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Abstract: For the estimation of the proportion of individuals having a sensitive
character, a procedure based on direct and randomized responses is proposed and
its properties are analyzed. The procedure is general in the sense that the results of
procedures based on direct responses and randomized responses may be seen as
its special cases.
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1. Introduction

Consider a population consisting the proportion 7, of individuals having a
sensitive character 4 and the proportion 1- 4 of individuals having the character A . For

the estimation of the proportion =4, Warner' developed a procedure known as

Randomized Response Technique (RRT) based on selecting a simple random sample with
replacement of » individuals from the population, providing a randomized response device
for all the individuals in the sample and asking each of the individuals to answer in either
“Yes’ or ‘No’ if the randomized response device dealing with a random experiment results
in the outcome according to individual’s actual status or contrary to the individual’s actual
status. For further details, see Sukhatme, Sukhatme, Sukhatme and Asok®. Warner’s RRT is
based on the fact that no respondent is ready to give direct answer but it may be possible
that due to changes in socio-economic behaviour and living patterns, modernization,
deviations from orthodoxy and other developments, some of the respondents may prefer to
give direct answers truthfully. In such situations, it is advisable to deal with a procedure
which utilizes both, the direct answers and the answers obtained by using RRT. Here, it is
an attempt to solve the problem of estimation of 7 4 in this spirit and direction along with

giving an idea about the changes in the attitude of the individuals towards giving direct
answers or not giving direct answers.

2. The Estimation Procedure and Related Results

Let 7p and 75 be the proportions of individuals giving ‘direct’ and ‘not direct’

answers in the population respectively. Also, let 74p, 775, Z 5 and 7z5p5 be the
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population proportions of individuals * giving direct answers and having the sensitive
character 4, ‘giving direct answers and not having the sensitive character 4°, ‘not giving
direct answers and having the sensitive character 4 and ‘not giving direct answers and not
having the sensitive character 4’ respectively. It is clear that

rp+ry =1, D =ap+T5p, A5 =75 +755,
A= 4D + 7 455 Tap tAGp + 7 5 +a5s =1,

T4+ A5+ 755 =1 and -7, =AIp AR -

Further, let np and ng be the number of individuals giving ‘direct” and ‘not direct’

answers in the simple random sample with replacement (SRSWR) of size n respectively,
and n4p, ny, be the number of individuals ‘having the sensitive character A and giving

direct answers’, ‘not having 4 and giving direct answers’ in SRSWR of size n respectively.
It may be easily seen that np, ng»> ngp and nz, follow binomial distributions with

parameters (n,7p), (n7zg5), (n,74p) and (n, 5 ) respectively.
Now, in SRSWR of » individuals, nj, individuals give direct answers saying ‘Yes’

or ‘No’ according to their actual status having the sensitive character A4 or not having 4, and
ng individuals (not giving direct answers) are asked to follow Warner’s randomized

response technique. In this set-up dealing with direct answers and answers under Warner’s
randomized response device consisting of two statements (i) I have the attribute 4 and (ii) |
have not the attribute 4 with probabilities p and / -p respectively and individual’s reporting
“Yes’ or ‘No’ according to the outcome of the randomized device and the actual status that
individual has with respect to 4, the probability of a ‘Yes’ answer denoted by 8 is

.1 6 = Prob. (a ‘Yes’)
=D 4D +7r5{p.7rA/5 +(1-—p)fr;/5},
where (i) 74, p, (ii) 7 4yp and (iii) 7,5 are the conditional probabilities of (i) getting

an individual with 4 given D, (ii) getting an individual with A given D and (iii) getting an
individual with 4 given D respectively.

Simplifying (2.1), we have
2.2) 0 = mp +{p7 5 + (- prgp }
=74 t+0p (where 05 = pr 5 +(1- p)r535)
=xap +prp +(U-p)rg -7 ,5)
=74p +Qp-Dz 5+10-p)-(-p)7p.

