,
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(5) The extended Riemann -Liouville fractional derivative of F(z) of order
v is defined by Agarwal et al.!® by the following relations:

(L.7) DYPRHF(z) = = [F(z— )7L f(8)dt X 1Fy(a: Bip
and
w8)  DPPMf(2) =D ()
J, (z— t)’"‘”‘lf (t)dt

X 1F1(a; Btk( t)ﬂ) t},
where m — 1 < Re(v) < m; Re(v) < 0; Re(p) > 0; Re(k) > 0; Re(n) > 0).
From (1.7) and (1.8), it may easily be seen that for p = 0, we obtain the
classical-Riemann Liouville fractional derivative.

In the present paper, we have obtained certain linear generating relations,
involving Hermite polynomials (1.4), using operators (1.7) and (1.8).

Zk+u
22t

‘th(z—t)H

dz_m{r‘m -V

2. Preliminaries

While proving the main results, the following well-known identities & results
will be used:
2.1. The elementary identity (Kiryakoval):

(2.1) (-0 -t *=1-)*A-)"
2.2. The identity (K. S. Millar??):
(2.2) [(1-x)—t] =1 -1+

2.3. The result [Agarwal et al.*®, p. 458]:
(2.3) Ya- 0((3" Fppuo+n,A,0;z;m) t"

=(1-t)“ pk#(a/l U; (1 o’ )
2.4. The generalized binomial theorem, [Agarwal et al.', p.456]:

(24) (1-2)7% = 252" 2%, (aeC)
2.5.
(25) (Dn = =2,

'z
2.6 The result, [Agarwal et al.'8, p. 456]:

(26) D UMz (1 - 2)7)



334 Pankaj Kumar Shukla and S. K. Raizada

_ Tz L (@n(Dn B “B HA+nv-214m) z
- T'v n=0 ), B(/1+nv +m)  nl
r()z®-v
= ?—UFP,,W(a, A v z;m),
where, m-1 < Re(v)<m, for some m € N & Re(v) < Re(h).
2.7. The result, [Agarwal et al.'8, p. 457]:

(2.7)  DFUPREL1 — az)"%(1 — az)F}

r()z®-u
= TFLp,k,u (a,B,A;v;az; bz; m),

where, m-1< Re(v)<m, for some m € N & Re(v) <Re()).
2.8. The result, [Agarwal et al.'8, p. 457]:

A-v,p,k,
(2.8) D} UPRI(1 = 2)7 2 Ry (@, 450 Feant ;m)},

() (v-1)
= ?—szk“(aﬁxl Y U; x; Z;m),

where, m-1< Re(v)<m, for some m € N, & Re(v) <Re()L).

3. Main Results

3.1. Linear generating relations for the Hermite polynomial H,,(x):
We use extended fractional derivatives, defined in (1.8), for establishing some
linear generating relations for the Hermite polynomial:

Theorem.I The following linear generating relation holds:

(3.1) D" H{Hy ()}
(-nHm Up K,u '(n—-2m+1) Dz’p;K’”(n—2m+1, m-v) n—2m-uv
n! - 7
Zm 0 m! (n 2m)! [(n—-2m-v+1), ,B(n 2m+1, m-v) (2x)

where, {|x| < min (1, |[1-t) [}, (ae C, |z[<I; = |<1) & m-1< Re(B-X) < m<
Re(p), for some m € N, & Re(x) < Re(v).
Proof: Applying (1.8) in (1.4) to the function, x™~2™, we obtain:

vpxu — ] [] _ED™ on-om
{H (x)} n. z:m 0 mi(n— 2m)l2 dxm Fm vf (
t)m v—1 th- 2m

x 1F1(a; B; _tk(x t)u)d }
Setting t = xu, on the right hand of the above equation, we obtain:
B _com

m= Oml (n Zm)l

(32) DY {Hy(0} = (S ()" 2V )xnt 3,2
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Fi——— f(l— )mvl an(aﬁ_ﬂ)du'

F(m v) Y0 uk(1-u)#

n-m-v-1 _ L(-m-v) 5 _om—yp
where (x) = o X .

Using (1.4) & (1.5) on the right hand side of the last equation, we obtain:
D (i ()} =

nl Z -nm vp N F(n—2m+1)D,€‘pm‘#(n—2m+1, m-v)
m=0 m! (n-2m)! I(n-2m-v+1), f(n-2m+1, m-v)

which is the desired result (3.1), and thus theorem | is established.
Theorem.II. The following linear generating relation holds:

(3.3) D {H, ()} = n! Zz —o(@n

where, {|x|< min (1, [1-t) |}, (ce C, [x|<1; |§|<1;)’ & m-1< Re(B-X) <m <
Re(B), for some m € N, & Re(x) < Re(v).

