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Abstract : In the present paper, using the concept of the differential subordination, some
conditions are established for certain integral operator, which is analytic in the unit disc,
to be starlike convex, a-convex or be in other subclasses of analytic functions.

1. Introduction

Let S denotes the class of function f{z), normalized by

(1.1 )=z + i a,z"

n=2

which is analytic and univalent in the open disc I/ = {z:z|<1} . A function f(2) € S
is said to be starlike (with respect to the origin) in I/, denoted by S*, if and only if

2@
(1.2) Re[f(z) {>0, ze Y
and is called convex in U , denoted by X, if and only if
(1.3) Rel1 + 2L @1 o ;e y.
B A ¢))

Mocanu! studied linear combinations of representations of convex and starlike
functions and defined the class of a-convex functions which satisfy

(1.4) Re[a{1+zf,;'z)z}+(1-a)5-f%§]>o, zelf —w<a<wm,

It is shown in Miller et. al. ,2 that, fis starlike for o real, and convex for a 2 1.
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For the function f(z) € S, the integral operator I, [f (@] is defined by

(1.5) L@ = S5 feeod, e -
A

(1.6) I

n=2

The operator I, for ¢ € N, was introduced by Bernardi®. In perticular, the operator
1, was studied by Libera?* and others.

Let f(z2) and g (2) be analytic in the unit disc 1/, then the function f(z) is said to be
subordinate to g (z),written as )% g@), if there exists a function @ (2) analytic in U/,
with ©(0) = 0 and |o(@)| <1, z € U/, such that f(z) = g(® (2)), z € U. In the present
paper, instead of (1.4), we consider the class using the notation of subordination in the
following form

1.7 a{1+if,f%z()z—)]+(1—a)ij§('§)i) &1 +hz, zell

fora, A>0, f()e S. We have obtained certain conditions for the operator 1, [f(2)]
to be starlike convex or be in some other classes. Following Lemma [cf. Jack®] will be
useful in our analysis.

Lemma 1. Let ® be non-constant and analytic in U with o(0) = 0. If ® attains us
maximum value on the circle \z| = r at zy, then zg0'(zg) = Koz, Kz 1.

2. Main Results

Some theorems constitute this section which are justify our proposed inve
For first two theorems, we state and prove a lemma.

Lemma 2. Let P@) = 1 + P@) + P& + ... be analytic in 1/ and satify the
condition

@b PQG) + P2 X 1+ @)

c+ 1

for some ¢ > =1 and A >0, then

4 c+ 1
2.2) Piz) <1+ (C " z)kz
Proof. Let us set
c+1
(2.3) P =1+ (c " 2))»0) @)

then @(z) is analytic in 1/ with o(0) = 0. We are to show that |@ ()| < 1, z € u.if
not by the Lemma 1, there exists z; € 1/ such that |a)(zo)| = 1 and
zoo)'(zo) = K o(zy), K=z 1
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Thus, we have

P(zy) + zP'(zg) ~ | l

c+ 17

It
P
o
+
DI |
S~
>
e
’l\-l\
(=]
N’
+
N
Qo
+ |+
DN | —
.
o
+

)Kco(zo) - 1’

c+ 1 1
> =
-(c+2j(l+c+l)7L A

which contradicts (2.1) and thus jo(z)] < 1, z € I/, and this suggest that (2.2) is
obtained from (2.3)

Theorem 1. Let f(z) € S, z € U satisfies the condition

2.4) ﬂflf:uxZ, A > 0
then ;
2.5) L(Jgﬁl+(z—f_—;—)kz, g5 —1

Proof. From (1.5) we can mention
(2.6) z[le (f(z»]' + el (f@) = (¢ + DfE)

Let us write

1(f2)

-
<

Z) =
then P(z) = 1 + bz + b222 + ...Is analytic in {/and (2.6) is equivalent to

Q.7 YOP@) + P'() = f—(zi)

c+1

Now, from (2.4) and the Lemma 2, we obtain

1 z X
Pz) = L/ C) <1 + [‘ % lsz

z c+ 2

This completes the proof of the theorem.

Following cases may arises from this theorem :
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(I) ForsomeO <a <1, if A=( - (ﬁ hs 2), then we may state that, if

f(@) € S satisfies +§1
ﬂa<1+(l—a)(c+2]z, A >0
z c+1
then
I
2.8) Rel: C(J;(Z))]Nz, 0<acxl
an Leth =1 - a(0 < a <1), we come to state that, if fz) € S, z € U
satisfy ‘
Re [%Q:‘>a
then LU®)
(2.9) L—ZSZ—-~41+(1-—0L)(§:;)2, c>-1, 0<a<l
Theorem 2. Let f(z) € S, z € U satisfy the condition
(2.10) f@<x1+iz, A>0
_then
' c+1
2.11) [Icf(z)] “« 1+ (c " z)lz
Proof. Differeniate (2.6) with respect to z, we have
@12) 1)+ e+ DIU@] =€+ DS

If we set [I(f@)]' = P(2) then P(2) = 1 + cjz + cpz” + ... is analytic in
and (2.12) is equivalent to

(2.13) P@) + P '(2) = f'(2)

c+1

Finally, using (2.10) and the lemma 2, the theorem is established.

