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Abstract: An estimator using information on single auxiliary variable is proposed
for estimating finite population variance. Its bias and mean square error (MSE)
are obtained upto first order of approximation. Optimum value of characteristic
scalar ‘k’ involved in estimator is also found. It has further been shown that the
minimum mean square error of the proposed estimator remains unaffected when
optimum value is estimated suitably from sample values. A comparative study
along with the empirical one is also included.

1. Introduction

Auxiliary information had been very often used for enhancing the efficiency of
estimators of population mean in the form of ratio, product and difference-type estimators.
This idea has been taken a step further for estimating another very important parameter of
the population namely the population variance.

Let y and x denote the main and auxiliary variables having population means Y and

X respectively (X assumed to be known). Let a simple random sample of size n with y-
values, yj,¥7,...y, ony and x-values x;,xj,..,x, on x be drawn without replacement

from the population of size ¥ and let ; and x denote the sample means of y and x
respectively.
n

o e 1 h l n 2 X 2
Wy ")’)2 and Z=;Zzi =—Yy; with z; = yj.

1
Let s)z, =—
n—1;g P =

For (¥;,X;) (i=12,..,N) being the (y,x) - value respectively for the i" unit of the
population, let

A 2
22 Zi=Y,

i=l

(1.1) Z=
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N —_ pes
(1.2) s =2 20 =T (X = X0

i=l

2 —

(1.3) Sy = (N—l),zl(y 7?
and

1Y o~ (N-D
(1.4) §=W§Y—Y)2 < sz,

is the population variance of y.

For estimating finite population variance ai, the proposed estimator &i is given

by

(1.5) B = (nfl){,zly' —n{y +k(——1JH

where f =(N —1)/N and k is the characteristic scalar to be determined in such a way that

the mean square error of 6'}2, is minimum.
It may be mentioned here that for £ = 0, we get the usual unbiased estimator
2= g2 = I Z —np? | of the population variance o2 as the special case of
y - y yl y p P y p

(n-D|i5

=2
O'y.

2. Bias and MSE of 6'%

Let =Y +ey, X=X +e, z2=2Z +e, sothat E(eg) = E(e;) = E(e;) =0 and

z
N
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E(eje;) = EG - X)z~-2Z)
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Similarly,

1 1 N =
E(eger) = (; = W]ﬁ(/ﬂo +2¥ ).

Now from (1.5), we have
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@.1) 62-02 =(1~%)(1+1+-1—+...)

Taking expectation on both sides, we have

N 1 1 1 1 1 1
2.2) E(o*)z,)—cri = [l+;+n—2+..)[(;—-]\—,)a§ —(;—W)/Jzo],

. . . 2 ~D
which is zero since uyg =0y . Therefore oy
2

y-

is an unbiased estimator of the finite

population variance o

Further, mean square error (MSE) of &3 given by E((&ﬁ —af)z) upto terms of
order O(l) is
n
_ k¥
23) MSE@Y) = E(ez - 2Ye, —7)?—e1)

2
2 522 K5 = 2% —k
= E| 5 +4Y “ef + ——ef —4Yege, ——==eje9 +4Y =¢ge
[2 0t=3e 0€2 ~ 55 €1€2 ¥ 0

1 1 = =2 = k?
= (-‘--‘ pag +4Fuzg + 47 2 pzg = 1130 +4Y g + =5 402
n N X

- 4P {u30 +27#20)—'23(-£(/121 +27#n)+4?—/£\7/4n}

= G —7:,-)[#30 P -1}+ -f—?{f)—;#oz ‘zﬂZlH d

where f,(y) = f%o— .

H20

3. Results Concerning Optimum and Estimated Optimum Value

(a) From (2.3), the optimum value of k which minimizes MSE(&%) is given by
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(3.1) k0=£’2‘—,

Ho2

and the minimum mean square error of 6-)2, for the optimum value kg is

2
- 1 1
(32) MSE(S3)min = (———) wlBa (-1} 2241,
n N Ho2
Also, upto the terms of order o(l), we have
n
*2 1 1) 2
(3.3) MSE(s}?) = | = -~ 3o {B2(») - 1}
n N
Now, from (3.2) and (3.3), we have
3 o, (1 1\
(34) MSE(O'y)min = MSE(Sy )-— ———
n N Jup

showing that the proposed estimator &f in this paper is more efficient than the usual

0 . * . .
conventional estimator sy2 in the sense of having lesser mean square error than that of
*2
Sy

(b) The optimum value k, in (3.1) or its guessed value may not always be known in
practice, hence the alternative is to replace it by its estimate based on sample values. Thus,
replacing 51, gz by their estimators

n

jyy = e i(yl -5) (x,- K ) and /gy = 1 Z(x, -X )2 respectively, we obtain
n

n-— 1 i=1 i=1
the estimated optimum value &, as

. Xii
(3.5) kg = 2228

The mean square error in case of estimated optimum k, is obtained as follows:

)

Let fi = i) +e3 and figy = pgp +e4 so that

In view of (3.5), we have

(3.6) 6} = f [i}y?—n{i2+éo(

n-1| 2

|| =1

as our estimator of population variance af,.
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—
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A | 2 1 1 1
3.7 62 -gt= [———+... o) +|1-— ) l+—+—+...
( ) y y n N y N n n2
(62—2)7e0——/i2—lel—eo # o ]
Ho2

from which, it is clear that the bias of &; given by E(a ) cr2 is of order o(—l-z—] so
n

that the bias is negligible for large values of », and MSE(&;Z) = E(& - O'y) upto terms
of order o(l] is
n

(3.8) MSE(S,%)

i

2
E(ez ey 2, ]
Ho2

I

1 1 = = v JPT
(;—W)[Mo +4F p30 +4Y %y ~ 30 + 47 % pizg

#21 A2 410 — 4T (g + 2 p30) - 252 (g £ 27y )+ 47 E2L 4y
,Lloz Ho2 Ho2
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2
(-1 dtrn-u- 24
n N U

02 4
2
MSE(S;2 )— (l - ijﬁ?l ,
no NJup

Il

Il

which is equal to MSE(OA';2 Jmin given by (3.2). Moreover, the expression relating to
MSE(&;Z) in (3.8), shows that the estimator c}:,z with estimated optimum value is more
efficient than the usual estimator s;z of finite population variance o-i in the sense of
having smaller mean square error.

4. An IHustration

From the data given in Cochran' dealing with paralytic polio cases in “placebo” (y)
group and paralytic polio cases in “not inoculated” group (X), the required values of 1,

. . . ¥ ~ 2 *
are calculated and relative efficiency of estimator cry:Z (or afvz) over the estimator s yz for

estimating population variance o2 is worked out as follows:

)
10 = 9.8894 iy = 56.556573 x 10°

oo =24.63885 x10° M40 = 421.96088 .

Using above values, we get
msels}2) = (l - —]1\7}(326.84 17),
n 3

1 1

MSE(G,?) = MSE(6}) = (;—W)(197.0205).

The percentage relative efficiency (PRE) of the estimator 6';2 (or &ﬁ) over the

i *) .
estimator sy 18

. MSE(s?
PRE = ——————x

=165.8922%
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. ~ A " “ *) .
showing that the proposed estimator 0;2 (or o‘i) is better than the estimator s yz in the
: . . *
sense of having greater efficiency or lesser mean square error than that of the estimator s y2

of the finite population variance 0'5.
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