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Abstract : Non-invariant hypersurfaces of a trans-Sasakian manifold are studied. It is
proved that the fundamental 2-form of the induced (£ g # v, A)-structure on the
non-invariant hypersurface of a trans-Sasakian manifold is closed. A sufficient condition
for certain vector field on the hypersurface of a Kenmotsu manifold to be harmonic is
given. A necessary and sufficient condition for a totally umbilical non-invariant
hypersurface of a trans-Sasakian manifold to be totally geodesic is proved. It is also
proved that on a totally geodesic non-invariant hypersurface with (£ g u v, A)-structure
of an a-Sasakian manifold, v is Killing. Sufficient conditions for the induced (f g u, v,
A)-structure on the hypersurface to be normal and quasi-normal have also been obtained.

1. Introduction

In S. Tanno! classified connected almost, contact metric manifolds whose auto-
morphism groups possess the maximum dimension. For such a manifold, the sectional
curvature of plane sections containing & is a constant, say c. He showed that they can be
divided into three classes :

(1) Homogeneous normal contact Riemannian manifolds with ¢ > 0,

(2) Global Riemannian products of a line or a circle with a Kaehler manifold of
constant holomorphic sectional curvature if ¢ = 0 and

(3) A warped product space R x fC" if ¢ < 0. It is known that the manifold of
class (1) are characterized by admitting a Sasakian structure.

Kenmotsu® characterized the differential geometric properties of the manifolds of
class (3); the structure so obtained is now known as Kenmotsu structure. In general, these
structures are not Sasakian®.

In the_Gray-Hervella3 classification of almost Hermitian manifolds, there appears a
class, #/,, of Hermitian manifolds which are closely related to locally conformal Kaehler
manifolds. An almost contact metric structure on a manifold M is called a Trans-Sasakian
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Structure®, if the product manifold M x R belongs to the class W, The class
Ce ® Cs Marrero® coincides with the class of trans-Sasakian structures of type (o, B).
We note that trans-Sasakian structures of type (0, 0) are cosymplectic Blair®,
trans-Sasakian structures of type (0, B) are $-Kenmotsu, Janssens and Vanhecke’ and
trans-Sasakian structures of type (o, Oy are a-Sasakian.

On the other hand, (f, g, u, v, A)-structure on a manifold were introduced by Yano
and Okumura8. It is well known that on a non-invariant hypersurface of an almost contact
metric manifold there always exists a (f g. u, L. A)-structure. Motivated by this fact, in
this paper non-invariant hypersurfaces of a Trans-Sasakian manifold are studied. The
paper is organized as follows. Section 2 is devoted to preliminaries. In section 3, some
properties of non-invariant hypersurfaces of a trans-sasakian manifold are given. It is
proved that the fundamental 2-form of the induced (f g wu, v, A)-structure on the
non-invariant hypersurface of a trans-Sasakian manifold is closed. A sufficient condition
for certain vector field on the hypersurface of a Kenmotsu manifold to be harmonic is
obtained. In section 4, we find a necessary and sufficient condition for a totally umbilical
non-invariant hypersurface of a trans-Sasakian manifold to be totally geodesic. For a
non-invariant hypersurface with the induced (f, g u, v, A)-structure of a trans-Sasakian
manifold, the second fundamental form of the immersion is also calculated, provided fis
parallel. It is also proved that on a totally gcodesic non-invariant hypersurface with
structure of an a-Sasakian manifold, v is Killing. In the last section sufficient conditions
for the induced {f, g, u, v, A)-structure to be normal and quasi-normal are found.

Trans-Sasakian Manifolds

Let M be an almost contact metric manifold® with an almost contact metric structure
(9, &, m, g), that is, ¢ is a (1, 1) tensor field, & is a vector field; 1 is 1-form and g is a
compatible Riemannian metric such that

(1 P=-1+M®E nE =1, ¢E =0, no¢=0,
) ' g(0X, oY) = g(X, 1) — n(Xn(D),
3) glX, oY) = —gdX. ) gX, &) = n ()

forall X, YV e ™

An almost contact metric structure ( ¢, &, 1, g) on M is called a trans-Sasakian
structure (Oubina,4 if (M x RJ, G) belong to the class W, of Gray-Hervella
classification of almost Hermitian manifolds®, when J is the almost complex structure on
M x R defined by

ad

(o 50 < o - 5, v )

for all vector fields X on M and smooth functions @ on M x R and G is the product
metric on M x R. This may be expressed by the condition (Blair and Oubina)9
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@ (Vy O = agl, DE - (D) + BE@X, 1E - n(4X)

for some smooth functions o and § on A—/I, and we say that the trans-Sasakian structure is
of type (a, B). From the equation (4) it follows that’

) ViE = —adX + BXX - n(OE)

The class Cg @ Cs Marrero® coincides with the class of trans-Sasakian structures
of types (o, B). We note that trans-Sasakian structures of type (0, 0) are cosymplectic6,
trans-Sasakian structure of type (0, B) are B-Kenmotsu’ and trans-Sasakian structures of
type (o, 0) are a-Sasakian’.