Ifweset A = (c + 2)/(c + 1), the above theorem allows f(2) € S to satisfy the

condition
’ e ¢ + 2
r'@ Kl + (c + l)z

and then [ (f(2)) is univalent in U.
Now, let us state and prove another lemma, in order to establish two more theorems.

Lemma 3. Let P(z) = 1 + Piz + sz + ... be analytic in Y and satisfy the
condition
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zP'(z) _ c+ 1
(2.14) P(z)_+P(z)+c-<l+7Lz, c > 1,0<7»sc+2
then
(2.15) P@) 21+ A
where
c+2
(2.16) M= (c " ])k

Proof. We put P(z) = 1 + A o(z) where Ajis given by (2.16). Then w(z) is
analytic in ¥/ with ®(0) = 0, and we have to show that |e(z)| < 1(z € Uf). If not by
lamma 1, there exists zy € U/, such that | @(zg) | = 1 and zy 0'(zg) = Ka(zp), K = 1,
we then have

Zop '(Zo)
P(zy) + W - ll

| 2M0(zp) + Me2(zg) + (¢ - DAa(zg) + A Ko(z) |
1A+ ¢) + Aolzy)]

M+ 1 +K+ Mol
T + o) + Mok

MU +c+ K| =)

Ay + (1 +0)
Mle+2-M)
T+c+ A

But this contradicts (2.14) and thus, |w(z)| < 1, z € U Thusthe lemma is
proved.

Theorem 3. If f(z) € & satisfies the condition

zf'(2)
(2.17) 1) ﬁl + Az
f0r0<l£z:;, c>-1, then

AL F@N
(2.18) o ke

where L, is given by (2.16) '

Proof. From (2.6), we have
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ALY ] )
(2.19) lc[f(é)][ TR c} =+ )fE
If we put L)
[ LFEN]
0= "o
then P(z) =1 + diz + d222 + ... isanalytic in I/, and thus from ( 2.19) we obtain
(2.20) L@ [PE) + ¢l = (c + 1)f (D)

Now the logaffhmic differentiation of (2.20), with respect to z, gives

IR & WA ©)
(2.21) P@) + PO+ e f@)

Using (2.18) and (2.21) and the Lemma 3, the required result is established.
Following case is interesting.

(M) Iff(z) € Sisstarlike in U then 1 (f(2)) is also starlike in .

Proof. We choose A = (¢ + 1)/(c + 2), in theorem 3 ( above theorem ) so that for
A < 1, the condition (2.5) implies

2(f'@) c+ 1
I8 Savazs !
ie., f(z) e S=
and thus, (2.18) yields
[ @] | |
1) )
ie. (@) e S+
Theorem 4. If f(z) € S satifies the condition
«{f"(2) 3 .
(2.22) Lo S 21+ Az
for0 <A <(c+ 1)(c+2), c>-1
2l "
(2.23) 1+~[—C(L(—Z-)2]——?<‘1+xlz

U
where A is already defined.
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Proof. (2.12) yields

RENG% ,
(2.24) [lc(f(z))][_[];f—(z)]" +c + 1} =+ Df'@©
If we put AL )]
1N
(2.25) P(z) = "‘————[ LI@)
then Pz) = 1 + ez + ezz + ... is analytic in {{, thus (2.24) yields

L@ [P + ] = (¢ + '@

which on logarthmic differentiation yields

_zP'@)  _ zf'(2)

2.26 + 1
L2200 MO o+ " 1o

The use of (2.22) in (2.26) and using Lemma 3, the theorem established.

Lemma 4. Let Pz) = | + Pz + Pzz + ... be analytic and satisfies the
condition.

x azP'@) .

2.27) Pi) + e 21 + Az

where o > 0 and 0 < A < /2, then
(228) Pe) <1+ 222
Proof of this lemma is the same as that of lemma 3.

Theorem 5. Let I (f(2)) € S satisfies (1.7), for some oo > 0 and 0 < ) < o2,

ther E)
z 2 A
(2.29) oo 21+ 2t

Proof. From (1.7) we obtain

[ z{I, (f(z))}”J LG e’
1 + l —a) ———7—

(2.30) LIy 17@)

—{1 + Az

Now, if we set

{1 @]
PO =" 0@
in (2.30), then P(z) = 1 + dyz + dyz> + ... is analytic in !/ and
+ Z_[IM — P(Z) ‘P()

@)Y P(2)
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Hence, (2.30) is equivalent to
oz P(z)

. =3
.31) P(z) + Q) 1 +Az
Finally, using lemma 4, we obtain

I (D))’
O )

1(f(2)) a
which completes the the proof of the theorem.
Following two consequences of this theorem are interesting

(I) Choose o = 2 and A = 1, we get from the theorem 5 the following : If
I(f(2)) € S is the a~convex function, then /(f(2)) is the convex function.

(I1) Choosing A =1/ 2 and o = 1, the theorem 5 permits us to state : If
I{f(z)) € S is a convex function of order 1/2 in U, then I(f(z)) is the starlike
function in /.
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