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Abstract: C.M. Fulton' and M. Hashiguchi? studied the semi-parallel vector field
in a Riemannian space and they found that concurrent vector fields®, torse
forming vector fields* and concircular vector ficlds® are semi-parallel. P.N.
Pandey and Fahmi Yaseen Abdo discussed concircular and semi-concircular
vector fields in a Finsler space®’. U.P. Singh and B.N. Prasad® extended the
concept of semi-parallel vector field to Finsler spaces. U.P. Singh and Bindu
Kumari® studied the existence of a normalized semi-parallel /s-vector field in
some special Finsler spaces. The purpose of the current paper is to generalize the
concept of a normalized semi-parallel A-vector field and to study the existence of
such vector field in some special Finsler spaces.

1. Introduction

Let F, be an n-dimensional Finsler space equipped with a metric function F"
satisfying the requisite conditions'®. The metric tensor and C-tensor of such space are

8ij =-;—6,6 iF 2" and Cyy =%3,~g jk - Corresponding to each contravariant vector ',

there is a covariant vector y; such that
(1.1) y; =gy
The metric tensor g;; and its associated tensor g’j are related by

1 ifi=k

oIk _ gk
(12 Ej& =6 {o ik,

1) Unless stated otherwise, all geometric objects are assumed to be functions of line-element
@ y".

: 7}
2) 0 =—.

i
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Due to homogeneous property, the C-tensor Cyj satisfies the following identity

C(]ky’ =0 5
which is equivalent to

(1.3) Clyi =0.

The unit vector /* in the direction of y' is given by
i

1.4a I :=—X—.
(1.4a) %

The associate vector of /' is defined by

(1.4b) A ;-_—gij,lfzaipz_y}_ﬂ_g

E. Cartan deduced two types of covariant derivatives from his fundamental postulates.
These covariant derivatives are defined as follows:

(1.52) X =0 X+ X"Cyy

and

(1.55) Xy =opx' - xJop e X T 2 55%,
X

. *; . :
where the functions I,; are Cartan’s connection parameters and Gj are given by

* S . . . . . . .
Gy =T y* . These covariant derivatives are called v-covarient derivative and h- covariant

derivative respectively. The h-covariant derivatives of the metric tensor g;; , the unit vector

/' and the metric function F vanish identically, i.e.

(1.6a) ik =0
(1.6b) I =0
and

(1.6¢c) Fy =0.

The Av-curvature tensor which is defined by
’ L . )
Pivn = OnT ji + CimPin ~Clik »
satisfies

. .
(1.7 Piny’ =T jiny’ = Pin = Clgipd”
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: * | = .
where ajr;,ﬁ =T and Py, is called v (hv) — torsion tensor.

2. Normalized Semi-Parallel /- Vector Field
U.P. Singh and B.N. Prasad® extended the concept of semi-parallel vector field to a
Finsler space and they gave the following:
Definition 2.1: A non-zero vector field v; in a Finsler space is said to be semi-

parallel if there exists a scalar A(x') =0 and &(x') satisfying the following conditions

(2.1a) v; is a function of position coordinates only,
(2.1b) Clyvi =0

and

2.1¢) Vij = Z.(g,-j +gv,~vj)

where v;; denotes the s-covariant derivative of v; with respect to x/ .

U.P. Singh and Bindu Kumari’ denoted the normalized vector field by X ;. Thus,

v; . .
X; =— where v denotes the length of the vector v;, i.e. v = v;v'. They showed that the
v

condition (2.1c) is equivalent to
A
Xij =;(g,-,- - XX,).

In view of it, they defined a normalized semi-parallel vector field X; by the following
conditions

(2.2a) X, is a function of position coordinates only,
(2.2b) CChX =0

and

(2.2¢) Xy, =plgy - X, X;).

The scalar function p in (2.2¢) was assumed by U.P. Singh and B.N. Prasad® as a scalar
point function but U.P. Singh and Bindu Kumari® proved that it is actually so.