Let M be a hypersurface of a Riemannian manifold A_/l, with a Riemannian metric g.
Then Gauss and Weingarten formulae are given respectively by

(©6) VY =V, Y+ h(X, YN, (X, Y e TM)

) V. N=-HX

where V, V are respectively the Riemannian and induced Riemannian connection in
M and M; N is the unit normal vector in the normal bundle T4M and 4 is the second
fundamental form related to H by

® h(X, Y) = g(HX, )

__ Hypersurface M is known to be totally geodesic in Mifh= 0, and totally umbilical -

in Mif H=y]1.

If M is an almost contact metric manifold and M its hypersurface, then defining

® OX = fX + uX)N
(10) ON=-U

(11) = V4N

(12) &) = v(X)

for X € TM, we get an induced (£, g u, v, A)-structured on the non-invariant hypersurface
such that

(13) fP=-1+uQU+v®V
(14) fU==-%V, fV=AU

(15) uof=»rv vof=->Au
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(16) W)y =1-22 uN=v)=0, vN=1- A2
17) giX, fY) = gX, 1) — u(X) u(¥) - v W)
(18) gX, V) = -gfXx, g, U) =uX), gX V) =vd

for all X, Y € T M, where A =nWN)

3. Some Properties of Non-invariant Hypersurfaces

First, we state the following lemma.

Lemma 3.1 : Let M be a non-invariant hypersurface with (f, g, u, v, A)-structure of
an almost contact metric manifold M. Then

(19) (Vy DY = (V)Y - u(DHX + hX, DU) + (T DY + hX, fYIN
(20) V&= (VyV = MHX) + (WX, V) + XIN

@1) (VyON = (=V U + fHX)

(22) (V,MY = (Vy )Y = LA, 1)

forallX, Y e TM,

The proof is straightforward and hence omitted.

Theorem 3.2 : Let M be non-invariant hypersurface with (f, g u, v, A)-structure of
a trans-Sasakian manifold M.. Then we have

(23) (Vy HY = a @&, NV - v(NX + BE (X, NV - v X
+ u(V)HX - h(X, NU
(24) (Vy w)Y = ahglX, D) + BAg(fX, 1) — u)UY)) - X, f1)
(25) V¥ = MHX = afX + BiX - vV)
(26) hX, V) = —auX) - BAWX) - XA
@7 V, U =fHX + aLX + BASX = u(X)V)
(28) (VX\:)Y = MiX, Y) - o g(fX, ¥) + B(glX, V) - v() (D))

forallX, Y e TM.
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* Proof : Using (4), (9) and (11) in (19) we obtain
((VxHY = uMHX + h(X, NU) + (Vy )Y + BX, fYON
= oglX, NV - v(NX + BEX, NV - W) fX)
+arglX, V) + B g(fX, V) - u(X) w(Y))

Equating tangential and normal parts in the above equation, we get (23) and (24)
respectively. Using (5) and (11) in (20) we have ‘

(VxV = AHX) + (h(X, V) + XN
=-afX+ B - vV - (¢ ulX) + BAVEON

s

and equating tangential and normal parts we get (25) and (26) respectively. Using
(4), (10) and (11) in (21) and equating tangential parts we get (27). In last, (28) follows
from (22). ;

Theorem 3.3 : If M is a non-invariant hypersurface with (f & u, v, M)-structure of
a trans-Sasakian manifold, then the 2-form F on M given by :

FX,Y) = g, fY)
is closed.

Proof : From ‘(23), we get
xy F)X, Z) = -a(gWX, Y)WZ) - gX, Z)w(Y))
“BEUX Y)v (@) - g(fX, Z)wY))
+hX, YYUZ) - h(X, Du(Y)
which gives
(VxF)(X, Z) + (VyF)(Z, X) + (VzF)(X, ¥Y) = 0
that is, dF = 0.

Theorem 3.4 : Ler M be a non-invariant hypersurface with (f, g, u, v, \)-structure
of a Kenmotsu manifold. If H = — M, then V is harmonic.