Let n4p be the number of direct ‘Yes’ answers (number of individuals having 4 in
np individuals giving direct answers) in »n, and nyp be the number of ‘Yes’ answers

under the randomized response device in ng so that in the entire sample of size n, the
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number (n;) of ‘Yes’ answers becomes n =nyp+ny5 following the binomial
distribution with parameters (n,8) . Thus the unbiased estimator of & is given by

@3) f P TADTHE
n n

Let ny; be the number of ‘No’ answers under the randomized response device in
np so that

(2,4) "AD+"ZD+”Y5+"N5="’

where nyp, ngp, nyp » nyp jointly follow the multinomial distribution with

) W) nyp “ND
B2\ =g, E 22 =g, E|—7= =05, E|——|=1-05,
() ran, 7B o5, 5105

V(”ADJ= 7ap(U=7ap) V("ZD]: 7ap1-75p) ’ V["Yﬁlz '95(“65)’

n n n n n n

n ny TAp T n nvyE 7 ip 05
Cov 74D "ap | _ZADTAD -,y MAD VD | _ 409 .4
n n n n n n

\con| 74D B | _"4p %
n ’ n n

b ; . s Bup Tty 4 n A n
Substituting the unbiased estimators & = . K (TP AD = 24D and #p =2 of 4,
n n

7 4p and zp respectively in (2.2) and solving for 7 5, we get the unbiased estimator

75 as
: 6-#4p~1-p)+(-p)r
@6) # 5= —AD izpzi)l;( p)ip
(nAD+ny13]_(”ADJ-(I—p)+(]-p)(f_D_)
- n n n
2p-
(f@.]—(l —p)+(l- p)(MJ
B n
- ,p#1/2.
@2p-1

Since 7 4 = 7 4p *+ 7 4 » unbiased estimator of 7 4 is given by

(27) 7}A=7I'AD+7Z'AB
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("ﬂ)—(l ~p)+(- p>(———“"/‘0 - "’7‘1]
- Pap " n n .

n Cp-1

Further, variance of 7 4 is
hyy n +ny
Y AD
[“D} (- p)[»_-——f&)
vV 4D + n n

n 2p-D

2.8) V(%)

i

- ”AD(]_”AD)+ 1

- e lo51-65)+ 1= 2 leap =17 10)

+722pU=75p)-27 spr5p f-2(1 _p){”ADeﬁ +75,05 |
2
+m[‘ ZT4pbp +(1 —p){ﬂAD(l ~74p) =T apn=y, }]

Some Remarks

(a) As Warner' uses randomized response device for all the individuals, it seems that
Warner’s procedure has the presumption that the population consists of individuals not
giving direct answers, that is =1, np=nmyp +77p =0 implying

”AD=”ZD :__0, 7 4 :”AD+”A5 =7z'A5, l-ﬂ'A =”ZD +ﬂ';{5 =7t25 and

p = P75 +(-Prgp = pry+(-pl-74)=6" (say).

Substituting all these values in (2.8), we get

. 1 * tn_74(=-7y) p(l-p)
29) v =—g (1-6")=24 4 ,
Q.9) ¥(zy) ey (1-6") PR

which is the same expression of the variance of the estimator for Warner’s procedure. Also,
for Warner’s RRT, np =0 implying n 4 = nzp =0 which when substituted in 2.7), we
see that the estimator 7, developed here reduces to Warner's estimator. Thus, Warner’s
study may be seen as the special case of the present study.

(b) For the case of all the individuals giving direct answers, we have zp =1,
Tp =75 + 7535 =0 implying that

745 =735 =0, Op =pﬂA5+(l—p)7r25=0, TA=Tap+7 5 =7 4p and
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l-7my=1-7myp =75y +755 =75 Substituting all these values in (2.8), we see that

V(% 4) reduces to

A (-7
@10)  r(p,) = AT,
n
which is the same variance-expression as obtained in case of direct answers. Further, in
case of direct answers, np=ny5+ny5=0 implying ny5=ny5 =0,

n=n4p + 05, + A5+ g = nyp +ng . Substituting all these values in (2.7), we get

A n
=240
n
which is the same usual estimator in case of direct answers. Thus the findings based on

direct answers may also be seen as the special case of this study.

(c) In case of various mixed population containing individuals with direct answers and
randomized responses, the variance-expression given by (2.8) will lie between (2.9) and
(2.10). Hence the suggested procedure utilizing both types of responses, direct and
randomized, is an improvement over Warner’s RRT in such situations.
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