3. On Generalized Normalized Semi-Parallel /i-Vector Field in Special Finsler Spaces

Generalizing the concept of normalized semi-paralle! vector field to a Finsler space
U.P. Singh and Bindu Kumari’ gave the following:



98 P.N. Pandey, Fahmi Yaseen Abdo and Sunita Pal

Definition 3.1: A Normalized vector field .X; in a Finsler space F,, is said to be a
normalized semi-parallel A-vector field if

(3.1a) Xil;=0,

(3.1b) FCyX;=0chy
3.1¢) Xi|j=P(gij‘Xin)
where ;

(3.1d) hje =g~k

and o and p are non-zero scalar functions of x' only. They also assumed that the vector

X; is positively homogeneous of degree zero in y' and dimension n of Finsler space is
greater than two. In terms of contravariant components

(32) X' =gix,,

the equation (3.1) can be written as

(3.3a) Xx'|;=0
(3.3b) | FCyi X' =ohy
(3.3¢) X\, = plot - x1x,).

They studied the properties of X;, o and p in a Finsler space F,(n>2) and the
existence of normalized semi-parallel A-vector field in some special Finsler spaces.

Differentiating (3.1d) covariantly with respect to x* in the sense of Cartan and
using (1.6a) and (1.6b), we get

(3.4) hygs =0.

Taking h-covariant derivative of (3.1b) with respect to x% and using (1.6¢), (3.1¢), (3.4)
and (1.5), we get

(3.5) FC}klin*'PFC}k(gis ~ X Xg)=0shj

where o5 = 3,0 = o . Transvecting (3.5) by y® and using (1.7), we get
(3.6) FPy X, + pFCy* (815 = XiXs) = oshy”
Utilizing (1.1), (1.3) and (3.1b) in (3.6), we get

. 1 :
3.7 Pj"kXiszshj'k(as+ans)'
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Using (1.4a) in (3.7), we get Py X; =1°(o + poX )y or

(3.8) PiXi=phy

where u=1%(o; + poX ). Thus, we see that a normalized semi-parallel -vector field
characterized by (3.1) satisfies (3.8). However, a vector field X; satisfying the condition

(3.8), (3.1a) and (3.1c) need not be a normalized semi-parallel A-vector field. In view of
these facts, we wish to generalize the concept of a normalized semi-parallel A-vector field
and give the following:

Definition 3.2: A normalized vector field X, in a Finsler space F, is said to be a
generalized normalized semi-parallel A-vector field if

(3.92) X;i1;=0,

(3.9b) PhXi=phy

and

(3.9¢) Xy, =plgy - XX ;)

where 4 and p are non-zero scalar functions, the vector field X; is positively
homogeneous function of degree zero in y' and the dimension of the Finsler space is

greater than two. The condition (3.8) may be written as Py, X I = phyy, where

Pipk = P;k gp: - Therefore, in terms of contravariant components X ! the equations (3.9)

can be written as

(3.10a) X'|;=0,

(3.10b) Py X' = ph,

and

(3.10¢) xiy = ploi - xix,).

Since Py, X ‘h ik and the scalar function y are positively homogeneous functions of
degree zero in yi .

Lemma 3.1: The angular metric tensor hy of a Finsler space F,(n>2) can never
be written as a product of two covariant vectors.

Proof: Suppose
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Transvecting (3.11) by ghi and using (3.1d), we get

h _gh h
G.12) sh -1t =22

j .

Transvecting (3.12) by 1, we get /lhljlf =0, which implies /ljlj =0, for A" #0.
Contracting the indices A and j in (3.12), we have 4 j/ij =n-1. Transvecting (3.11) by A
and using /ljlj =n-1 and Ajlfy =0, we have (n-2)4; =0. Since n>2, (n-2)4; =0

implies A j = 0. Therefore h,-j =0, a contradiction. Thus, we have the lemma.

Lemma 3.2: The concept of generalized normalized semi-parallel vector field and
normalized semi-parallel vector field coincide in P’-Finsler space.

Proof: The P'-Finsler space is characterized by Py = AC;; ,where A4 is a scalar

function. For such space, the equation (3.9b) reduces to

- F
FCyX;=0hj, where 0'=—7#.

Theorem 3.1: In a Landsberg space there exists no generalized normalized semi-
parallel h-vector field.

Proof: In a Landsberg space, we have the condition Py =0. In view of this
condition, the condition (3.1b) gives whjy =0. This implies ¢ =0 for hy #0. But u is
assumed to be non-zero. Therefore, we have the theorem.