Proof : From (28) we get

(Vx»)Y = (VyvX = 20 g (X, fY)
Moreover, if H =~ Al then from (25) we obtain k

ViV =AW ~ adU + AV
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5
Now, if the ambient manifold is Kenmotsu, then oo = 0 and = 1; and the above *,

two equations we get
(Vy)Y = (VywX =0 and V,V =0
Thus, V is harmonic.

4. Totally Geodesic Non-invariant Hypersurfaces

First, we find a necessary and sufficient condition for a totally umbilical non-
invariant hypersurface of a trans-Sasakian manifold to be totally geodesic.

Theorem 4.1 : Let M be a totally umbilical non-invariant hypersurface with
( g u, v, \)-structure of a trans-Sasakian manifold. Then it is totally geodesic if and
only if

(29) %u+ﬁv+d(logk)=0
Proof : If M is totally umbilical, putting / =y /, the equation (26) gives
(30) ouX) + BAVX) + XA +yv(X) =0

Then, M is totally geodesic, that is y = 0, if and only if (29) is true.

Theorem 4.2 : Let- M be a non-invariant hypersurface with (f, g, u, v, L)-structure
of a trans-Sasakian manifold. If f is parallel, then we get

GD AN = s U - all = W) @) W)

| + u(Y)vX) - BA( = A vx) v ()
(32) d(logA) = 0
where w = h(U, U). Consequently, M is totally geodesic if and only if
(33) . ou+APv=0
Proof : If fis parallel, then (23) gives
(A -V hX, Y) = wY)u(HX) - o ulX) v(¥) - B w(Y)

From here we get
(A =MhE U) =01~ )uHX)
= pu(X) - o(l - A vX)
that is,
(35) (A -A)uEHX)=puEHX) - o - A vX)

n
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3,

: From (34) and (35), eliminating u(H, X), we get (31). The equation (32) follows
- from (31) and (26). The last part is obvious.

Theorem 4.3 : On a totally geodesic non-invariant hypersurface with (f; g, u, v, \)
-structure of an a-Sasakian manifold, v is Killing.

Proof : If M is a non-invariant hypersurface with (f & u, v, A)-structure of a
trans-Sasakian manifold, then in view of (28) we have

(VxWY + (VynX = 20 (X, ¥) + 282 (Y. ¥) — v(X) wW(Y)).

This equation implies the above Proposition.

5. Normal and Quasi-normal (f g u, v, A)-structure

In this section we find sufficient condition for the induced (f & u, v, X)-structure on
the non-invariant hypersurface of a f-Kenmotsu manifold to be normal and quasi-normal.

Let M be a non-invariant hypersurface with (f & u, v, A)-structure of a trans-
Sasakian manifold. In view of (23), (24) and (28), we get :

il

S, ) =1 f1X, Y) + dulX, VYU + doX, YV

av@)fY = av(¥)fX - BuX)v(¥) - v(X) w(¥Y YU
+ u(X)(H - HOY — u(YY(fH - H)X

In view of the above equation we can state the following two theorems.

Theorem 5.1 : Let M be a non-invariant hypersurface with (f g, u, v, \)-structure
of a B-Kenmotsu manifold. If f commutes with Hand u ® v = v ® u, then the induced
(f & u, v, M-structure on M is normal,

Theorem 5.2 : The induced (f g, u, v, \)-structure on a non-

invariant hypersurface
of a cosymplectic manifold is normal if f conmmutes with H.

Now, we recall the definition of a quasi-normal (f g u, v, L)-structure.

Definition 5.3 : The (f & u v, M-structure is called quasi-normai'! if
§SX Y),2) - (dF)(fX, Y, Z) ~ (dF)(fY, X, Z)) = 0

In view of Theorem 3.3 and Definition 5.3, we can state the following.

Theorem 5.4 : Let M be a non-invariant hypersurface with () g u, v, A)-structure

of a trans-Sasakian manifold. If (f g, u, v, M)-structure on M is normal then it is also
quasi-normal.

In view of Theorem 5.1, 5.2 and 5.4 we get following two coroilaries.



40

Mukut Mani Tripathi and Rajendra Prasad

Corollary 5.5 : Let M be a non-invariant hypersurface with (f g, u, v, \)-structure

of o B-Kenmotsu manifold. The induced (f; g, u, v, N)-structure on M is quasi-normal if f
commutes with Handu ® v = v ® u.

Corollary 5.6 : Let M be a non-invariant hypersurface with (f, g, u, v, N)-structure

of a cosymplectic manifold. Then the induced (f, g, u, v, N)-structure on M is quasi-normal

JfH=Hf.
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