Proof: Applying (1.8) in (1.4) to the Hermite function H, (x) with its
series expansion, we obtain:

DY (H ()} = ! e [

i@ 5 -2y 52 @ —C2 4y

m!(n—-2m)!

(Zx)n—Zm—v

UPKH 2
m! (n Zm)' (Zx)n "

t)m—v—l tn—Zm X

(3.4) D7 {Hy (x)}

n (-)™ am
= n! Y?
n: Zm=0 (C()n m! (n—2m)! dx™ {F(m v)“0

p xktk
1F1(a; B; _tk(x—t)#)}

_ A\n—-2m-v-1 sn-2m
f(x t) t dt

(3.5) Dy {Hp(x)} = n! 2 —o (@n m o e

which is the desired result (3.3), and thus theorem |1 is established.
Theorem.I11. The following linear generating relation holds:
(B6) DY MG Ha ()
1 ,0,K, — -
=n! Zm 0 m (@), D;’P"H (Zx)l+n 2m—1

_ At z O™ W BIPHA4n—2m),(m-v))
r(A-v) THm=0 m! (n-2m)! (A-v), B(A+n-2m, m-v)

(Zx)n—Zm,
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where {jx|<min (1, |1-t) |}, (o€ C, [x[<I; |§|< 1) and m-1< Re(B-X) < m<

Re(p), for some m € N & Re(x) < Re(v).
Proof: Using Maclaurin expansion,

f(x) = Xnzo(@)n x™,

we can write:

DIPRH ()} = nl iy (@ ol (22

m! (n-2m)!

Applying (3.1), on the right-hand side of the last equation, we obtain:

{H, ()} = n! ZZ ~o (@n (2x)" "
Applying (3.3), on the right-hand side of the last equation, we obtain:
(37) x4 DY, (0} =
A (x)*~v—1

e ™ o @
Applying (2.6), on the right-hand side of the last equation, we obtain:

A (x)).—v—l
r'(A-v)

which is the desired result (3.6), and thus theorem I11 is established.
Theorem.IV. The following linear generating relation holds:

(38) DyP*Hx*1(1-x)" H 20
F)L(x) 7 =™ n-2m
F(v) Z =0 ( )n m! (n—-2m)! (ZX) X
W By (Atn—2m), (mtv-2))
)n B(A+n—2m, m+v-2)
_ r'A (x)n—2m+v—1
- T ()
where {|x|<min (1, |1-t) |}, (ae C, x|<1; |ﬁ|<1;), m-1< Re(B-x) < m< Re(p),
for some m € N & Re(x) < Re(v).
Proof: Using the generalized binomial theorem,

(1 _x)—a _ Zn O(a)n xn’

n!

r'(n—2m+ 1)Di’p;x'u(n—2m+1,m—v)

m! (n—2m)! T(n—2m-v+1), f(n—2m+1,m-v)

D™ WDn BYPA+n-2m),(m-v))
m! (n-2m)! (1-v), B(A+n-2m, m-v)

(zx)n—Zm‘

DUPHH g A-1EH (x)} = Eyipe (05 2505 x5 m).

Fp i u(a, A;v;x;m),

we can write:
. 2 _ m
DY) AT (L = )l B2 (O 7

m! (n—-2m)!
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— D)/;I—U.P;K.#{xn—Zm+/1—1 n! Zzn=0 (a)n m'((;l_)zm)' (Z.X')n_zm},

Applying (3.1), on the right-hand side of the last equation, we obtain:

= n! Zgl:() (a)n _npm nm™ { & —V,pK, 1 (Zx)n—2m+l—1

m! (n-2m)!
_TA+n—-2m ()" 2m+v-1 y
- F'v+n-2m)

(2 )v+n—2m—1

z D™ ﬁg'ﬁ'x'”(/1+n—2m) m+v-2)
"'Z (O()n m! (n — 2m)! BA+n—-2m, m+v—24)

Applymg (3.3), on the right -hand side of the last equation, we obtain:

z (com  BEPE(An—2m), (mav-2)
| 2
" Zm=o (@) m! (n—2m)! B(A+n—2m, m+v-21)

. TA (x)n—2m+v—1
r'(w)
Applying (2.6) on both of the last equation, we obtain:
0K, _ _ F). n-2m+v-1
DPPI A1 = )7 Hy (1)} = =
which is the desired result (3.8), and thus theorem IV is established.

(Zx)n—Zm,

Fp,klu(a, A v x;m).

4. Conclusion

Linear and bilateral generating relations have been of much interest to
various researchers in the recent past. Various mathematicians are
investigating and introducing certain extended fractional derivative and
integral operators and applying them on various Special functions and
obtaining linear and bilateral generating relations involving some Special
functions. In the present paper, an attempt has been made to obtain some
linear generating relations for Hermite Polynomials, applying the extended
Riemann Liouville fractional derivative operator. The results, which we have
obtained in this paper, may be of much use to the Researchers, working in
this field.
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