Corollary 3.1: There exists no generalized normalized semi-parallel h-vector field
in a Berwald space.

Proof: A Finsler space F, is said to be a Berwald space if its Berwald connection

coefficients G}k are independent of y’ or equivalently its Cartan’s connection coefficients

1’;,’( are independent of y'. Since every Berwald space is a Landsberg space and there

exists no generalized normalized semi-parallel s-vector field characterized by (3.10) in a
Landsberg space, we have the Corollary 3.1.

Corollary 3.2: In a locally Minkowskian space, there exists no generalized
normalized semi-parallel h-vector field.

Proof: The Finsler space F,, is locally Minkowskian space if and only if R,fk =0
and Cyyp =0. Hence the Finsler space F,, is a Berwald space. Therefore, we have the
Corollary 3.2.

Theorem 3.2: A P-reducible Finsler space does not admit a generalized normalized
semi-parallel h-vector field characterized by (3.10).

Proof: A P-reducible Finsler space of dimension n > 2 is characterized by the
condition
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(3.13) (n+ D) Py = Phy + Pihy + Prhy
where P, = gjk Py . Transvecting (3.10b) by gﬂ‘ and using (1.4b), we get
(3.14) X'P=(n-Du.

Transvecting (3.13) by X' and using (3.10b) and (3.14), we have
(3:15) (n+Dpthje = (n=Dpthy + Pi(Xy = Xolg) + P(X ; = Xol )

where X = X'/, = X,I'. Equation (3.15) can be written as

(316) zﬂhjk :P_]'Xk+Pka"XO(lek +P/(lj)'

Transvecting (3.16) by P/ P* and using / p? =0 and (3.14), we get (n—2)uP*=0.
Since n > 2, ,uPz =0, which implies =0 or P? =0. P2 =0 means PkPk =0. Since

the metric of our space is positive definite, we have P, =0. This gives a contradiction to
the fact that P, # 0. Therefore, P 0. Hence ux =0, which is contradicting the fact that
M is non-zero scalar function. Hence the theorem.

Corollary 3.3: A C-reducible Finsler space does not admit a generalized
normalized semi-parallel h-vector field.

Proof: Suppose that a C-reducible Finsler space admits a generalized normalized
semi-parallel A-vector field. Since a C-reducible Finsler space is P-reducible, a P-reducible
Finsler space admits a generalized normalized semi-parallel A-vector field. This contradicts
theorem 3.2.

We know that a Finsler space with (a, ) metric is C-reducible if and only if the

space is Randers space or a Kropina space'’. Therefore, in view of Corollary (3.3), we have
the following: ‘

Theorem 3.3: A Randers or Kropina space does not admit a generalized normalized
semi-parallel h-vector field.

Theorem 3.4: If a semi-P-reducible Finsler space F, admits a generalized
normalized semi-parallel h-vector field, then F, is a semi-P-reducible Finsler space with

constant coefficients.

Proof: A non-Riemannian Finsler space is said to be a semi-P-reducible Finsler
space if its P-tensor Py is written as

q
(3.17) Py =£l-(h,.jpk +hyP, +hk,~Pj)+FP,PJ«Pk .

ey are constants, then F 1S called
@AM oy g ad
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using Pyg” = Py.hyg? =n—1 and P'P; = P2, we find (1- p—q)P; =0. Since P, #0,
1- p—g=0. Thus, p and q appearing in equation (3.17) satisfy p+g=1. Transvecting
(B.17)by X i and using (3.10b) and (3.14) which is a direct consequence of (3.10b), we get

__p ‘ i\, 4
(318) ﬂhjk = -n—:{hyPkX’ +(n—l)yhjk +hk,-PjX'}+;—2—(n—-l)ijPk .
Transvecting (3.18) by P/P* and using (3.14) and Pij =P? , we get

{(n+1)—3(n—1)p—(n—1)(n+1)q};1P2=0.
Since z#0 and P? 20, we have

(n+D)=n-D3p+(n+g}.

+1 s )
But p + g = 1. Therefore p= ———Z 1" This gives g = ———-2 T Thus, p and q are constants.
— n pu—

This completes the proof.
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